NGUYEN BUC TAN ~ NGUYEN ANH HOANG - NGUYEN DOAN VO

30! DUGNG HOC SINH GION

57

PHIEN BAN MOI NHAT

@ NHA XUAT BAN TONG HOP THANH PHO HO CHi MINH



R - T

Quyén sdch “Béi dudng hoc sinh giéi Toan 9 thude ti sach
LUYEN KI NANG HOQOC GIOI TOAN TIEU HOC VA TRUNG HOC CO
S0, nham dap ng nhu cu luyén tap trau déi kién thie, nang cac ki
ndng hec todn va hinh thanh théi quen tu hoc cho hoe sinh

Séch duge bign scan thanh hai phan PAI 8O va HINH HOC. Méi
phan gém nhiéu chuang, trong d6 médi bai hoc duge chia thanh hai phén :

A. Kién thitc va ki ndng cdn nhé : Hé théng hoa cdc kién thic,

ki ndng co ban can thiét trong ting nhém bai dé gitp hoc sinh
ghi nhd va van dung gidi bai tip.

B. Bai tdp : gdm céc loai sau

8 Bai tdp co bdn : Rén luyén cho cdc em ki nang lam todn va gidp

cde em clng ¢d va khdc sdu cdce kién thie mdi duge hoe

B Bai tdp ndng coo : Phat huy tich cuc tinh sang tao va tu duy

todn hoce cho hoe sinh.

® Bai chon hoc sinh giéi toan: Thir siic v6i cdc bai todn thi hoc

sinh gidi ¢ céc dia phugng.

Phu lue cdc bai todn hay va khé.

Co duge quyén sach “Boi du’é‘ng hoc sinh gioi Todan 97, cdc em
duge rén luyén va giai todn ngay cang t6t hon

Ching t6i tin réng cdc em s8 hoc gidi todn hon va thuce sy yéu
thich mén todn.

Mac dit da rdt c6 ging trong qué trinh bién soan nhung chdc hin
khéng trdnh khoi thigu sét. Ching téi mong nhan duoe nhing ¥ kién
déng gdép ti ban doc

Xin trdn trong cdm on.

Cac tde gia

Moi ban vao triee tuyén tai: khangvietbook.com.on dé cé thé cdp nhit va
mua anline mdt cdeh nhanh chéug, thudn tién nhidt cic twa sdch do Céng
ty Khang Viét phdt hanh.

SDT: ((8).39103821 - 0903906848
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Cang ty TNHH MTV SVVH Khaag Vig!

phan DAE $O

Chuongl.  CAN BAC HAI — CAN BAC BA
§1. CAN BAC HAI VA HANG DANG THUC A” = |A|

A/ KIEN THUC VA KY NANG CAN NHG
1. Can bac hai s8 hoce
Pinh nghia : V6i s6 a duong, s6 Ja dugc goi 13 cin béc hai s8 hoc cla
a. S6 0 cing duge goi 13 ein bac hai sd hoc cda 0.
xz0
Chiiy:Va =x o { 2
X =a
Phép todn tim cin bac hai s§ hoc clia s6 khong Am cdn duge goi la
phép khai phuong (goi tét Ia khai phuong).
2. So sdnh cdc can bic hai sé hoe
Pinh li : V&i cde s6 a, b khong &m. Tacé a <b < Ja < b
3. Céin thic bic hai : Vai A 1a biéu thae dai s6.
JA x4c dinh (hay c¢6 nghia) & A 2 0.
—% xédc dinh (hay ¢6 nghia) <> A > 0.
4. Hing diing thic :
Pinh li : V&i moi s6 a, ta cé Ja? = la] -
Tir dinh i trén, v&i A 1a biéu thue, ta ¢6 : \[E =|A| = {A nég Az0
~A néu A <0,

5. Kign thitc nhie lai va bd sung :

a) VA =B & B20
A=B?;

) VA? =B? e |A|=|B} > A=BhosicA=-B;
A VeiA20,tacs: XA X cAe-AsX<A
XA Xl A X<-Ahosc X2 A

B/ BAI TAP
£ BAI TAP CO BAN
1. Tinh :
a) VB4 ~ 49 — /81 b) 2416 - 3425 + 4J(-7)?

o) Z»sts _ 83 m%\/324.

he



BGi dufing hae sinh gidi Yoin & ~ Nhidu Tac gid

Giai
a) 64 - J40 - /Bl =8-T7-9=-8
b) 2416 - 8J25 + 4J(-T)* =24 -35+47=8 — 15 + 28 = 21
o) %J%e-\/ez »_%\/324 = %16~25~—;—18 =12~ 259 =~22

2. 8o sanh : :
a)7va V37 +1 b) V17 + /50 -1 va 99 !

c)%@vé J10.

Giai
a)Jﬁ+1>J§§+1 =6+1="T.
B) 17T +VB0 —1> VI8 +/49 -1 =4 + 7 = 10 = /100 > /09

0 30w53J‘2'§<30—§J% 15 a5 iE
3. Vi gid tri ndo ela x thi mdi can thic sau ¢d nghia :
a) J3x +6 b) -3 0) Vx2 ¢ 2%+ 2.

3-2x
Giai

a) V3x+6 eonghlaw 3x+6z20odxz-6cox2-2.

3 3-2x=0 9
c) ’3m2x ¢6 nghia < 3._5; 20@3—2x<0(v‘:—3<0}@x>§»
: — aX

d)x2+2x+2=(x+1}2+1?0

Vay Vx? + 2x + 2 ludn ¢6 nghia véi moi x

4. Rat gon cdc biéu thie sau ;

a) V22 - 8% b) V(5 - 246)%
) 3al ~da+4 véias2 d) 2022 +12a+4 vdia< TSE
Giai
a)3 - 242 b) 5 - 26
)3la-2i=3:a-2)via>2néna-220
d) — 2(3a + 2).
5. Tim x, bigt :
a) V4x® =8 b) V16x2 = |-20|
o) VxZ +Ax+4 =2 d)y V25%% ~10x+1 =4x-9.



Cong ty TNHH MTV DVWH Khang Vidt

Giai
a) v‘éxg = B ©l2x| = B,
_Khi2x20<=x20tach: 2% =8 < x =4 (nhan).
_Khi2x <0<« x<0tacs: 2x 8 < x =~4 (nhin)}.
Vay cdc gi4 tri cAn tim 12 x; = 4 v X = ~4.

b)x; = 5 va xz = -5 ¢} xy = 0 va xp = —4. dixe@d
. Gai cdc phuong trinh sau:
a) 2x* -6 =0 b)x* - 25 + 5= 0.

Giai

a)2x2—6=D®2x2=6©x2=3c>xai\/§
b} {x — B =0ewx~ VB =0ox= J5.
, Ching minh riing :
a) (V3 —27%=7-443 b) V17 -12V2 =3~ 242
Giai
(V3 -2 =(V3)2-2/3.2+2°=3-43 +4=7~ 3.
b) Ta 6 : 17 - 1242 = 3% - 2.3.2J2 + (242) = (8- 242)°
= J17-12J2 = (8- 22 =[3- 28| =3-2/2 (3-2/2 > 0).

1) BAI TAP NANG CAO
8. a) Ching minh riing V3, (véin e N') 12 m6t 8 ty nhién.

b) J:M N \/4,5 L1 \js.s S \/100“101 + 1 <5096,
5 6 7 102

Giai
a) Cdch 1.Ta xdc dinh da thide f(x) thod mén :
f(x) — flx - 1) = x° v6i moi x va f{0) = 0.
Goi fi=ax'+bx®+el+dx+cDofl®)=0=>c=0
Taco: fix) —fix—1)=4a’-3(2a—bi’+(da~-3b+2x—(a~b+c~d)

Do f(x)-—f(x-l):xa,‘v'xc:aa=c=i’—,b:«%vﬁd:&

% X xPx+ 1)?
Vay fix)= H&“+"§"+?—T”
Ta ldn lugt cho x cde gid ¢ri 1, 2, 8, ... n. Ta duge :
1° = f{1) - §O)
2% = f12) - f{1)

n’ = fin) - fin - 1).
Cong v& véi v& cdc ddng thirc trén va rdt gon ta duge :
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2 2
P+2%4 . +n0®=fln)~ f0) = MT+1)

(n+1n
2
(tich hai 80 tu nhién lén tiép ludn chia hét cho 2).
Cdach 2.
Ap dung hiing ding thic: (1 + x)* = 1 + 4x + 6x% + 4%° + x*.
LAan lugt gdn cho x cdc gid tri 0, 1, .., n ta duge :

= \/13+23+‘...+113m e N

Vi x=0: 1% = 1t
x=1: 2" -1+41+61%+41% 418
Xx= 2 3'=14+42+62%+42% 4+ 2¢

x=n:(n+1)*=1+4n+6n*+4n® + n*
Suyra:n+1)'=m+ D +4(1+2+. +n)+
+6(17+2%°+ .+ +41¥+2°+ .+ nh

={n+ 1)+ 4'n(n +1) +6.n(n+1)(2n+1) +4,(13 +28 4 4 ns)

Vay:41*+ 2%+ + 0¥ =@+ Dltn + 1 - 2n - n(2n + 1) ~ 1]
=(n + 1)*n®

2
14984 +n®= [n(“; “] . Tif d6 ¢6 diéu phai ching minh.

b)Véimoine N,n23vamz=z3, tacéd:

\/n(n+1)w;~-£—<\/n(n+1)+—1—=n+i.
m 4 2

Do 46 J3‘4+3+\/4.5+-1. .ot /100.101+—3—
2 5 102
<[8+—]l}+[4+31} (100+ )
2 5
i,
2

1.1, 1
(3+4+ ..+ 100) + 2_2 2
9850h_ng

- Ei%‘l’ﬁé ¥ %“98 = 5047 + 49 = 5096.

9.Chox,y e Q x=#0,v =0 thod min x* + y? = 2x®®. Chdng minh ring

A = ’1 L 13 mét s6 hitu ti.
zy
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Giai

_ 1_3_: xy—‘.l= (xy-l}(xaya)
- xy YV xy xyXxty?)

[x3 +y3 ]2 3y
Kyt _x3yt 9 _
= <yt - Xy axtyt
0 BAI THI CHON HOC SINH G101 TOAN
10. a) Ching minh ring: J(ab - e¢d){be - da)ca - bd) 12 s¢ hitu ti trong dé
a,’b, ¢, d 1a cdc s8 hitu ti thod méan didu kién :
a+b+c+d=0.
(Pé thi chon hoc sinh giéi Todn lép 9, Qudan 9, TP. Hé Chi Minh,
ndm hoc 2005 — 2006)
b) Tink tSng 2008 chir 6 thap phéan ddu tién cia s6 Y2299
2008 chir s0 9
(Dé thi chon hoc sinh gidi Todn lop 9, Quén 9, TP. Hé Chi Minh,
ndém hoe 2007 — 2008)
¢) Gidi phuong trinh : 2x - 1) = 12Vx% - x~2+1
(Dé thi vae lop 10 truong PTNK, PHQG, TP. Hé Chi Minh (chuyén
todn), ndm hoc 2010 ~ 2011)
Giai
a)Via+b+c+d=0=a+b+c=-d
be—~cd=bc+ala+b+c)={a+bia+c)
Liluan tuong td :ca—~hd = (b + c}{b + a) : ab — c¢d = (a + ¢}b + ¢}
Suy ra : y{ab —~cd){be - ad)(ca — bd) = I(a + b)b + o)X+ a)] e Q.

b)Pat 0,99...9 = a,tacb:0<a<l=a<+a <l
2008 chif s8 9

2008 chit s6 9 2008 chit 56 9

- Y0999 = 0,99..9

2008 cht 6 9 mchﬁ s6 9

v0,99..9

Téng 2008 chir 36 thip phin ddu tién cha &6 i
2008 chii =0 9

la 9.2008 = 18072.

) Pat y= vx% - x-— 2 (y20); S= {“JW 1“;@:;3;—2}
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11. Tim gia tri cha x, y dé biéu thie

B= \/xz —6x+2y2 +4y+11 +\/x2+2x-1~3y2 + 6y + 4
dat gi4 tri nhd nhit,
(Bé thi chon hoc sinh gidi Todn lép 9, Qudin Tén Binh, TP. Hé Chi
Minh, ndm hoe 2003 - 2004)
Giai

B= \/xz—6x+2y2+4y+1l+Jx2+2x+3y2+6y+4

= J(x2 - 6x+9) + (252 + 4y + 2) + (x% + 2x + 1) + (32 + By + 3)
= J{swx)2 +2(y+1)2 +J(x+1)2 +3(y+1)2

2 \/(3—x)2 +\/(x+'1}2 =B-x%+ix+1 23 ~x+x+rl=4
3-xz0

Diu"="xdyrae {x+120 =
y+l=0

Vay gia tri nho nhit cha B la 4.

§2. LIEN HE GITA PHEP NHAN VA PHEP KHAI PHUONG
A/ KIEN THUC VA KY NANG CAN NHG
1. Dinh li : Véi cdc 56 a va b khéng 4m, ta ¢6 : Jab = Va/b.
Chit ¥ : Mot cdch téng quat, vdi cac bidu thitc A va B khong am, ta ¢ :
JAB = JAB.
2. Khai phudng mt tich
Quy tde : Mudn khai phuong mét tich cha cdc s6 khéng am, ta ¢é thé
khai phuong tirmg thita s6 réi nhan cdc két qua vdi nhau.
3. Nhan cdc ¢in thiic bac hai
Quy tdc : Mudn nhan cdc can thic bac hai cha cac s6 khong 4m, ta c6 thé
nhan cac s6 dudi ddu can vdi nhau rdi khai phuong két qua da.
Chii:V6iA20: (VAR =JA? = A
B/ BAI TAP
£ BAI TAP CO BAN
12. Ap dung quy tic nhan cdc can bde hai, hay tinh :

~1sxs53
y=-1

a) /3./48 b) +7.4/63
Giai
a) V3./48 =/3.48 = /144 =12 b) 21
13. Ap dung quy tde khai phuong mét tich, hay tinh :
a) V54 6 b) V108.48
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Gial
a) J546 = 9.6.6 = J§J3_6 =36=18 b) 72
14, Rat gon réi tinh : 27, 2% - 12,87
Giai

JET,2-12,8)(27,2 - 12,8) = /20.14,4 = /576 = 24
15. Tinh : 242 (48 -282 - 415
Giai
g\/ﬁ {%J‘-%Jé’i—wﬁ):F—%J%_Es«a\/i"ﬁ:z;-sase:-czo

i16. Tinh :
a) 26 + 545 - 26 b) (72 - 2JBYTZ + 245)

c) (2+J§+\/5}(2—J~3"-«~./5)4

Giai
a) J(2J6 + 5)5 - 2J6) = 5% - (26)? = V1 =1
b) (742)% - (245)% = 98 - 20 = 78
¢) 2% — (3 + VB)? = 4~ (8+2J15) = ¢ - 2J/15
17. So sénh :
a) 56 va 65 b) /24 + /26 va 10.
Giai
a) Pua vé so séanh (5¥8)° va (6+/5) hay so séanh 150 va 180.
Vay V3 +5 < /2 + J10.
b) Bua vé so sénh (V24 + 26)% va 10% hay 50 + 24/2.24 26 va 100.
Do dé dua v& so sanh 24252 -1 va 2.25.

Két qua duge V24 + 26 <10.
(3 BAI TAP NANG CAO

18.Rutg9n:A:\/J§—1+\/\/§+1~\/2\/§+2\
B = (5+ V2112 ~ VBB - V21 .
Giai
BatxzJﬁ—l+JJ§+1,nhénxét:x>0
= x2=(JJ§—1+JJ§+1)2=Ji~1+J§+1+2(Jﬁ—l)(wfi—l)
= 242 + 2
= x=y2J2+2 (vix>0) Vay A= 0.
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19. Giai phuong trinh
a) \/x+3—4v'x«m1 +\/x+8«~6\/x~«1 =1

b) Jx+\/x~m11+\/x--\/x—«1 =4. I

Giai

a}Pidukitnx =21
Phuong trinh da cho trd thanh : \/(v'x T J(\/x ~1-3)7% =1
<:>|Jx—-1—2]+}\/x—1—3lmlu
Apdung: 1Al 2 A Ping thie xiy ra <> A2 0
[&~1~2‘2‘Jx—-1—2
Mx-1 -2+ NWx~1-321. .
|.fmxm1m3;=|3mmiaamm”] xL-gel-gfz1

Tir 46 suy ra tdp nghiém phugng trinh S =[5 ; 10],
b) Pidu kidnx = 1.

Phuong trinh trd thanh : Vx+JVx~11 =4 ~x - yx ~11

= X = g«g {loaivixz 11) Viy S5 = .

20.Chox, v, z 14 cdc 80 duogng thoA min : X+ v + 2 + \/;:}“ = 4 Tinh gid
tri cla biéu thite
P= Jx(4-y)X4 -2 + Jyld - 2)(d - %) + Jod —x)d - y) - Jxyz.
: Giai
Tit gia thiét : J;:;z:+x+y+z=4 ¢:>4(x+y+z}+4\/}—{}gm16.
Ta cé : x(4 — yH4 — 2) = x{16 — 4x + ¥} + yz]
= x{4(x + y + 2) + 4 fxyz - 4(y + 2) + y2)]
= x(2Vx + Jy2)? = (2x + Jxyz)?.

Tir d6 suy ra :
Jx(4 - y)(4 - 2) + Jy(d - x4 ~ 2} + Jz(4 - x) (4 ~y) ~ fryz = 8.
£33 BAI THI CHON HQC SINH GI0I TOAN
21. Giai phuong trinh :
a) Vx+2+3/2x -5 +yx-2-2x -5 = 2/2.
(Dé thi vio lop 10 chuyén Todn, truong THPT chuyén Lé Hing Phong,‘
TP. Hé Chi Minh, nam hoc 2002 - 2003)
b) V2x+1+V17-2x = x? - 8x3 +17x% -8x +22.
(D8 thi chon hoc sinh giéi Todn lap 9, truomg THCS Hoa Lu, Qudn 9,
TP. H3 Chi Minh, ndm hoc 2008 — 2008)

10

1
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) Vx + % evx-x% =x+1.
(Pé thi chon hoc sinh giéi Todn lép 9, TP. H6 Chi Minh, nam hoc
2007 — 2008 va ndm hoc 2009 - 2010)
Giai
a) Diu kién 1 x 2 :52“ Phuong trinh tré thanh :

J2X +4+6Y2% -5 + J2x -4 -2/2x -5 = 4
e J2x-5+3% +J(V2x-5-12 =4
& 2x~5+8+[\/2x—5—1l;—.

[VEx— 5 -1|=-(2x-5-1) = VBx-5 31 o gs:(sfﬁ,

b) Ap dung bat ddng thuc Cé-si cho hai s khéng &m, ta cé :

JEx+ 1.9 +J07-20.9 < 2x +21+9 . 17”2}“,9

& VOV2x+1+V91T-2x <18 & V2x+1+V17-2x <6
Mat khac: x* — 8x® + 17" - 8x + 22 = (x" — 857 + 16x7) + (X ~ Bx + 16) + 8
=4+ (x-4)” +626
Do vay V2x +1 +17-2x = x* ~8x% +17x% - 8x + 22
2x+1=9
17-2x =9
<> 9 X =4
X -dx =0
x-4=0
¢) Ap dung bat ding thuc Cé-si cho hai s§ khong am, ta ¢6 :
x+x2+1+x—'x2+2 ’
2 2

i \/(x +x5) 1+ \/(x-x2)..1 <

=1 \/x+x2+\/x-~x25x+1A
Viddu"="xayra, dodéx+x’=1lvaix—x'=1l¢>xe @
22.a) Cho a, b > 0, ¢ # 0. Chting minh ring :
211 6 VJa+b=+a+c+Jbre.
a b ¢
(D¢ thi vio lop 10 chuyén Todn, trudng Phé théng Ndng khiéu,
DHQG TP. Hé Chi Minh, nam hoe 2005 ~ 2006)

b) Cho cdc s8 thue duong a, b, ¢ thod méan ding thic
Ja-b -5 = asbe.
Chiing minh ring : 20%/a 4 2008, . 200¢/7 . 2008/, "¢
(Dé thi chon hoc sinh gidi Todn lop 9, tinh Héa Tinh, ndm hoc

2005 - 2006) -

11
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Giai
a)Nhanxét-Ja+c+‘Jb+CmJa+b <\/a+b+2-\feﬁ;m\/§+\f5 =ec<0 -
Tacé: Jare+vbre=varh <« -c= Ja+c)b+e)

escl=ahb+ac+betc’ evab+he+ac=0

- ab + bc+ ac -0 o ”};+_1_+3.M _0

abe a b ¢
b) Tir Ja -vb~Je="a+b-¢
e (Ja b - = (Jasboe) = .= (Ja-Jexb-Jer=0,
= ~fa - Jc = 0 hoac JE—\/E=O:>-JE~—~\/E hodc Jb = e
=»a=chodch=c
o N&u a = ¢ tht 20085 .+ 2008/ _ 2008fc - 2008/ - 20087 b - c.
« Néu b = ¢ thi 00z + 2009 2008 = 2000 - 20045 ¢

§3. LIEN HE 610A PHEP CHIA VA PHEP KHAI PHUORG
A/ KIEN THUC VA KY NANG CAN NHO
Ja

1. Pinh li : Véi s6 a khéng &m va s& b duong, ta ) \[g = e,
1 124 4 b N

2. Khai phudng mot thudng
Quy tdc : Mudn khai phuong mét thuong %, trong dé s6 a khong &m

va s§ b dugng, ta co thé lan lugt khai phudng s a va s8 b,
rdi 1ay k&t qua thir nhat chia cho két qud thit hai.
3, Chia hai cin thite bic hai
Quy tdc - Mudn chia cin bac hai cda s6 a khong am cho can bac hai clia s6 b
duong, ta cé thé chia s6 a cho s b rdi khai phuang kit qua do.

Chui ¥ : Véi cée biéu thite A kKhong am va B duong, ta ¢d : \/_ = —-%
B/ BAI TAP

0 BAI TAP CO BAN

23. Ap dung quy tic khai phuong mét thuong, hay tinh :

a) 256 b) 19,6.6,4
225 1,69

Giai

(=]

256 /256 _ 16
925 225 15
b) \]19,6.6,4 _ \/196.64 _Ji2544 112
1,69 169 Jigg 13

12

24

30
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117

A tic chia hai can bdc hai, hay tinh : <=
o4, Ap dung quy i 1 can b3 v N

Giai
\/11 575 =
- [ 6,8% ~ 3,2°
25, Tinh: || —%——
25. 1 21,82 - 18,92
Giii

\/ (6,8 + 3,2)(6,8 - 3,2) _\/1{).36 1
(

21,8+18,2)21,8-18,2) V\40.36 V4 2

26. Tinh : (748 + 3427 -2412) : 343
Giﬁi
(7448 + 3427 - 2412 ) : 343 = J_6+J’W_J‘ _+3_§_.11

27. Giai phuong trinh : /3x - J" =0
Giai

J3.x ~-f48 20®x:%m\/§3—§=\ff5=4

28. Giai phuong trinh : Vx* ~dx+4 =5

Giai
2 dx+d=5 o |x-2]| =5 X-2=5 <> x =1
X"""2=—5 x=m3
1 BAI TAP NANG CAO
29. Thyc hién phép tinh : A = 1 + 1 n i
\F+\/E+I 1+ z+1 1§+ 2§+1
7 Y13 13 V5 7 5
Giai
1 1
¥ 1 1 1 ¥ 1 1 1
L, 55 I3[+ e )
( J_ ) Vi3 V57 NN N
..|..
_ 5 J'? Ji’é_l
1 1 1 ’
NN N

\/x+4v‘ -4 +Jx 4\/){——4“

16 8
= -241
x? x

30. Cho biéu thuic P =
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Rat gon P, réi tim gid tri cua x dé P dat gid {5 nho nhat

Giai
ax véid<x <8
A= x4
20X -4 gixzs.
x-4
cXét:d<x<Btaco A= XTI 16 g
x-4 o4

eXét:xEB,tacéAﬂZ(fm4+ 4 );, _ ,,_i_—:,s
Ny 228 (Vx LLm -

510 A% o 4
Dau diing thic xdy rae» x -4 = = & x = 8 (thod man).

31. Cho -1 < x < 1. Tim gi4 tri nhd nhat cta A = 5-3x
2
1-x%

Giai
Pat Jl+x =8, Jl-x=b,tacéda ,bsg
a? +4b _ 2Ja’.4b

A= 2 =
ab ab 4

Bau":"xayra@1+xm4(1~x)<:>x=%e(‘_l;l)“

Vay GTNN cita A bing 4 (tai x = %)»

0 BAI THI CHON HOC SINH Giél TOAN

1 + —_—
32. Chdng minh réng :
1+ ,’1 + \[\

33.

(Dé thi vao lép 10 khoi chuyen Todn — Tin, truong PHSP Ha Néi
] ) A

nam hoc 2002 - 2003)
Giai

1+_ﬁ 2 ___4+23 4-23
1+,’1+_— -fﬁ 22445 273) 22 - A-248)

(f3+17? (J‘-1)2 _ s
= BB 2valE -1 2J“( +1+43-1=

14
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Céng ly TNHH MTV DVVH Khang Viat

a3, a) V6i nhitng gid tri cha x thod man didu kién x = —é, hay tim gid

tri I6n nhat cia bidu thuie ;

fix)= V2x? +5x + 2+ 2Vx + 8 - 2x.
(Pé thi vao lop 10 khéi chuyén Todn, PHQG Ha Noi, nam hoc
2006 - 2007) .

b) Cho a > 0, b > 0. Tim gia tri nhé nhat cia bidu thue :
{x+aXx +b)
Ar —
X
(D& thi chon hoc sinh gisi Todn lop 9, truong THCS Colette, Quan 3,
TP. H6 Chi Minh, ndm hoe 1997 — 1998)
Giai

a) flx) = J(2x + 1}(x + 2) + J4lx + 3) - 2x.

vl x > 0.

Vi xa—%m2x+130,x+2,x+3>0.

Ap dung bat déng thitc Cb-si cho hai s6 khéng 4m, ta cé :

JEx+ DE+ D) + Jax+3) < 2x+12""x+2+4+;‘+3 =2x+5

= f{x) £ 5.
Vay GTNN cia f(x) bang 5 (tai x = 1).
2
b)A = (x+a§x+b) _X +ab~;(a+b)x

=X + E—t—)+a+b32}xf—b—+a+b =2Jab+a+b = (\f£+\fg)2.
x X

o m e a ab
Diu"="xdyra x= == e x = Jab.
X

Viy gid tri nhé nhat cha A 1a (Va + Vb2,
§4. BIEN B01 DON GIAN CAN THUC BAC HAI
A/ KIEN THUC VA KY NANG CAN NHG
L. Pua thita s& ra ngoai diu cin :

V6i hai biéu thic A, B ma B 2 0 thi VAZB = |A|VE, tic 1a :
~NéuA20vaB>0thi: VA’B = AVB ;

- NEuA<OvaB20thi: VA®B = -AJB.
2. Pua thita s6 vao trong diu cin :

~NEuA>0vaB20thi: AVB = VAZB :
~-NEuA<OvaB20thi: AVB = —VA®B.
15



Béi guBng hoc sinh gidi Todn § — Nhifu Tac gid

3. Kh miu cia biéu thite 13y ciin:

_ JAB
B B

[ES

Véihai bifuthic A, Bma AB=20vaB =0, tacd:

4. Truc can thic & mau:

a)VéicécbiéuthﬁcA,BméB>0,tacé:—izi\/gm;
! \/ﬁ B

b) Véi cdc bidu thiic A, B,Cma A>0va A= B? tacé:
C CWAEB)
JA+tB A-B
¢} Véicae biduthic A, B,Cma A>20,Bz0vaA=B, tacd:
C _CWAEB)
JArJB  A-B :
Luu % : Gia sit A la bidu thite vo t1 Ta goi biéu thdc lién hgp cta A1 B, B
khdc khong thoa tich AB 12 mdt biéu thite hitu ti (khong chita can thie),
Khi d6 bidu thie A ciing 12 biéu thic lién hop cda bidu thie B. Bigu thic
lién hop khéng duy nhat, nhung ta sé cd géng tim biéu thic don gian
B/ BAITAP
¥ BAI TAP CO BAN
34. Pua thia s6 ra ngoai diu cin :

a) J(=T-14)a%b? (véib > 0) b)
Giai

a) J(-T(-10)a®p? = J722.(a%)%b% = 7 a?| .|| V2 = Ta® 2 (vib > 0)

2
*Hx -y P
b) L\f>c4(}c2+y2 =m..1mw (x2)2(x—-y)2= I tl l:_x -y = —x".
i-y X~y X-y X-y

L [3aE oy - 2xy) (wiix<y)
y

35. Bua thita s6 vao dducan : (x - 1) X +i (vdix>1)
x_

Giai

: 2
(x—lL/i*i = ,/(x”i) (;““1) =Vx? -1 (vix>1lox-150)

36. Kh't mau ca bidu thie 14y cin :

,1 1 { 2
it — (v@iaz-—-1lvaaz b b) Jer——e—e—— (v&i a # +h).
a) a+a2 (vdi a va a ) J{a+b) a4—?azb2~§~b4(vma +h) )

16
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Céng ty TNHH MTV DVVH Khang Vidt

Giai
ax+l khi a>0
a)\/i _}F_\/a+1 - a
) —
|a| a;l khi ~1sa<0
2 [ 2 {a + b)V2
b)(a+b)\/——~—~w-m~m=(a+b) =
a? —2a%p® + bt (a2 - p2)? [ag - b2]
(a+b}2 : J2 .
) a2 _p2 khlia!>lb1: PO khi |aj>]b ]
—%}%‘? khi {a|<|b | “g% khi |a|<[b |.
37. True can thic & mau:
7-62 V2 +/3+2
J— Ja-J2 \/_+~./§+J§+~./§+4
) 2x 6 {véi x < -8 hay x > 3).
Vx? -9
Giai
7-642 (7 - 6v2).[ (V6 - V3) + V2]

VB [ -Vmr
(7-6v2).[(6 - 3) + V2] (7-65).0/6 - B + /B)

J6 VB2 (27 (6-6J2+3)-2

=(7—6\/§).(\[6-\[§+\[§)m\/6_\/§+\[§
7-632

V2+J3+2 V2 +3+2
wa‘"wf” \[“,;,\[g,,,‘; (V2 ++/3+2)+(2+6 + JB)
- J2+3+2 B J2+3+9

(V2 +V3+2)+V2./2+3+2) (V2 +43 + 21 +/2)
16~ -1 s

T WZ+DG2-D  2-1
2x-6 _ 2x-6)Nx2-9 _ 2x-8x’-9 2yx” -9

Jx -9 N (\/xzug) T (x-3)x+3) T x+3
hay x > 3).

(vdu x < -3

17
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Bli duBng hge sinh gidi Todn 9 — Nhifu Tac gid

33. So sanh hai s§ (khéng dimg mdy tinh)

a) Ja-b va Ja-b (véia>b>0)
b) V345 ~/3-vE -2 va 0
¢) 2009 - 2008 va 2007 — J2006.

Giai

a)Ja-b > Va-Jb
b) \/3+J~ 3-8 - B = \/ﬁ-(\/3+\/_5‘—\/3—~\/5)w\/§
2

%

_ J6+2J5 -\6-25 (B -(B-1

- % -2 = = V2
2

= ﬁmﬁz\fz‘—\/ﬁﬂ)

c)V(‘Iimgin_eN,tacé:(«]n+1-x/‘n“)‘(\/n»i~1+\/—£)mn+l—nz1
= &0+ —H-\/I_lz.——-li-——‘———

N+l o+ Voo
1
Do d6 : V2009 — 2008 = ——iee— VA
2009 + /2008

V2007 ~ /2006 =

1
2 72000 + 2008 . 2007 + /2006
= /2009 - V2008 < /2007 - /2008 .
39. a) Sdp x&p cdc 88 sau theo thi ty gidm dan :
J69 ; 3J7 ; 6JZ 5 217 ; 5V3
b) So sénh téng S = /1.2007 ++/3.2005 ++/5.2003 +.. + +/2007.1
va 10042

1
J2007 + /2006
1

Giai
a)Tacé:Jgé—;Ii«/'?m\/é.é;ﬁJ—:ﬁﬁ;2x/i.mzx/§§;ﬁwf_:ﬁgh
Vi: Jﬁ>ﬁ§>\/_f‘3§>\fé‘§>\/€§§
:>5\/§>6J§>\/§§>2\/ﬁ>3ﬁ.

b) Ap dung bdt ding thic Cé-si cho hai s duong a v b, ta cé
Jab < a;b\Né"ua¢b,tac6 m<a+b

2
Do d6 : J1.2007 < 3‘_’*%391 - 1004

18



Cong ty TNHH MTV DVVH Khang Vigt

J3.2005 < 3+ 3005 = 1004

\/2007 200; +1 = 1004

- f1.2007 + 3.2005 + 5.2003 + ...+ /2007.1
< [(2007 - 1) : 2 + 1].1004

= 8 < 1004%
40. Tinh tdng :
S = ! N + r A R ! ;
Vi-V2 J2-y3 f3-J4 Ja-5 2007 - 2008
1 1 1 1
T+ 12 3B sods  adarava 1214120 « 1200151
Giai
* 8, =—1— 2008 .

1 1
m+DVn +nvn+1  Vn+ Lvn.vn+1+vm)
o+l evn vn-1-vyo 1 1
Jn+IJ_(Jn+1+f)(Jn+1 «f«) Jo-1da  Ja  Jo<l

1
Dodo: + + +
2JI + 142 3\/5 +243 4J§ +3/4 1214120 + 1204121

1 1 1 1 1 1 1 1 10

AR R B AT %6 ol L ol

41. Giai phuong trinh :
1 1 1

‘\/X+3+\/X+2+'JX+2+'JX+1+‘\/X+1+\/;=
Giai
1 . 1 + 1
Vi+34+4x+2  xs2+0x+1 Jx+l4x
S JE+3 - VX +2 + x+2 - Y+l + Yx+l - x =1
o Jx+3 =1+%
©x+8=1+2J/x +x& Vx =1 x=1(nhan). Viy S = {1).
[0 BAI TAP NANG CAO
42 Chox = Y2-Y1  V3-\2 LY4-43 100 - VB9
1++2 2+75  8+4 "t Te5+100

* Ve mol x € N¥, tacd:

=1(BK:x20)

Chirng minh rdng x < —%

19



BGi duBng hoc sinh gidi Todn 9 - Nhibu Téc gid

Giai
Xét\fm-\/ﬁ= Jn+1-vn <\fm»~~fﬁ
n+(n+1) Van? +4n +1 J4n? + 4n

_M_H(L_ 1

- 24yn(n +1) T2 Jn n+1J'_
1 1 1 1 1
2 2 )2 3+’“+_«/§~3~WJ
1[ 1 9 10 1
=11 - e o v I
2

o

——
;.....|"‘
|
+
i

x+3+2Vx> -9
2% - 6+ Vx? -9

Giai

PK:x>3hoacxs-3. Vodix>83=2x+3>x~3>0,tacd:
 Vx+3(Wx+3+2/x-38) \/x+3= xZ -9

Jx—32Vx -3+ Vx+3) x~-3 x-3
Voix<~-3=>3~x>-3-x20,tacs:

JE-Bx-8+2/8-x) _ [x-3 _ _Jx’-9 _x’-9
~V3-x%(2J3-x - x-3) 3-x 3-x x-3
44. Giai phuong trinh : Vor® +16x +18 +Vx® +1 = 2x + 4.

Giai
Pidukién : x £ ~4 —~ /T hofic~4 + 7 sx s~1 hoicx 2 1.
Nhén xét : (2x + 4)% — (2x% + 16x + 18) = 2x% - 1).
Phuong trinh da cho ¢6 dang : Vx® -1 = 2x + 4 ~ v2x% + 16x +18 (1.
Kiém tra x = £1 14 nghiém cla phuong trinh (1)
Véi x = +1 : Nhan ca hai v& v&i biéu thic lién hop véi vé phai ta duge :
Vx? —1(2x + 4 + V2x% £ 16x+18) = 2x° ~ 2 (2).
Nhan c¢i hai v& cta (1) véi Vx* -1, ta duge :
Ji? -1 (2x +4 - V2x2 +16x +18) = x> ~ 1 (3).
Tit (2) va (3) cho : 4(x + 2)Vx% -1 =3 - 1)
o Vi -1GVx%-1 -4x-8)=0
z -2 —
x> & x= 232357
Tx* +64x+73=0 ¥

) -32+3Jfﬁ}
? 7 “

43. Rt gon biu thic : A =

A=

& 3vYxZ -1 =4x+8c>{

So v6i DK, ta duge tap nghigm phuong trinh : S = {—1 i1

20




Cong ty TNHH MTV OVVH Khang Vigt

{0 BAl THI CHON HQC SINH G101 TOAN
45. Giai phuong trinh
a) J4-8J/10 - 38x =x-2.
(Dé thi chon hoc sink gidi Todn lop 12, cdp Qude gia, nam hoc 2001 ~ 2002)
b)x®+ 3%+ 1=(x+3)VxZ+1.
(Dé thi chon hoc sinh gidi tinh Bde Giang, ndm hoc 2007 — 2008)
c) V2059 — x + /2053 ~ % + 2154 - x = 24 '
(Dé thi chon hoe sinhk gidi Todn Iép 9, Qudn Tén Binh, TP. Hé Chi
Minh, nam hoc 2010 - 2011}

Giai
10-3x>0 10
25x5—
a)bK: {4-3y10-3x 20 o 3 (*}.
X=23>0 3/10-3x <4
Tach: 4-3J10-3x ~1=x— 3
(4-3/10-30)-1 _ . 30-/10-8x) _ 3
Ja-3J10- 3% + 1 J4-3J10-3x +1
3 I -{10 -~ 3%} .x—3
(V10 - 3% + 1)(4 — 310 - 3% + 1)
o (x-3) 9 ~1] =0 (1),
(V10 - 8x + 1)(J4 - 3J10 - 3% + 1)

Dox =2 nén JlO—Sxf{»ISJlO—&Z +1=23(2).
Diu“="xayrae>x=2.Tacd: y4-3J10-3x +1< V4 +1=3.

PDidu‘“="xdyra = x = %9 (3).

Tir (2) va (3), ta suy ra ; (V10— 8% + 1X(y4-3J/10-3x + 1) <9.
Viay (1) @ x - 3 = 0 & x = 3 (thoa diéu kién).
D) x*+8x+1=(x+3) Vxl+ler .. o (Va2 +1 =) WxZ +1 —x) =0,
Tit d6 tim duge nghiém phuong trinh 13 x; = 242 ; xp= ~2/2.
¢) V2059 -x + 2035~ x + 2154 -x =24

¢::>.u®(2010—x)( 1 + 1 + ! }zg
J2059-x +7 J2035-x+5 2154 -x+12

46. Cho céc s8 thuc x, y thod man didu kién : (x + \/1 +y2 )y + V1+x%)=1.
Ching minh ring : (x + VI+ X2}y + J14y%) =1.

(Dé thi chon hoc sinh gidi Todn lop 9, Quén 9, TP. H8 Chi Minh, ném
hoc 1999 - 2000)
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B duBng hoe sinh gidi Todn 8 - Nhiflu Tde pid

Giai '
Tacd: (x~ 1 +yE Ny - 1+ x2 )= .. =2xy + 2,/(1+ xz)(1+y2) - 1.

K&t hgp v6i ding thic da cho, ta duge :
(x*-1- yﬁ)(y2 —1-%%=2xy+ 2\/(1 + X2+ y2) -1

e 200 -~xy)=2 \/(xy -1)? +(x+ 9?2 4+ & - 792 (%),

Dodé1—-xy= J(xy«l)2 +(x+v)? 2 \/(:rzj.r—l)2 =]1-xyl|.
Laic6:|1—xyf z 1~ xy.
Suy ra : déu bang trong (*) x3y ra. Vay x = —y. Ta ¢6 diéu phai ching minh.
§5. ROT 60N BIEU THUC CHUA CAN BAC HAI
A/ KIEN THUC VA KY NANG CAN NHG
P& rat gon bidu thic cé chia cin bic hai, ta cdn biét vAn dung thich
hop cdc phép tinh va cac phép bién ddi da bigt.
B/ BAI TAP
(R 8AI TAP CU BAN
47. Rit gon cac bidu thie sau :
3 2 11
o 28 - 2460 -1 2
b) V20 + 3418 + 72 - V45)15V2 + V5).
Giai

a}ﬁf—ZJ—miﬁz%Jﬁ b} (1548 — VB X152 + B ) = 445,

48. Rat gon céce bidu thic (véia>0,b > 0)

b a 1

b —2a,]2 -3b /2 +ab =
a) Va a\/; 3b\/;+a \/;
b) Baah® - 3v25a%b® — 2b9a%b - 7ab? \/Ib 4

a
Giai

a) Jab - 24ab - 34ab + Jab =-3+ab
b) 5abab ~ 15ab-fab — 6ab<ab — 7ab+/ab = -~28ahab.

49, Rit gon céc biéu thic sau :
2) (32 ~ 24/3)% - (22 - 3V3)?

b) (sﬁ-ﬁﬁ-wz\/ﬁw\/s_o}(%\/ﬁfi\[&,_m%m]

2J§£—ﬁ§6+3\/§+\f3‘6
4J5-8 J§6+_x/1_2“

¢)

22
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CETVINGY

Cong 1y TNHH MTV DVVH Khang Vigt

Giai
a) (30 ~ 128) - (35— 12/6) = -5
b) 1242 : 2 V2 - 3%

, 242 - VB) f(ﬁ+J_} N
Y B 2dE 1 0B 4 2 T

50, Ruat gon biu thife sau : 3x — 1 — V1 - 8x + 0% vc’rix>%
Giai
8x~1-11-8x] =8x—1~(@x~1)(vix> % nén 1 - 3x < 0) =

51. Rut gon cdce bigu thic sau :
a+b+2Jab a-b .
a) - v3iaz0, bz20vaaxh
RPN Y
b)(.‘:] a- 4f)( a- SJa_]véiaath,a#zS.aaO,

4-+a Ja -5

. Giai
(\/5+J")2 (Va + vb)/a ~ Vb)

— o= b — b ;0

T T (Va +vb) - (Va +Jb)
b}[ J_(i\/‘f)]%*“%}“(3“‘/5)(3““‘/"—):9’3'
52. Tim x bi&t: Vdx+4 ~J25x+ 95 + J16x+16 =3

Giai

Bua vé tim x théa man 2vx +1 -~ 5Vx+1 +4Jx+1 =3

hay vx+1 =8 va tim duge x = 8.
63, Tinh gi4 tri cOa biéu thic sau :

J15a% —8a 15 + 16 véia = \E"\E

Giai
a8 aF o5 o] - [ B B o <12 =
(0 BA1 TAP NANG CAQ
3“5\/”_11 ¥x - 2, 2
54, Cho biéu thic P = -1
oo Xx+Vx -2 f 1 \/;+2

a) Rit gon P. Tim x dé |P| =2
b) Tim cdc gia tri cda x d& P nhén gi4 tri nguyén.
23



Bdi dung hoc sinh gidi Todn 9 ~ Nhifu Tac gid

Giai
abK:x=20;:x=1.

p 3x+ 54x -11 Jx-2 2 N
= — -+ —-12‘.._=
Wx-DWx+2)  Jx-1 Jx+2

DoP>0nénl|P| =2

Vay Pl =2©‘E+7 =202 +4=%X + 7 Jx =3
\/;+2

< x =9 (thod man BK).

B 5 5 7
B)P=1+ " Dox +222= £-=1<Ps <
X+ 2 J§+2 2m < 2
PeZnébnP=2hayP=3.
NeuP=2thix=9
Né’uP:SthiB\/;+6xx/§+7<:>~f§:%©xm:i-

Dé P cé gi4 tri nguyén thix e {:11— ; Q}u

Jx x-1 (2}(\/:_{“1{»\/; x-/x

55. Cho biu thic A = — . - X
2Jx +1 % - Jx -1 ivx +1 x-1

a) Rit gon A Tinh gid tri cla Avéix =7 - 43 .
b) Tim gid tri nhé nhat cGa A,
Giai
BK:xz2z0;x= 1
a)Patt= Vx = t?=x
t, =D+ [ ot? _¢2 _ ¢t t(t ~ 1) }

A= . -
20+1  (E-DERE+D [ @+DU2-t+1) G-1t+1)

t? -t
t—t+1
Thayt=7-43 = (3 -1’ = Jx =3 -1l =3 - 1
Licds A= B8=8V8 _1-V8
6~ 33 3

1
bA=1- —me—m,
%% - Jx +1

2
Mélxz—\[)—{—i—l:(\/}_c—l] E?'-mAal«éx——l-
2 4 3 3

Déu“=" xdy ra ¢> x = -i—' (thoa)

24
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Gang ty TNEH MTV pByyn Khang Vigt

Vay GTNN ciia A bling -% (tai x = %)ﬂ

a?~3ava +2

56. Cho M = ——————=_ Tim cdc 56 nguyén a 46 M la s& nguyén.
a-3va

Giai
2
ca>0vaaz9 Tacdo . M=4a+ .
X a-~3Ja

Pé M la s8 nguyén thi 2 phdi la s8 nguyén.
a~8Ja
Khia e N thi Va hoac la s& nguyén hoic 12 58 vo t1

Do dé, dé la 56 nguyén thi Va 1a sé nguyén

2
a-3Ja
= a—3Ja la udc cha 2, nén a 1a ude tu nhién efia 2.
Vay Va e{l1;2] esae {l:4]
+Véia=1thia-3Ja =-2 khidé M = 0 (thich hgp)
*Véia=4thia-3Ja =-2 khidéM =3 (thich hop).
(3 BAI THI CHON HOC SINH GIOI TOAN
_xW3\/§J,[\/;—3+J§—2_ 9-x }
x-9 |'l2-Jx 3+J% x+Jx -6

57. Cho biéu thac : P = {1

(véixz0,;x#9;x=4)

a) Thu gon bidu thite P. b)Timedcgid trichax dé P =1
(Dé thi chon hoc sinh gidi Todn lop 9, TP. H Chi Minh, ném hoe
2003 - 2004)

Giai
3
V-2

b)Vdix20,x29 x=4, taco:

P=1le 3221<~_~>\/;=5<:>x=25(th0émﬁn}4
me

58. Rt gon cdce bidu thie sau :
2 2
X - Jx _xiax +x+1 (x>0)

x+Vx+1 x- Vx +1

2+ % Ve -2 x+Vx +x-vx -1
b})B = -

Xx+2Vx +1  x-1 Jx

(Dé thi véo lép 10 trusng THPT chuyén Lé Héng Phong, TP. Hj
Chi Minh, nam hoc 2004 -~ 2005)

a)P =

a)A =

) (x> 0)

25
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B8 dudng hes sinh gidi Todn 9 — Nhifu Tac gis

Giai o
Datt=Vx =t =x
—1)(t2 2 _ i
a)Azt(t ;)(t +t+1)mt(t+;)(t t+1)+t2+1 i
t2 et 41 t? -t
=t et~ W+ e 1=t - 1P =(Jx - 12
" % S Lo
b) B = 2+t t-2 vt+t t-1 !
(t+1? (E-1t+1) t
_Peto2e?ot-2) (P oDErD B
t+D2t-1 t |

§6. CAN BAC BA

A/ KIEN THUC VA KV NANG CAN NHO ‘
1. Pinh nghia : Cin béc ba ciia mét s6 a 12 mdt s8 x sao cho x° = a. Méi
sd thie a déu ¢é duy nhét mdt can béc ba. :
Nhén xét : :
~ Cin bdc ba cla mt s§ duong 1a s6 duong ; o
- Can bac ba coa mét s6 dm 14 s dm ;
—~Canbécbaciasd 0lass0;
— Can béc ba cla sd a duge ki higu 1a ¥a .
Vay ?fa; =K es X = a
2. Tinh chAt :
a) Lién hé gitfa thd tu va cin bdcba:nfua<bthi ¥a < 9.
b} Lién hé gita phép nhan va phép khai phuong cén bic ba : {
vai A, B bat ki thi YA .¥B = VY4B .
c) Lién hé gitta phép chia va phép khai phuong cin bac ba :

. . A Ya
&i A, Bbat ki, B = 0 thi : a,f—- = San
vVl at Ki 1 B %«

B/ BAI TAP
£ BAI TAP CO BAN |
59. Tinh : {

a) ¥343 b) ¥-1000 ¢} 30,512 d) 31,331

e) 3-0,064 f 4-0,729 .

Giai
a) 7 b) -10 ¢) ~0,8 d) 1,1
e)-04 £ -0,9.
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g0. Tinh :
Y625 4 3
o) 369162 b) el 128 ¥4 .
- Giai
) ¥36.162 = ¥5832 =18 b) -3.
61. Tim x bigt :a) ¥x -1 =2 b) ¥6-8x = -3.
Giai

B)Taco;(x—l)::za:Bhayx:Q blx =11
2. Tim tap hop céc gi4 tri x thoa didu kién sau va bidu dién tap hop d6

trén truc s8

a) Ix -2 b) ¥x > 5.
Giai
a)Ta cé : ¥x c2 ¥x < ¥ 8 oxc-8
e R A A
-8 Q X
b) x> 125 J’,I,f! III!IJI’I,:I’II I’I,IIIII’II{
63. So s4nh : 0 125 S
a)2¥3 va 332 b) 431730 va 48.
Giai

a)Tacd: 2¥3 = ¥8.93 = Y2a
3%% = 337 .93 = ¥54.
Vi 24 < 54 nén Y24 < ¥54. vay 2¥3 <392,

by 12 = ¥12% = #1798 < ¥1730. Vay 48 < 431730.
64. Tinh :

a) $1543 - 26 b) 310-6v3 - Y10+643.

Giai

a) YV3-2° = V3 -2

b) Y1 -v3? - Y1 +48° =1~ B)- (1 + VB) = -243.
D BA! TAP NANG CAO
65.Tinh S = Y26 +15V3 (2~ V3) + Yo+ V80 + ¥o— 80 .
_ Giai

Taco: Y26+ 15/3 .2~ V3)= Y2+ VB2 .2 VB) =1L

Pat a = WQJM/% + %/9—\/556 =>a’-8a-18=0

©(@a-3a*+32+6)=0c a=8(vial+3a+6>0)
ViyS=1+3=4,
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GG-Chox=mvéyw J.. P 'I‘inhgiétr:ic&aA-—-xyam:xayé

Giai ’

x=¥1 - .y + P s A-iy+y-x =82 -~ Y4 :

67. Chang minh ring néu: ax® = by® = ¢z’ va -;l;-}«}]lq»% =]

thi {ax® +by vez = Ya+ Yo+ e :
Giai

bat ax® = bya =cz° =t

Ta ¢o : \/ax +by +cz? ( +§+ J ¥ ).

Talaico:ax’ =by' =c? =t =>x¥a =y¥b =z% = ¥t

= %+%+%2%.(l+l+%m%(2)‘ DL
X vy z
Tit (1) va {2) suy ra diéu phai chdng minh.
(0 8AI THI CHON HOC SINH G101 TOAN
68. Tinh gi4 tri cda bidu thie: A = (8x® + 8x* + 2)!%%
i B2 Y175 - 38
J5 + \/14 ~65
(D2 thi chon hoc sinh gidi Todn lop 9, todn quée, ndm hoc 1997 ~ 1998)
Giai 2
3 5 _op
Rit gon : x = (527 (5 +2) =1 Suy ra : A = 33
J53-67 3
69.a) Patx = i/a+a+1‘/8a~1 + ila_a+1\/83mlu
3 3 3 3
Ching minh rdng véi moei a > % thi x 14 86 nguyén duvng.
3.

(Dé thi vio lop 10 chuyén Todn, trimg THPT chuyén Lé Héng Phong,
Tp. H3 Chi Minh, nam hoc 1982 - 1983)
b) Giai phuong trinh ¥x + 24 + /12-x =6
{Dé thi chon déi tuyén hoc sinh giéi Todn 9, trudng THPT chuyén
Trdn Pai Nghia (Vong 1), TP. H Chi Minh, ndm hoc 2010 ~ 2011)
Giai

2
a) Xét x* = 2a + 3X"#az _(aglJ “[Saaw 1)
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¥ - 2a)®
3
ex=2a+x(1-2a)ex-1)x"+x+2a) =0 x=1

2 2
i 1 1 Ba-1 1
Vix“+x+ 22 x+2 + 2a 7 x+2 + 1 > a>8

e %0 = 23 + 8x.

Vay x = 1 12 8 nguyén.

MPKXP:x<12 Pata= ¥x+24 ;b= J12_x
Tacoa+b==6vaa +b"=36
Dodéa’+(6-a’=36wa+a’~12a =0

wal@a+4)a-3)=0<=a=0hodca=-4holica=3
S ={-24;-88;3)

: BN TAP CHUGNG |

L Tinh :

@) Je+VID? - (4 - JT0)? b) 35 -12V6 - /30 - 1246
Giai

a) 4+ 10| 14— V10l =@+ V10)-(4— V10 )vi4— V10 >0=2V10
b) V33 - 2v2)? + (32 -2V3)F =123 — 22| 1348 - 23]
=83 ~242)+ (32 -23) (1348 -242 > 0va342 ~243 > 0)
=3 + V2.
-2, Tinh :

33 - 243 X342 +243) S N
&) ( ) +23 292 +3  2d2-3

Giai
a) (3v2Y - (23 =18-12=6
py 222 -3)-202V2+3) _ 4/2-6-442-6 _

= 12
(2v2)% - 32 8-9
-8, Tinh : .
a) (82 + ¥30)./8 - V15 b) Jlo +2y3-229 - 1245
0} VA4 VB2 42+ VB2 -V24vE  d) (IO + VE)WIE — 42 + V15 .
Giai

a) (8 + VI5)416 - 2415 = (8 + 1B X (15 - 1)
=8+ V158 ) V15 ~ 1|
=B+ VIBXNIE -1 =T+7J15 (vi V1B > 1).
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Béi dudng hoc sinh gidi Todn 9 - Nhidy Tac gid
b) 10+ 23225 - 9 = \/10 +2,[3-2[26-9 = J10+ 2405 —2355 6. ]
\/10+2|J" o = V6+2v5 = J(B+D? = [NB+1 = VB + 1. |

&) i+ 8 2 ~(J2+ 2R =4 + 22 2 -2 =422+ V2)2 - V2) =
) V2 (B + J3NJIB — 4)/a + i —(J§+J“>(J“~4>W

s e

I

= (V6 + V3)V15 ~4) J(B +3)? Lo
= (B + VBP (V1B —4) = AVIB - 4(VIB ~4) =
4, 'Tinh : i
a)8+2J§W2+3J§ . 2 J3-242 J3+2V2
3-v2 V2 1-42 J17 1242 J17+1242
2\/_ \/d \[g-*-\/»w :
J”” J48 30+ 162 | 7. F
Giii

8+ 24203 +42) V22 + 3) J2(1+ 42)

3 -v2)3+42) R Tt At asv

b]azfﬂ_‘/mzﬁ_ ,.,‘/1 I
V@-2v22  V@+2v2?  Va-2/2  Va+242 |
- ot .l ol omiVE-1s0). 8
N2 -1 Wesl  Jo-1 J2s1 .
2{«/_ J3) JE+27 B b
J“(J”" 8 JeWs+d2n 2
5. Tinh : a
2J10 +V30-2/2-J6 2 a o1 ‘
)J NN R AR CAR L et 9-a
Giai
}\/J'(le%«[“ 2-48) J3-1_ \/Jﬁ(mﬁ)(ﬁ—y V3-1 t
2J2(/5 - 1) T2 225 -1 2

(3+1)% J8-1
4 T2

3
b) (2 13__‘@_"i=32 13____._...}..,“““
2 + ),/ 3 (¥2 + )/3<§/”+§/"+1)

=§/ @2+ 1)° \/2+3J"+J§+1“
Y4 +392+3 3Va+3¥2+1

1
-
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" g. Rut gon cdc biéu thie sau :

2+var+a-32% , . 1
= (véi a Qvaa -—-)
B)A 23—\/;1_ VUi > A2 E P

1 2Jx - 2 ( 1 2 ) .
= - : - (vOixz0vax=1)
b)B ('\;‘X+1 -\"x3+x_..fx_1] \‘X"“"l X""'I.

Giai
<2+JE+J£-3)(2+JEW\/§+3)__(2\/;«1)(5},_5

a) A= Ja(2Ja ~1) ~ 2da-1

b)B_[ 1 2Ax-1 }[ 1 2 ]
ClVEHl reDE-D ] [~ (R Didx <D

_for 2 J Wx+lh-2 _ Jx-1
Vx4l x AP (XD D  Jx a1

§ 4. Rit gon rdi tinh gid tri bidu thie sau :

cz(\/__w}“wj;(l/:’f.ﬂ+l+‘[£)véix= 2

Vx Ve ox—4Jx 2-43
Giaj
— 2 [—
Rat gon ta duge C = Mvé tinh duge gid tri C = 83 3.

Vx 2

. . 4vx  8x Vr-4 1

'8, Cho bié thu’:Pz( - )( w—)

S O g A EN oy

a)Ritgon P. Tim gid tri x &8 P = —1.

b) Tim m d& v4i moi gid tri x > 3, ta ¢6 : m(J5 - 1P >x+ 3,
Giai

a) ¥36.162 = ¥5832 = 18 b) -3.

9.a)PK:x>0;x2d;x21.Tac:P = 2% .
Vx -1

P:—I@X:%(thOﬁBK)

Dm(VX - DP>x+8e 2m— 1)x> 3 1)

¢ Néum < —élw thi (1) khong thé thed méan véi moi x > 3.

oNéumzv%:(l)c:ax:»

m -1

3
3<
(1) thod man véi moix > 3 & 2m —1 <

mz1,
m > -
2
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B4 duBng hoc sinh gidi Todn 9 - Nhiu Tac gid

2—\[}‘( 2x+~f— 2(x - 1) '
10. Cho biu thie : P = — - 1¢
x+4x+1 J_ J_ 1
a) Rat gon P.
b) Tim gid tri nhé nhat cia P.
¢) Tim x dé bidu thie Q = %{; nhén gia tri 14 s& nguyén
Giai
PK:x>0vax=1
AP=x-x +1 b)GTNNc&aP:%(taix:i).,
1
Q= 2vx lz:>0<Q52,mé1Qe%:>lehayQ=2.
— X+
2
Neéu Q=1thix—3x +1zo©x=(3*2‘/5} ‘.

Q=2thi (Jx - 1) = 0, phuong trinh vé nghiém.

2xJx + X — Jx x+J—J x-1 Jx
xJx -1 x-1 ) 2x+4x~1 Todx -1

a) Hay tim didu kién cda x d8 bidu thic M cb nghia, sau d6 rat gon M
b) V6i gia tri nao cha x thi bidu thie M dat gia tri nho phit v tim
gid tri nhd nhat dé cha M.

11. Cho bidu thie M = [

Giai
x +Jx

x+Jx+1

a) K : x20;x¢1;x:&-§."[‘acé:M=
b) GTNN cha M = 0 (tai x = 0).
12. Tim gid tri nhé nhat cia: A =32~ +2008 %
y %
(véix,y>0thoéx+§$1)

Giai
Ap dung bat déng thire Cd-si cho hai s6 duong, ta cé :

2/x,~%~.<_x+—l—slz:>124&

¥ y X

A= 2(39i+ ) 42006 >4 Fﬁi,l + 2006.4 = 8040.
y X X y %

Vay GTNN ciia A = 8040 (taix = £ ;¥ = 2).

D] =
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13.Cho 4 sd duonga, b, ¢, d Patx =2 + b - 2J—,y 2b+c-2da, x
=2 +d-2Jab, t = 2d + a ~ 2Jbo . Chung minh ring trong 4 s6
X, ¥, 2, t €6 it nhat hai s6 duong.
Giai
Xétx+z=(a+c)+(f—\/E)2+(«./E—\/d—)2>0:>x+z>0
= trong hai 6 x, z ¢6 it nhdt mot s6 duang.
Lép lun tuongtutacé :y +t > 0
=» trong hai 56 y ; t ¢6 it nh&t mot s§ duong.
Vay trong bon s8 x, y, 2, t phai cé it nhat hai s§ duong.
14. Gia s x, y 12 nhitng s6 khéng am thay déi thoa man;:x®+y* = 1.
a) Ching minh réng: 1 sx +y < /2.
b) Tim gid tri 16n nhat va nhd nhat cia bidu thic: P = 1+ 2% + J1+2y.
: Giai
a)(x+y)2£2(x2+y2)=2::>x+ys NCS
Laicé:(x—x)zq-(y—y)zzx(lwx)-ry(l-y)ﬂ
Vi x,y20v5x2+y2=1
= Osx;ysl,dodéx(l-—x)ao;y(l—y)z()
= x+y2x+yi=l
Vaylsx+y< 2,
b)e PP=(JT+2x + VI+2y P <22 + 2% + 2y) < 22 + 242)

= P< \/4~6~4\/§.D€{u“=”xéyra¢:>xmy= _‘_{2:2,

. P2=2+2(x+y)+2\/1+2(x+y)+4xy»
V‘1x+y21mé4xy20<:ol+2{x+y)+4xya3‘.
Suyra:P°24+23 =(3 +1¥ = P23 +1

Diu “=" %3y ra o (x = O0;y=Dhay(x=1;y=0).

16.a) Choa, b, cthod mana>cvabsc> 0. Tﬁmsénnhénhétdecé
bat ddng thirc sau : Jela — o) +Je(b—¢) <n+ab.
b) Ching minh réng : v&i moi s§ nguyén dudng n

VI+v2+8 +... .+ Jn<n E,;zl

Giai
a) Bat dang thitc ding khia = b = 2c.
Do d6 Je(2e~c) + fe2c—¢) <n+/2c2% o n>1.
Xdy ra duge khin = 1. -
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i dufing hoe sinh gidi Todn 9 — Nhifu Tde gid

a~c [c bwc 1 a~c ¢ b+c
Thatvay\/ Va <§(b - +g+ - J
= Jc(a—c) + Jc(b—c) < JJab.

Vay n nho nhat la 1
b)Tacoa+b=Jatb? < Ja+b2+(a-b? = J2a?+b?).

Ap dung, ta duge : A+« 2o+, V2 +vn-1<d20+0), .,

Jo o+ 1 2205w Vo1 + 42 £ 20+,
JI +vn £ J20+n).
Do dé 41 + v2 + .+ Jn)<2n 20+ n)

:>\/i+\/§ Ao WIS D n;l,

5. Tim s& thuc x dé gia tri biéu thic M = :\5/3 +x + Q/B —Jx las8 nguyén,

Giai
Véi x = 0 thi M khéng la & nguyén.

Xétx> 0. Dat §3+J/x =a, ¥3-Vx =b.

Tacb:a>bvaa+b>0

4

= b)a® + b*— ab b
(a + b)a" + ab} > (a + )I: 5 1

Do dé 0 <(a+b)’ <24
Via+blasdnguyén Néna+be(l;2})

oVGia+b=1.Tacéab=-—~2~u
Vi =@+ VX)B8 - Vx)=9-x2>x=9-(ab)’= n.

eVGia+b=2 Tacdab= %uDodé}c:Q—(ab)E:

(a + b)? u(a+b)2:l _(a+b)?

1. Cl



Cong ty TNHH MTV DVVH Khang Vid!

Chueng 1. HAM SO BAC NHAT

§t. NRAC LAI VA BG SUNG CAC KHAI NIEM VE HAM SO - HAM SO BAC NHAT
A/ KIEN THUC VA KY NANG CAN NHG

1. Khai niém ham s&

— Néu dai lugng y phu thude vio dai lugng thay ddi x sao cho vii mbi
gid tri eda x ta ludn xde dinh duge chi moét gid tri tugng dng cia y
thi ¥ duge goi 14 ham 56 cha x, x duge goi la bién sé.

- Ham s c6 thé dugc cho bing bang hoic cho bing cong thite.

Chiz  : Khi ham s8 y = f{x) dugc cho bing cdng thitc ta hiéu rang

bién s8 x chi nhan nhimg gid tri lam cho céng thuc ¢6 nghia.

Khi y 12 ham s8 cia x ta c6 thé viét y = fix).

Khi cho x thay ddi ma y ludn nhan mot gi4 tri thi y duoe goi 12 ham hing.

2. P6 thi cia ham sé

~ Trén mat phing toa d6 Oxy, truc ndm ngang Ox duge goi 13 true
hoanh, truc thdng dung Oy duoe goi 12 truc tung, didm O duge goi la
gbe tog db.

— Trén mat phing toa d6 Oxy, mdi cap gid tri tuong dng bidn s6 x va
ham sd y ki hidu (x ; y) duge biéu dién bdi mdt diém, trong dé x goi
1& hoanh dé, y goi 14 tung d6 eda diém biéu dién.

— Tap hgp tdt cad cdc diém bidu dién cac cap gid tri tuong ung (x ; y)
trén mat phdng toa dé duge goi 14 dd thi c¢ha ham s y = fx).

3. Him s8 ddng bién, nghich bién

V@i x4, %2 bat ki thude B, ta co :

Néu x; < xp ma f{x;) < flxp) thi ham s8 y = f{x) ddng bién trén R.

NEu x; < xp ma flx;) > f(xg) thl ham s y = f{x) nghich bién trén R.

4. Pinh nghia : Ham s6 bic nhat 12 ham s6 duge cho bdi cong thie
y = ax + b trong d6 a, b 1a céc s6 da cho va a = 0.
5. Tinh chait :
Ham s6 béc nhdt y = ax + b x4c dinh v6i moi gid tri x thudc R va c6

tinh chat sau :
a) Pong bién trén Rkhia > 0. b) Nghich bién trén R khi a < 0.

B/ BAI TAP
(0 BAI TAP CCO BAN

1.Chohamsf y = flx) = -g-xw 2. Tinh :
f—6) ; fl-4) ; -1} ; KO) ; f(%); f(%) ; f13) ; Ka) ; f(a®) ; f(2a + 2).
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Giai
-7 1 -5
By = —11:f—4) =8 fl-1)= — ; {0 =-2;f|=]| = —
fi—-6} 1; fi-4) 8 ; fl-1} 2 . £(0) 2,[2J 1
8 =T ooy B g B8a0 el = Sal-2;
f(éJ"" 5 ,f(B)—Z,f(a)wza Z,Ha)mza 2,

fl2a+2)=3a+ L
9.a) Cho ham s6 y = f{x) = -z—x - 9 véi x e R. Ching minh ham s& déng

bién trén R.
b) Cho ham sd v = g{x) = ——;—x + 4 véi x ¢ R. Chtng minh ham s8

nghich bién trén R.

Giai
a) Véi %, %o bat ki thudc R, ta c6 :
X; < XHp
3 3 3 3
Zxp < — = Zx;—2< —x-2 %1} < f{xa).
= 4X} 4X2 i 43‘12 = fxp 2)

Vay ham sé da cho déng bién trén R.
b) Tuong tu nhy ciu a suy ra ham s& da cho nghich bign trén R
3. Cho hai ham s8 fix) = 5x - 3 va glx) = —é«x + 1.

a) Tim a sao cho f(a) = g(a) b) Tim b sao cho flb — 2) = g(2b + 4).
Giai

a)f(a):g(a)ca5a~—32m1§a+1c:>5a+%a=1+3

11 8
¢ wma=d = o,
2 11
b b=2 )

4. Trong cdc ham s6 dudi day, ham s6 nao 1a ham sd béc nhat ? Hay xdc
dinh cdc hé s a, b va xét xem ham s& nao ddng bién, ham s6 nao
nghich bién ?

a)y =-1,2x b)y = 2"4"5

o)y =3 - 2% dyy=2x+38) -4

e)yﬂ(x/g—Z)x-—l ﬂy-3=x——«f2—,
Giai

a) y = ~1,2x 12 ham s6 bac nhit, c6 hé sda=-12b=0.
Ham 8 nghich biénvia = -1,2 < 0.
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=2 8 1y 5 i:hamsobacnhat cohesta= - ;
2 4 2

Ham s6 dong bi€n via = % )

y=8- 2x* khong 1a ham s& bac nhit.
d)y=2x+6-4=2x+21a hAm s6 bdc nhét, c6 hé s6a=2,b=2
Ham s6 déng bignvia=2> 0.
e)y;(ﬁ—z)x~ 112 ham s6 bdc nhat, c6 hé s§a= 3 ~ 2, b =-1
Ham s6 nghich binvia= /3 ~2< 0.
fly=x—-8-+2 1a ham s§ bic nhdt, c6 he s6a=1,b=-3- V2
Ham s6 déng bienvia=1> 0,
5. Cho ham s6 bdc nhaty = mx + 5 + 2x — 2.
a) Tim gi4 tri cia m dé ham s6 y 12 ham sd ddng bién.
b} Tim gia tri cia m d€ ham s6 y 12 ham s6 nghich bign.
¢) Tim gi4 tri cda m dé€ ham s y 12 ham hing.
Giai
y={(m+ 2)x + 3 12 him s6 bfe nhdt, ec6 he s a=m + 2.
a) Ham s6 déng bienkhia=m+ 2> 0 hay m > -2.
b) Ham s8 nghich bign khia=m + 2 <0 hay m < -2.
c) Ham s6 1a ham hingkhia=m + 2 =0 hay m = -2.
6. Véi nhitng gia tri n&o ctia m thi cac ham s8 sau day 13 ham s& bic nhat ?

3-4m 3 1
= — 3] b o - —
aly X - Yy 5 X

Giii

a) ,IB‘;“‘ 0 hay v3_4m = 0.

V3-4m wOIchi3w4m>0haym<%,

Vay khim < —Z: thi ham 58 43 cho la ham s béc nhit.

b} m + 2.
7.Choham sfy = (4 - /3 )x + 2.
a) Tim cée gia tri tuong dng ca y khi x nhén cdc gi4 tri sau :
0;2;+3;4+3;4- 3.
b) Tim céc gid tri tuong ng cita x khi y nhan céc gi4 tri sau :
—24;2;15;6—- 3 ;6 + 3,
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Giai
a) x:O,y:(é—-J’ﬁ)uO—i—Z:Z;

x=2 y=(4~y3)2+2=10-243;

X = 3,y=(4-~./§)_xf§ +2=443 ~1;

x=d+ 3, y=(4d-J3)4+3)+2=16;

x=d-y3,y=(4~ V34— 3)2=238~16/3.

b)e Vi y=-24, taco:(4d—B)x+2=-24= (4 -3)x=-26
-26 -26(4 + /3)

SN SR RN 1YY S = 24 +3).
aVéiy=2,tacéx=0
oniyzlS,tacéx=4+\/§u
oVoiy=6- J3,tacox=1

19+ 83

13

L

oVéiyz6+sf§,tacéx=
8. Cho hai ham s6 f(x) = 5x — 3 va g(x) = —~4x + 1. Tinh :

2 fl-2) - g[%} b) 2 %-3) - 3g%(-2).

Giai
. 1 1 .
a) f(~2) — gb}: [5(~2) - 8] — [-4(5] +1] =134 1=-12

b) 648 — 2187 = ~15389.
£33 BAI TAP NANG CAO
9. Tim gia tri 1én nhdt v nhé nhdt cda ham s6 y = wx® X - x + 6

trong doan [0 ; 2]

Giai
Ham sé da cho ¢6 tip xdc dinh D = R.
Vi moi Xy, Xz e Xy # %, taco:
f(x;) — Rxa) = ~(%1 — x2XX:2 + XyXg + Xg* = X1 — Xg + 1)
- _-% (1 = %[, 3,0 + (G, =1 + (= 1]
ﬁ%}%:—g) = w[(xl +%9)% + (g ~ 1%+ (xy - 1)2]< 0

=  fix) nghich bién trén R, nén f{x) cing nghich bién [0 ; 2].
Vay0<xs2=>f0z2fx)2fi2)=62fix)20
Suy ra : GTNN cha fix) bang 6 (tai x = 0 & [0; 2]);

GTNN cha f{x) bing 0 (taix =2 [0 ; 2].
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Cang ty TNHH MTV DVYVH Khang Vit

10. Tim tap xéc dinh va tap gid tri cia ham 56 :
aly = erJm
byy= Jx+8-4x-1 + Vx+8-6Jx-1.
Giai
a) » Tap xéc dinh cha him s§ : y = Jrx +1-x 1aD=[-1;1]
s LAY yobAt ki, yo € ) : v1+x + VI-x=yovéixeD
= phuong trinh JI+x + JI-% = yg ¢6 nghiém x e D (1).

~“1<x<1] -1sx<1
(1) cé nghidmx e D & {yy 20 oy =242
ofi-x? =y2-2  |4%° =yHd-y")
22
Do dé : Y 2 o J2 sy <2
0<y*(4-y*) <4

Vay tap gia tri cha ham s§ (V2 ;21
b)  Tap x4c dinh ham s6 D = [1; +w=).
« Tap gia tri cda ham s6 : fiD) = {1 ; +e0).
11. Cho ham sé f(n) x4c dinh trén N thod : fin) = n — 3 n€un = 1000
fin) = fifln + 5)] riéu n < 1000.

+ f{95) = 1995.

Chitng minh ring : @ngﬂﬁ

Giai
Ta cé : RK999) = f{F{1004)) = f{1001) = 998 ;
f(998) = f(f{1003)) = f{1000) = 997,

Lap ludn tuong tu : f{1) = f(3) = ... = f{997) = f{999) = 998 ;
f(2) = fd) = ... f1998) = {(1000) = 997.
Suy ra ; ££§0_>__m2+f<§l+ £(95) = 297_;:39.1 + 998 = 1995.

33 BAI THI CHON HOQC SINH GI0I TOAN
12. Tinh f{2), n&u vai moi x, ta déu cé : f(x) + 3{(5‘-) = x°.
X
(Dé thi vao lop 10 Todn Tin, tinh Ha Tdy, nam hoc 2004 ~ 2005)
Giai

Do flx) + Bf(%J = x%, v6i moi x

nénkhichox =1:f{1}+ 31} =1 f{1) =

P

Chox=2;x=%tadu¢c:
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& dung hoc sinh gidi Todn § - Nhidu Tdc aid

£(2) + 3¢ [3} -4

1 1
e L apey =2
(2]+ (2) 1

:3. Cho céc 86 dugng x va y thay déi thod man diéu kign :
x +y = 1. Hay tim gi4 tri nhé nhat cia bifu thic:

1 1
P=ix?s— (2+——-)
( sz %

(Bé thi vao lép 10 trumg Pai hoc Quée gia Ha Noi, ndm hoc 1999 — 2000}
Giai

.1.:.3_@ f2) = ___]‘ﬁ
4

= 8f(2) = — %

P = x%y* + + 2.

1
<oyt
Ap dung bat déng thic Co-si cho hai s6 duong, ta ¢6 :

1=%x+y2z2xy =0<xy < }_%

Pat t=xv";0<ts —}—‘Xéth:‘amsc”i'y(t):t+—1—+2;O<t$«}m
16 t 16

Véi moit), tz e [0;11_6}’ ty = tg, ta cd :

f(f.‘.]_) - f(tz) 1 tite — 1
fuliol ARt LA J § PR 4 e | c{t) — tg) = —F—u 0
tl t»2 {( ? 1)(131‘32 J} ( ' 2) <

. . 1 1 1

hich bign trén { 0;-—|. Vay O <t < — zfi— = 18—,
= () nghich bién ren( ’16] Ay 0 < T = fit) (16) 1
Suy ra GTNN ciia P I 18-1% (taix=y = 32“)

§2. 00 THICOA HAM SO y = ax + b (a=0)
A/ KIEN THUC VA KY NANG CAN NHG
1. D6 thi cia hamsd y =ax + b (a= 0)
P4 thi cia ham s§ y = ax + b {a = 0) 12 mét duting thing cit true tung
tai diém c6 tung d6 bang b, song song voi dutmng thing y = ax néu
b = 0 v tring véi dudng thdng y = ax néub = 0. :
Chit % : D5 thi ham s6 bac nhit y = ax + b (a = 0) con duge goi a dubmg
thing y = ax + b ; b duge goi 14 tung do gdc cia duong thing.
2. Cich vé dé thi ham sé bicnhdty =ax+ b{a=0)
_Khib =0 thiy=ax D& thiy = ax 12 dudng thing di qua gbc toa do
O(0 ; 0) va didm A(1;a)(da biét).
- Xét trudmg hopy=ax+bvdiaz0vab=0.
40
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Cdng ty TNHH MYV DYVH Khang vigt

Ta da biét do thj ham s6 y = ax + b 12 mot dudng thing, do d6 vé
nguyén tdc ta chi cdn xdc dinh duge hai difm phan biét nao d6 cia
dé thi rdi vé dudng thdng qua hai diém 45.
+ Cdch thit nhdt ;
X4c dinh hai diém bat ki ctia dd thi, chdng han :
Chox=1,tinh dugey = a + b, ta c6 didm A(1 ;a + b).
Cho x = -1, tinh duge y = —a + b, ta ¢6 diém B(~1 : b — a).
+ Cdch thit hai :
X4c dinh giao di€m cia 48 thi v4i hai truc toa dd :
Cho x =0, tinh duge y = b, ta c6 diém C(0 ; b).

Cho y = 0, tinh duge x = -5 , ta ¢6 diém D(—-:- ; O],.
a

Ve duvng thdng qua A ; B hoac qua C; D ta duge dé thi cia ham s&
y=ax + b.
Dang db thi cta ham sdy = ax + b (a = 0).

\ 14

(=N -

g <0 a>0

/ BAI TAP
BAI TAP CO BAN
4. Chocdchim s sau:y=2x -8 vay=-3x + 4.
. 8a) Vé dd thi cdc ham s& d6.
b} Piém nao sau diy thugce dé thi cdc ham s& trén ?

)

Giai

¥

©
-
N
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B6i dudng hoc sinh gidi Todn 9 - Nhidu Tac gid

b} » Thé xa = —%v‘ao hamsdy=—-3x+4 tachys= ——3(——

Vay diém A thudc 46 thi ham 88y =—-3x+4.
o Diém B thuoc 48 thi ham sé y = 2x —~ 3.
15. a) Va dé thi cdc ham s8 sau trén cling mat phing toa df :

yu%xWSVéiym:zl:H«zh'

b) Goi giao diém cia dudng thing y = %x — 3 véi céc truc Oy, Ox 14

1
lugt 1a A, B. Goi giao diém cha dudng thing y = -—?;’-x + 2 v trg_ﬁ
Oy 1a C. Tinh céc goc chia tam gidc ABC.

Giai y = i:H»n2 ty

a) Xem hinh vé bén. 2

b) tanOCB =2 = OCB = 63°
tanOAB = f‘g = OAB ~53°
ABC = 180° - (OCB + OAB) = 64°

16. Cho ham sd y = flx) = %x -2
. ) 3
a) V& db thi (D) cha ham sd £ y= *;;"‘V
b) Piém nao sau day nam trén (D)
5 14 o1
A(l:3):B(-5;-4);Ci~ 3 —1t:D -2 -1
2 5]
¢) Tim toa 6 diém M e (D) va N & (D) khi biét : xy = fzi —)
Giai
a) Xem hinh v& bén.
b) Pidm B va C nam trén (D). d
» -5 . . -
¢} The xmﬂwz—vaohamso " 1 2 3 4 5_~
X
yz—2—x~2tacc‘)ymﬂ-—3. / '
5 5 (D) -2
Vay M(——Z—;S} : N0 ; -2).

17. a) Vé db thi cdc ham s6 1y =x - 3 iy =38x-3 iy = ~2x — 3 tré
cung mot mit phing toa do.
b) C6 nhan xét gi v& dd thi cdc ham s6 nay ?

r
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Cong ty TNHE MTV DVVH Khang Viét

y=~2x-3

a) Xem hinh vé bén.
p) Pé thi cdc ham s6 nay clung cit

y

yeldx~3

¥y=x-3

truc tung tai mot diém cb tung dd
bing 3.

18. Cho ham s8 y = (3 — 2m)x ~ 1.
a) Vi gid tri nao cla m thi hAm 56 déng bién ?

b) V@i gid tri nao eGa m thi ham s8 nghich bign ?
¢) Xdc dinh gi4 tri cia m dé dd thi ham s6 di qua diém A(-2 ; -3).
d) V& d6 thi ham s8 vdi gia tri m vira tim duge & cau c

Giai v

) 3 y=x-1

&
a)m 5 /

3 0 1
b — X
)m";'2 /

Z1

com=1 /
d)y=x-1,

- 19. a) V& trén cing hé truc toa do Oxy db thi cdc ham s6 sau :

y=2x+4({d);y=-x+1(dg).

b) Tim toa dé giao diém ciia hai dudng thing (d;) va (dy).

Giai
a) Xem hinh v@& bén.
b) Goi Alx,; ; y1) 1a giao diém cia (d;) va (da).
ViAe(d)nény, =2x; +4
ViAe(dnény, =-x; + 1

Suyra2x;+4d=-x1+ 1 =% =-1

Voix,=—-1tacdy =2 / -t
. . dy)
Vay, toa 4% pgiao di€m cta hai ‘@

‘ duing thing 1a : A(-1 ; 2).
{
20. z) V& d6 thi ham s6 vy = x — 2 {d).

b) Tinh khodng céch tir goc toa do d&n dudng thing (d).
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86i dugng hoc siah gidi Todn § - Nhidu Tae gid

Giai ¥
a) Xem hinh v& bén
by Ké OH 1 AB.
Ap dung hé thic lugng trong tam

glé.C ?AB (A?Bz 900:){ tachd: 0 T 2 x
= + = ' =11 Oy
OH? 0A%? OB :

-2 A
=%+%m%(v‘xOAEOBz2) /

= OH = V2.
Vay khodng cach tif goc toa do dén dudng thing (d) bin

g V2.

21. a) V& trén cung hé truc toa dé Oxy do thi cde ham 80 sau :

y=x+4(d);y=-x+2(d)
b) Tim toa db giao diém M cha (d,) va (da).

23

¢} Goi giao diém cia dudng thing (dy) vdi truc Ox, Oy theo thif tu 1A :
A, B. Goi giao diém cia dudng thing (dy) véi tryc Ox 14 C.

Tinh dién tich tam gidc ABC.
Giai
a) Xem hinh vé bén
b) M(~1; 3).
¢) Goi dién tich cda cdc tam gidc
ABC, AMC, BMC lin lugt la
Sanc, Samc, Semc va dp dung

cong thie S = —12—a.,h ta cd :

Semc = Sasc — Samc
~lgs-Llgz=s
2 2

Vay s& do dién tich tam gide BMC bing 3 (don vi dién tich).

£} BAI TAP NANG CAO
22, V& tap hop cde diém M(x ; y) c¢6 toa d¢ thod
phuong trinh : X +y -2y -4=0
Giai

Y
x2+y2_.2xy—4=0c:>(x——y+2)(xmy_2)=g/
Pé thi gdm : ’.

— DPutmg thing (d;) : y = x + 2 di qua hai /‘2 Y

diém (0 ; 2)va (-2;0) (dy)
- Pudng thing (dp) 1 y = x — 2 di qua hai /
diém (0 M -2} va (_2 H 0) (dg)
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Céng ty TNHH MTV DVVH Khang Vigt

23, a) Vé dé thicha hamsé  y=ix~ 1] +|x-3].
b} Pinh gié tri cia m d€ phuong trinh :
lx -1 +[x~8] =mcs ding mét nghiém duong.

Giai
~2x+4 néu x <1
a)y= 42 nful<x<3 y
2x -4 néux=3
b) S8 nghigm cta phuong trinh h /
fx = 1]+ !x ~ 81=m tuong img véi =6 ad
giao diém ciia hai dd thi cfia hai ham s& ; el

y=lx—-1] +{x-3]| vay =m,
Nhin vao dé thi v6i m > 4 thi hai dé ; —
thi cdt nhau tai hai diém trong d6 cé
ding mét di€m cé hoanh 4§ duong.
Véy v6i m 2 4 thi phuong trinh da cho ¢6 diing mdt nghiém duong.

; 2
-~ 24. Khio sét va vé db thi cla ham s6 ;1 y = x +
X

Giai

Tép xdc dinh ham s8 ; v6i moi x = 0.
_Jx+1vEix>0
- {x—l voi x <0

-~ Ham s8 ludn déng bién trong mdi

khodng xdc dinh.

- Véi x> 0 db thi 1a tia At (khang k& diém A).
= Véix <0ddthi 1a tia Bu (khong k€ diém B).
[0 BAI THI CHON HQC SINH GIOI TOAN

25. a) V& dd thi clia ham 86y = f{x) = x - | x|.
(Dé thi chon hoc sinh gisi Todn Iép 9 tocn qubc, ndm hoe 1973 — 1974)

b) Ve dd thi hAm s6y = Vx® —dx+4 + Vil +2x 41,

(Dé thi chon hoe sinh giéi Todn lép 8, trudng Chuyén Vin — Todn,
huyén Ditc Pho, tinh Quéng Ngai, ndm hoe 1989 — 1990,
Giai

0 voix=z0
a)y= A
-2x v8i x <0.

B3 thi cia ham s8 12 hai tia Ot va Ox.

45



T TSR T
T = o

B&i dudng hoc sink gidi Toda § ~ Nhifu Tac gid

b)y:Jx2m4x+4+\/x2+2x+l * 9. B
:J(x«2)2+\/(x+1)2=§x-2|+[x+1l E
x-2+x+1 (vdi x>2) 2
={x+2+x+1(v6i22x2-1)
—x+2-x-1{(vdl x<-1) 3G
2x -1 (voi x> 2) > [ ¢
=13 (véi 22x2-1) t
—2x -1 {vdi x < ~1). 1
D4 thi ham s6 1 hai tia AB, CD va doan thing AC trong 46 A2 ; 8);’
B(3:5):C(-1;3)yvaD(-2;8)
26. Cho cac phuong trinh : lxl =2x—1(1) va x| =-x-5(2)
a) Giai phuong trinh (1). Ching minh phuong trinh (2) vd nghiém.
b) Diung d6é thi dé tim lai két qua & cau a.
(Pé thi chon hoc sinh giéi Todn I6p 9, toan quéc, ndm hoc 1968 - 1969)
Giai 4. H
a) Phuong trinh ¢6 nghiégm x = 1 y v =Ixl ' C
b) T
¥ y=2x-1 t:
C
y=lxz| x
B/ B
27, ¢
-1 O
o/ )
/ b
Hoanh do giao diém cla Hai dé thi khong cit
hai dé thi 14 nghigm cha nhau nén phuong trinh o
phugng trinh :{x{ =2x - 1. x| = —x — B vd nghidm. b
2 2 - 2 =
§3. DUONG THANG SONG SCNG 'Uzﬂ PUGNG THANG CAT NHAU.
HE SO cOC CUA DUGNG THANG Y =ax + b (2= 10) 28,
A/ KIEN THUC VA KY NANG CAN NHG oy
1. Duéng thing song song :
Hai dutng thing () :y=ax +b(az Q) va(d):y=ax+ b (@ = 0) g

song song vdi nhau khi va chi khi a = & va b # b’ v trung nhau khi
vichikhia=a',b=D0b" : =
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Cong ty TRHHH MTV DVVH Khang Vit

PUInE thing cit nhau
. Hai duong thng (d):y=ax+blaz0va{d):y=ax+b (a=0)cit
nhau khi va chi khia=a' .
Cchu y cKnia#a va b = b’ thi hai du¥ng thing c#t nhau tai mot
‘ diém trén truc tung cé tung do bing b.

Gbe tao boi dudng thing y = ax + b vdi tia Ox
" Gc tao béi dudng thing y = ax + b véi tia Ox la géc tao bi tia Ax va
tia AB, trong dé tia AB la phin dutng thing y = ax + b nhm trong
nifa mat phdng ¢6 by x'Ox va chia tia Oy.

¥y y=ax+b ¥ a<(

yomax + b
B \
b/ B
A,\u/ \1
'k O X 0 A\Ex
a ]

. Hé sb goéc
Cac dubmg thdng song song véi nhau s8 tao véi tia Ox eac gbe biing nhau
Tir d6 suy ra : Cde dudng thdng c6 cing hé s6 a (a la hé s6 cda x) thi
tao vdi tia Ox cédc gée bling nhau.

Chit § : Khi b = 0, ta ¢6 ham 58 y = ax, ta néi a la hé sd géc cha
: dutrng thing y = ax.

B/ BAITAP

£0 BAI TAP CO BAN

27, Cho ham s8 y = ax — 4. Hay x4c dinh hé s6 a trong mdi trnutmg hop sau :

* ) Pé thi ham s& song song vdi dudng thing y = —2x.

by Khix=1+v2 thiy=-3- 2.

Giii
a)a=—+2.
b)Tacé:~3 = V2=all+ J2) -4
1-2 (1-2)%
| a=1+J§:<x+J§)(z~J§)=2‘E"3"
28, Tim hé 8§ a cia ham 80 y = ax - 1, biét rAng khix = 1 — J3 thi
y=2- 3. '

a>0

Giai
) Tac6:2- 8 =a(l-y3)-1
1
3-v3  J3(3-1 N
- = e 3..
SEACITBR T T1-5
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B&i dudng hoc sinh gidi Toar 9 — Nhidu Tac gid

29. Cho dutrng thing y = (m -2)x + (m ~ 2) (d).
a) Tim gi4 tri cia m d& dutng thang (d) di qua gde toa ds. :
b) Tom gi4 tri cia m dé duing thing (d) cét truc tung tai di€m co tun.}

ds bing 3 - V2. =
¢) Tim gid tri cfa m dé dudng thing (d) song song véi dutng than! o
= (242 - 8)x - 2.
Giai :' 33.

a) Pu¥ng thing (d) di qua gde toa A3 O khim ~ 1 = 0 hay m = 1kh
dé ham s6 la y = -x.
b)Taco.m«—lu3—\/_haym=4—\/§u
)Tacé m—2=2J2 —8vam—1=-2
>m=2v2 —lvam=#3 = m=22 -1
Khi dé bam s6 lay = (242 - 8)x + 242 - 2.

30. Trén mat phdng Oxy cho hai diém A(1 ; ~1) va B(-1 ; -7). Xéc dint
ham s6 bigt dd thi cda né 1a dubng thdng (d) di qua hai dmm Ava B
Giai '

Gia si¥ dudng thing (d) diqua AvaBed dang :y =ax +b.
ViA(l;-DDe(ditacd:~1l=al+bwb=s-a-1
ViBl-1l;~T)e(dtact:~-T=a(-1)+bob=a~T7
Suyra-a-1l=a-7<a=3
Thaya=3viob=-a-1tacséb=-4.

Vay ham s6 y = 3x — 4 ¢6 dd thi la dudng thing (d) di qua A va B.
31. Ching té ba diém sau thdng hang. 34

a) A(-1; 3); B(«wé—; 2]; C(2; -3). b) H(1; 1); I(-1, -5); K(—-% ; —3)

Giai
a) Gia st dudmg thing (d) diqua AvaBceédang:y=ax+b
={d):y=~2x+ 1.

Ce(d:y=-2x+1<-3=-22+1¢ -3=-3(ddng thic ding)
nén C e (d). Vay A, B, C thng hang

b) Pudng thdng (d) quahai didm Hva Ila:y=3x~ 2

32, Cho dudrng thingy = ax + b (d).

Tim cdc gia tri cha a vA b trong cde trudng hop sau ;

a) Dutng thing (d) song song véi dudng thing (d;) 1y = —5x + 3 v
dudng thing (d) di qua diém M(2 ; -6).

b) Puirng thing (d) song song véi dudng thing (dy) : y = 3x — 4 v&
dudng thing (d} cit truc tung tai difm c6 tung d6 bang 2.
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Cong ty TNHH MTV DVVH Khang Vit

Giai
a)Taco(d)//(d))néna=-5vab=8
ViMe(dtact:—-6=~-52+bnénbs=4(nhinvibz3).
Vay (d) 1 y = —Bx + 4.
b)(d):y=3x~-2.
D BAI TAP NANG CAO

33. Trong mat phéng Oxy, cho dutng thing (d): y = g-x - 2.

a) Ve (d). Viét phuong trinh dubmg thing qua A(3 ; 2) va song song véi (d).
b) Tim toa d9 di€ém B trén truc tung sao cho tam gidc AOB vudng tai A.

Giai Va
a) TXD = R. Bang gid tri B 18
P | 0 3 2
y | -2 0
P& thi ham s& 14 duong thing di
qua hai diém (0 ; -2); (3 ; 0).
Phuong trinh dudng thing (A) di qua H
A(3 ; 2} va song song vai (d) 15 (A) : e : A(d}
2
y= Ex' %/
b) Ké AH 1 Oy. 0 3 x
: AOAB vubng tai A < AH? = OH.HB ‘
5 _AH? 9 13 -
i. <> HB = —G-I:I*- ':?"-n VﬁyB(O, **2-*). /

34. Cho duing thdng : (m — 2)x + (m — 1)y = 1 (m : tham s8),
a) Chitng minh ring dudng thing luén ludn di qua mot didm cd dinh

‘ véi moi m. _
: b) Tinh m dé khodng céch tir g&c O dén dudng thdng 1A 16n nh4t.
Giai Y
a) Gia sir (d) qua diém e8 dinh M(xg ; yo} ta cb
(m — 2)x5 + (m — 1)y = 1 dang v6i moi m /

< (X + yom ~ (2% + yo + 1) = 0,
dung v&i mei m

- {XO =1 IS 1 |
: Yo =1. -4
3 Vdy cdc dudng thing (d) di qua |
3 diém 8 dinh M(~1; 1). / 4 (VR

‘ b) GTLN ciia OH = Jicang.,
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86i gubng hoc sink gidi Toda § - Nhifu Tac gid

35

£ BAI THI CHON HOC SINH G101 TOAN :
. Trong mat phéng Oxy cho A(1 ; 2) va B(3 ; 4} Tim trén truc hoanh

36

a7

50

. Trong mat phing toa 46, tim quy tich cic ¥
diém M(x ; y) thod man phuong trinh : {x
-1l +ly-2l =1
C
Giai 3
Quy tich cdc didm M(x;y) la add . Lo.Dp
hinh vudng ABCD D
14 Y
i N
O 1 9 X

diém M sao cho MA + MB dat gid tri nhé nhat.

(D8 thi vao lép 10 chuyén Todn, trusng THPT Thanh My Tédy, Tp. Ho -

Chi Minh, ndm hoc 1993 ~ 1994)
Giai

Xét bai toan: “Cho dudng théng (d) va hai diém A, B cing nifa mat phing

b (d), tim trén (d) didm M sao cho MA + MB dat gia trj nhé nhat™.

Dung A’ 12 hinh chigu clia A trén (d) y

nén M la giao diém cda A'B vdi (d). _
Ap dung : Dung A’ 12 hinh chiéu cda A P
trén Ox nén A'(1 ;- 2). 34

Suy ra M 1a giac diém cha A'B véi Ox.
Phuong trinh (AB)e6 dang:y=ax+b
v6i a = 3 va b = 5 (thay toa dd diém

A’, B vao phuong tzinh). 5 by M
= (AB):y=3x- 5. a4 i
Choy=0=x= g- .2 Lo

Vay Mo (g;gj thi MA + MB dat gid tri nho nhat,

. Cho tam gidc ABC, gid s cac dudng phén gidc trong va phén gidc

ngoai ciia goc A clia tam gide ABC 14n lugt cde duting thdng BC tai D ;
E va AD = AE. Ching minh ring AB? + AC® = 4R? (R la ban kinh
dudng tron ngoai tiép tam gide ABC).
(D8 thi vao lép 10 chuyén Todn, trusng THPT chuyén Lé Hing
Phong, Tp. Hé Chi Minh, ndm hoc 2002 - 2003)

Giai
Chon hé truc toa d nhu hinh v& A0 ; 1), D(1 ; 0), E(-1 ; 0}, C(c; 0),
Bb;0




Céag ty TNHH MV DVVH Kharg Vigt

mh chdt phan gidc ¥
cD _ AC _ CD? _ aC? A
BD  AB  BD? AB?
g (1..,c)2 _ 1-¢?
% B-1% 1+b?
_ 1 1 E ol" ¢ D B x
e b:;wB[E;O)«

Goi I(x ; ¥) 1& tdm dubng trdn ngoai tiep AABC, ta ¢6 :
{IA2a1C2 (x-c) +y?=x? 4 (y -1

[=1 2
IB? = 1¢? (x«c)2+y2m(x~-i-) +y2"

2
Tudésuyrays= 131[1;‘: ;l]n
C

2 2
2 3 1'§~€.'2 1""(’.‘2
Vay 4R =4Al" =4 ==
2c c

22
ACZ+ABZ=.~1+c2+1+i=(1“ } = AC’+ AB® = 4R%.

c? ¢

N TAP CHUGNG I
1. ) Véi gid tri nao cha m thi ham 88 y = 3‘“:34 % — 1 déng bign ?
b) Véi gi4 tri ndo ciia k thi ham sd y = (6 — 5k ~ k))x + 4 nghich bién ?
Giai
a) Ham s6 y = Sm-4 . _ 1 d8ng bign khi m-4 .y
+3 i m+3 ‘
nén 3m—-4>0vam+3>0hofic3m~4<0vim+3<0.

Do 46 m > —3— hozcm < -3,

Vaykhi m> % ho#c m < -3 thi ham s§ da cho ddng bién.

b)Tacé:6— Bk —k* =6 -8k — 2k~ k= (3 - k) (2 - k).
Ham s6 y = (6 — 5k ~ k®)x + 4 nghich bign khi (3 - k)2 — k) < 0
nén 3~k>0va2-k<0hotc3-k<Ova2-ks>0.
Dodé 2<k<3hoicked.
Véy khi 2 < k < 3 thi ham s6 da cho nghich bién.
2, Vi gia tri nho cla a thi hai dubng thdng y = (2% - 2)x + 1 va y
= (2a + 1)x — 4 song song v&i nhau ?
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Bi duBng hoc sinh gidi Tedn 8 — Nhiku Téc gid

Giai
Hai dutmg thdng y = (a2 - 2)+ 1vay=(2a+ 1)~ 4 cé tung do gée
khdc nhau (b = 1 = b’ = —4).
Do dé, ching song song vdi nhau < 2~ 2=% +1oa*°-22-8=0
«» a=-1hodca=3
Vay khi a = -1 hoc a = -3 thi hai du¥ng thdng da cho song song.
8. V6i didu kign ndo cha m va k thi hai dubng thang duti day tring nhau ?
y=(m?-2x+®B~%; y={6m+4x+(2k-3).
Giai
Hai dudng thing vy = (m® — 2)x + (6 — k) vd y = (5m + 4)x + (2k ~ 3)
trimg nhau khi vichikhi:m*-2=5m+4va6-k=2k-3
= m=-1lhodcm=6vak=3
Vay khi m = —1 hoic m = 6 va k = 3 thi hai ditmg thang da cho tring nhau.
4. a) Tinh khodng cdch giita hai diém A(xa ; ya) vd Blxp ; yp) trong méat
phéng toa do.
b) Ap dung cong thic trén dé tim khodng céch giifa hai diém M(-5 ; 4)
va N(8 ; —2) trong mit phing toa db. ¥
Giai
a)Taco: AC =lxg—xal.

yo L
BC=lyn-yal. ’
Theo dinh 1i Py-ta-go trong tam T :
gidc ABC vudng tai C, tac6 : LR T S
_ 3 2 ,
AB = JAC® +BC 5T r >

= AB= \/("B “"A)2 +{yp ~yar-

b) Ta c6 : MN = (3 +5)% + (-2 - 4% = 100 = 10.
5. a) Vé tam gidc OAB trén méat phing toa dd
bidt A3 ;4); B4 ;-3).
b} Ching minh tam gidc OAB vudng cin tai O.
¢) Tinh dién tich tam gidc OAB.
Giai

y
4
31
2.
a) Xem hinh vé bén.

b) Ta ¢6 : OA = (3 - 0)? + (4 - 0)2

11

2\[2—5m5; X
OB = (4 - 02 + (-3 - 0)2
= \/2_5 =5;

AB = (4 -3)? + (-3~ 4)* = J50.
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Cong ty TNHH MTV DVVH Khang Vigt

Suy ra : OA = OB nén tam gidc OAB cédn tai O.
AB? = OA” + OB* nén tam gidc OAB vudng tai O.
Vay tam gidc OAB vudng cén tai O,
¢) Sons = -;—‘.OAOB - %‘.5.5 - 325- (don vi dién tich).
6. Cho ba duting thdng : (dy) 1y = —,12—x+2;(d2):y= "—“;x-rﬁ;
(dg) :y =(m ~ 2)x ~ 3.
Tim m dé ba duing thing trén déng quy.
Giai
Goi di€m A (x4 ; ya) 12 giao diém cda hai dutng thing (d;) va (dy).
Vi Acs(dptacdy= %xr}z,

Vi Ae(dytachys= _?3:;,\4-6"
1 -3 .
Suy ra Exﬂ+2zmémxA+6nenxA=2.

ThéxA=2vaoyA=%XA+2tac6y523..

Do d6 toa d6 digm A(Z ; 8).
Dé ba dudng théng (d;), (dy), (dy) ddng quy thi A e (da)
nén3=m=-2)2-3hay m=5
Vay m = 5 thi ba dudng théng da cho ddng quy.
7. Trong mat phang toa db cho A(a ; 0), B(1;2), C(6 ; —10)
a) Tinh AB, AC theo a.
b) Ching minh ring \/t2 ~9t+ 5+ V2 ~12t +136 > 13 véi moi t.
Giai
A)AB= Jla~-1%+(0-27 = Va?-2a+1+4 = Ja?-2a+5;
AC= a-62+(0+107% = VaZ - 12a+ 36 +100 = va® - 12a + 136.
b) Xét At ; 0), B(1; 2); C(6; ~10).
Theo a) c6 AB = Vt? -2t +5; AC = vt% - 36t + 136 .
Ta ciing ¢6 BC = J(1-6)2 +(2+10? = V251144 = V169 = 13.
; Xét ba di€m A, B, C ta c6 AB + AC = BC,
Do d6 Vt? -2t +5 + Vt? ~12t +136 2 13.
8.Choba dudng thdng : (dy):y=(m* - I)x-m?>+3;(dy) :y=x+5;
(dz) :y = -x + 1.
a} Ching minh ring véi moi gi4 tri m, dudng thing (d;) luén di qua
mdt diém cd dinh. -
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B4i dudng hge sinh gidl Todn 9 — Nhidu Tdc gid

b) Vi gia tri nao cta m thi (d,} // (da) ? ?
¢) Ching minh ring néu (dy) #/ (dy) thi (dy) L (da).

d) Véi gid tri nao cta m thi 3 dubng thing (dy), (de), (d3) dong quy ?

Giai
a) {d;) ludn di qua di€m c6 dinh (1 ; 2).
b) (dy) /7 (dg) ¢> m = =42
¢) {ds) va (d3) cit nhau tai I(-2 ; 3).

Pé (d,) ; (dp) ; (dp) ddng quy thi T e (d)) > m =

J6

de—.
3

9. Céc didm A(m ; 2) vd B(8 ; m) niim trén dubng thing cé hg s6 géc m

< 0. Tim phuong trinh clia dutng thing dé.
Giai
Phuong trinh dutmg thdng can tim : y = mx + n

Vi A(m ; 2) ; B(3 ; m) thubc dubng théng nén : m+n’=2vam=3m+n

Suyra m=1- JE(vim<0) va n=2J3 -2,

10. Cho ham s6 y = \/—2 Jx? - dx+ 4.

a) V& dé thi ctia ham sé@.
b) Tim gia tri nhd nhdt cha y va céc gid tri tUong
 dimg do thi va dung phép toan.

gng ciia x bang céch

y
Giai \
a)y={x§+ Ix - 2| o
2%+ 2 vlix <0
=42 vgi0sx =2 14
2% -2 véix > 2.
x| = x 0 1 2 X
b) Ta cé: =yz2
k-2 =]2-xz22-x
Dau“="xdyra<>0sx <2
Gid trinhé nhdt clay=2khi 0 <x £ 2.
ll.ChohémsO'y:ﬂx):z—\)x2—2x+1‘
a) V& d thi cda ham sd trén. y

b) Tim tit ca cdc gid tri cda x sao cho f{x) £ 1.

Giai ]

3~xmnéux=1

aly=fx=2-Ix- 1] = { - L

1+x néux<1 /
Véixzltacé flx)£lkhixz2, ;

x<ltacofix)<skhix<O A1 0

b4




£6ag ty TNHH MTV DVVH Khang Vié!

12. Cho ham s6 fx) = x* + ax® + bx® + cx + d trong dé a, b, ¢, d 1a cic
hing s6.
Bigt f{1) = 2006 ; K2) = 4012 ; f{3) = 6018. Tinh {5} + f{-1).
Giai
Pat glx) = fix) — 2006x, ta c6 :
g(1) = f{1) — 2006 = 0, g(2) = 0 ; g(3Y=10
Suy ra : (x — D{x ~ 2)x ~ 3Xx — xp) = 0 = f{x) ~ 2006x
o fix) = {x ~ 1¥x — 2)}{x — 8)x — Xp) = O = f{x) — 2006x, véi mei x
Vay f(5) + fi—1) = 24(5 — xo) + 2006.5 + 24(1 + xo) ~ 2006 = 8168.
18. Tim t&t cd cdc ham s& f(x) thod man :
flx) + afll — x) = (a — 1)x, vdi moi gid tri x (a 12 tham s0).
Giai

K&t luan ;a = +1 thi fix) = — %, véimoi x

a-+

a=1th fln= % [e(x) — g(1 — %)] véi gx) 12 ham s5 bt ki xdc dinh vx.

a = -1 : khong tén tai ham s§ f{x).
2x% + 6J(x% + 1(x - 2) +5
x2+3x-4 ’
a) Tim tap xdc dinh ctta ham 6. b) Tim gi4 tri 16n nhat cda ham s8.
Giai
a) Ham s0 y = f{x) xdc dinh khi va chi khi:x 22,
b)y = 9x% + BY(x? + D(x = 2) +5 24149 -2+5
x? +3x-4 x2 +3x -4
Dau“="xdyra <%’ +1=9x~-2) e x*—9x+19=0
9+5
2
15. Chung minh ring néu ham s f: R — R thod bat ddng thic fx) s x
vafx)+ fy) s fx) + fy), voimoix,y e Rthi fix) =x, véimoi x e R.

14. Cho ham 56 y = flx) =

{thod man).

Giai
f(loy<o
{f{O) <ot T O=0
f(x)<x - f(x)<x
f([x + (~x)]) < £(x) + f{-x) fX)2fO) - f(-x)2(—x)=x

= flx) =x, vx € R,
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Chuong I, HE HAI PHUONG TRINH BAC NHAT HAI AN
§1. PHUONG TRINH BAC NHAT HAI AR
HE HAI PHUONE TRINE BAC NHAT HAL R

A/ KIEN THUC VA KY NANG CAN NHG E
1. Phuong trinh bac nhé&t hai 4n x va y 14 hé thie dang ax + by = ¢ (*),
trong d6 a, b va ¢ 13 céc 50 da bigt {a = 0 hoaicb = 0). 1

2. Trong phuong trinh (%), néu gia tri cha vé& trdi tai x = % vA ¥y = yo
biing v& phai thi cip 88 (% ; yo) dugc goi 12 mot nghiém cda phuong -
trinh (¥).

3. Phuong trinh bac nhAt hai n ax + by = ¢ luén ludn cd vd s6 nghiém.

Tap nghiém cda né duge bidu dién bdi dudng thing ax + by = ¢, ki A
higu 1a (d). Co2
4. Néu a = 0 va b = 0 thi dutng thdng (d) chinh 1a dé thi cha ham sd béc ‘
\ a ¢ :
nhity = —2x 4. -
ity S X

4+ Néu a = 0 va b = 0 thi phuang trinh trd thanh ax = chay x = S va
a

khi dé dutng thing (d) song song hodc tring v6i true tung.
va

iz

+ N&u a = 0 va b » 0 thi phuong trinh tr¢ thanh by s chay y =

khi d6 duding thing (d) song song hodc triing véi truc hoanh.
5. Cho hai phuong trinh béc nhét hai fn ax + by s cva a'x + b’y = ¢/, ta

L . {ax-!-bymc

¢6 hé hai phuong trinh bic nhéit hai &n ()
: ax+by=¢

N&u hai phuong trinh ¢6 nghigém chung (X, ; yo) thi (x0 ; yo) duge goi la

mot nghiém cia hg (*)

Néu hai phuong trinh khéng ¢6 nghiém chung thi ta néi hé (*) vé nghiém.

Giai hé phuong trinh 1a tim t4p nghiém clda né.

6. Tap nghiém cda hé phuong trinh (%) duge biéu dién bdi tap hyp céc
di€m chung cGa hai dudng thdng (d) :ax +by =cva(d):ax + by =c.
Péi véi hé phuong trinh (*), ta cd :

— Néu (d) cit (d) thi hé (*) c6 mdt nghiém duy nhat.
— Néu (d) song song véi (d') thi hé (*) v nghiém.
~ N&u (d) trung v6i (d') thi hé (%) ¢6 vd s6 nghidm.

7. Hai hé phuong trinh duge goi 14 tuong duong v6i nhau néu ching cé i

ciing tdp nghiém.
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p/ BAI TAP ,
(33 BAI TAP CO BAN

nghiém cia phuong trinh : 3x — 4y = 7 ?
Giai
Tacé 3(1)— 4(-1) = 7 (d&ng thic ding)
3(2) — 4(3) = -6 (ding thitc sai)
8(-3) — 4(-4) = 7 (ddng thdc ding)

3(5) - 4('"-2%) = 21 (d&ng thitc sai)

vé dubng thadng biéu didn t4p nghiém cha né.
a)3x—y=3

Giai
a) Ta cé 3x—y23<;:>y:3x—3..
Nghiém téng quat eda phuong trinh 14 :

1. Trong céc ¢ap 86 (15-1) ;(2;8); (-8 ;-4); (5 ;

Vay (1, -1} ; (-3, —4) 14 nghiém cOa phuong trinh 3x — 4y = 7,
2, V4i méi phuong trinh sau, tim nghiém téng quét cha phuong trinh va

xe R
y=3x~3

Téap nghiém cia phuong trinh duge
bigu dién béi dudng thAng vy = 3x - 3

b)Tacé3x—2y=6¢:>y:3—;——3

Nghiém téng quét cia phuong trinh 1a :
xeR

3x

3), cip s6 nao la

b)3x-2y=6 c¢)0x+3y=6 d)-3x+0y=-9

=—=3

2
Tap nghiém cda phuong trinh duge bidu

dién béi duyng thdng : y = %)f- ~38.

xelR x=23
c) d)
y=2 yeR
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¥ y
5 ]
1+ 14 T
o] 1 o G. 1
A T x -1 1 2 3 X 1
-1 11
3. Hay tim gid tri cda m trong mbi trudng hop sau éé : ;
a) Dutng thing 8x — my = 11 di qua diém A(2 ;-1
b) Putng thing mx + 2y = -2 di qua diém B(~5 ; 2). -
L
¢) Pugng thing 2mx + Oy = 35 diqua diém C(% - 3) .
d) Pung thing (m + 2)x ~ (2m - L)y = 2(2m + 1) di qua diém D{4 ; -2) j k
7. K

Giai

2) Didm A2 : 1) thubc dubng thing 3x ~ my = 11 thi toa do diém A phai L
thod man phucng trinh nay, nghia 14 3.2 — mi(~1) = 11 nénm = 5. : :

Vaym=5
5] C
b)mz-ﬁ— cym =38 dm=-1
4. Ve mdi duyng thing sau trong cing mot mat phing toa do réi tim toa
d6 giao diém cda hai dudng thing do : L@
a)x+y=4va-x+2y=-1 p)2x+y=3vax-2y=4
y Giai ¥ : ,
\ \_ 3 !
C
O
; -1
, ' S
= =}
4
/J—:'l x_t-\\ ﬁ_'l'l'
b) B2 ; 1) ¢

a) AB; 1)

5. Bén dung thdng cho bai céc phuong trinh sau day c6 déng quy khong ? |
(d):2¢x+y=0, {(dp):3x+2y=1, (dg):—x +y=3,(dy): —4x~18y=1
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Cang ly TNHH MTV BVYWH Khang Vidt

Giai
=.v-é hai dutrng théng (d)) va (dy). Tim toa d6 giao difm cha ching rdi
Kidm tra xem diém d6 c6 thudc hai dutmg thing (d,) v (dy) hay khéng ?
.~ Vay bon dudng thing da cho déng qui tai diém c6 toa dj 1 (-1; 2).
6. Mi cap so sau ¢6 phai la mot nghiém cla hé phuong trinh tuong ng

hay khong ?
-Bx +1,by = 4,5

p, =T b)(3-2)
E}(51” ' —X-Iwyz—ﬁ 2: 13 }.393(..3/:3

Giai
g) Thay x = 5 vd y = -1 vao hai phuong trinh trong hé
{2.5 +3(-1) = 7 (d&ng thuc ding)

. Vay (5; -1) 1 nghiém cla hé.
-5+ (-1} = -6 (ddng thuec duing)

b) Co

7, Khong cin vé dd thi, hay cho bist s¢ nghiém cfia mdi hé phuong trinh sau :
: y=5x-1 y=2x-3
. a) b)
: y =5x+2 y=3x-2
:
y 3x -2y =4 Bx = -8y
) &) .

-1,5x+y=-2 -3x =5y

Giai
alTaci5=5;-122(a=a  ;bzb)
Do d6 hai dutmng thng y = 5x — 1 vA y = 5x + 2 song song nén hé
phuong trinh da cho vd nghiém.
b)Tac62+3(a=a')
Do d6 hai dudng thdng y = 2x ~ 3 v y = 8x — 2 cdt nhau nén hé
phuong trinh di cho cd mdt nghiém

c)3x-2y=4¢y=§2§—2

| ~1,5x+y=-—2¢>y=1,5x—2<:~y;%)f.__z

Tacé-g=g- i—2=-2{a=a";b=Dhb)

Vay hai dubng thang da cho tring nhau nén he da cho c6 vd s8 nghidm

d)bx=-8ycy= -m? i —x=byoye= .:5.3.x

Tacéﬂvﬁ-—ﬁ {a=a)
3 ]
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Bi dudng hoc sink giai Todn 9 - Nhidu Tde gid

Vay hai dutng thing da cho ¢it nhau nén hé phuong trinh da ch;}:

¢6 mdt nghiém
8. Bing d6 thi, hay tim nghiém cita cdce hé phuong trinh sau :
X+y=-1 2x-y=-1 0,6x+0y =2
a b c)

Jx+2y =0 Ix-y=1 0x+3y;—6b

Giai ¥
a) b) gl .
Yy
14
\ 1 2

EANG) %
-1 i

do
e
£
\\‘mi"‘\\:

Hai duirng nay cit nhau tai A(Z; -3)
He phuong trinh da cho ¢d nghigm (2 ;-3)

Haj dutmg thing nay cit nhau tai B(2 ; 5)
Heé phuang trinh da cho eb nghigm (2 5}_

el ¥
14
. 4
O ’
7 ¢
Hai dubmg thiing nay cit nhau tai C(4 ; -2)

{0 BAI TAP NANG CAO
9. X4c dinh m dé hai hé phuong trinh sau tuong duong :

x=2 C |mx+y =T
va ;
8x+y=28 -2% +my = 2
Giai
x=2

¢6 nghiém 1a (2 ; -3)

Hé phudng trinh
Bu+y=3

Hé phuong trinh da cho ¢6 nghigm (4 ; -2}

DE hai hé phufcrhg trinh da cho tuong duong thi nghiém (2 ; —3) ciing
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Céng ty TNHH MTV DVVH Khang Vi§t

. . [mx +y=-7
{a nghiém ctia hé phuong trinh 1 (i

—2x+my=2

om= -2

2m + (~3) = -7
Tac {_4 ~8m =2
Kiém tra v6i m = —2 thi hé phuong trinh (II) ¢6 nghiém (2 ; -3)
: Vay m = —2 thi hai hé phuong trinh tuong duong
0. Trong hé toa d6 Oxy cho ba diém A2 ; 5), Bi~1 ;-1), C(4 ; 9).
. a) Viét phuong trinh dudng thing BC.
b} Ching minh réng dudng thdng BC va hai dudng thingy = 3 ;
2y + x — 7 = 014 ba dudng thing déng quy.
¢) Chitng minh ring ba diém A, B, C thing hang.
Giai
a)(BC):y=2x+1
b) Puing thing y = 3 cét duong thidng y = 2x + 1 tai M(1; 3)
Piém M cing nim trén dudmg thdng 2y + x - 7= 0
¢) Toa 4% didm A thdéa man phuong trinh duing thing BC
11. Xét cdc dudng thing (d) c¢6 phuong trinh :
(m+2x+{m-3y~m+8:=0(mlatham sd)
Pinh gid tri eta m dé khodng céch tir gac toa d6 dén dudmg thing (d)
1% 16n nhat.
Giai
Céc dudng thing (d) luén di qua diém 8 dinh A(-1 ; 2)
OH<OA= 5 _
Diu“="xdyrac H=A N 1o
Phuong trinh OA c6 hé 8 goc a = %‘3‘« = -2 ‘
A i
Puong thing vudng géc v6i OA khi ,

xanjn? £-2) = ~1 (m = 3) ,1 0 \
1
d

¢:>2m+4=3--m<:>m=-—§ (d)

12. Cho hai dutrmng thdng: (d;): 2m®x + 3(m -~ )y -3 =0
(dz) :mx + (m — 2)y ~ 2 = 0 (m A tham s8)
Hay bién luin theo m vi tri tuong doi caa (d;) ; (ds).
Giai
Néum=0thid; =dy
Néum = 2 thi d; cit ds
Gidstim=20vams2
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g6 dudng hoc sinh qidi Toan 9 - Nhidu Tac gid
z - 1 .
2m *Mmm¢3vém#—§thi{dl)cé‘lt(dp_}

Né&u #

m m-2
2

Ng 220 3moD o 3haym= 1 i (@0 / (do)
m m-2 2
{0 BAI TH} CHON HQC SINH G101 TOAN
13. Tim cac 56 nguyén X, ¥ thoa man dang thuc :
a) 2y x + K+ Y+ 1=x2+2y2+xy
rPé thi vao lop 10. Pai hoc Qudc gia Ha Nai. nam hoc
b) 8x°y" + X+ y" = 10xy
iDé thi vao lop 10, Pai hoo Quéc gia Hea Nai, nam hoe

2008 - 2004)

2006 — 2007

Giai
a)2y3x+x+y+1=x2+2y”+xyc:>(2y2-wy-x){xm~1)=-1
x~1=1 x-1=-1 (g =2 [x=0
< hay Y w{ hay
oy _y-x=-1  lgyP-y-x=1 U ly=1

b) 8x°y" + 4y = 10xy & Sxylxy — 1) + (X~ yF=0
Nau xy 1a nghiém nguyén cua phuong trinh thi xylxy — 1) =0
~0<xysl Buyra
Né’uxy:*-()::\x:yzo; Néuxy:l:::x:y:il _
6. G1AI HE PHUGNG TRINH BANG PHUGNG PHAP THE. G1A1 HE PRUGNE TRINK |
giiliG PHUGNG PHAP CONG BAI SO
A/ KIEN THUC VA KY NANG CAN NHO |
1. Quy tdc th&: ‘
Quy tdc thé dung dé bidn ddi mot he phuong trinh thanh hé phuang.
trinh tuong duong. Quy tic thé gdm hai bude sau
Buge 1 : Tt mgt phuong trinh cGia hé da cho (coi la phuong trinh thi
ohat), ta bidu dién modt 4n theo &n kia rdi thé vao phuang
trinh thi hai dé duge mot phuong trinh i (chi con mot &n).’
Buoe 2 : Ding phuong trinh méi dy aé thay thé cho phuong trinh thi hai.
trong hé (phuong trinh thg nhét cang thuong duge thay theé ba'si
hé thirc bidu dién mot Zn theo &n kia c6 duge & bude 1). :
9. Tém tit cach giai hé phuong trinh biing phuong phap thé :

— Dung quy tdc thé bign ddi hé phuong irinh di cho dé duge mot hé,

phuong trinh méi, trong dé c6 mdt phuong trinh mot 4n.
- Giai phuong trinh mot &n vita c6, rbi suy ra nghiém ctia hé da cho.

3. Quy tic cong dai 56

Quy téc cong dal 6 dung dé bién d8i mot hé phuong trinh thanh mbt,

hé phuong trinh tuong dudng.
Quy téc cong dai 5§ gom hal bude
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Bude 1 : Cong hay trif timg vé hai phuong trinh cla hé phuong trinh
da cho dé duge mdt phuong trinh méi.
Buge 2 : Ding phuong trinh méi &y thay thé cho mdt trong hai phuong
trinh cua hé (va gilt nguyén phuong trinh kia).
4. Tom tat cach giai hé phuong trinh biing phudng phip cong dai s6
- Nhén hai v& cha mét phuong trinh véi mét s& thich hop (néu cin)
sao cho cde hé s6 cda mdt dn nao d6 trong hai phuong trinh clia
hé bang nhau ho#c déi nhau.
~ Ap dung quy tdc cong dai s6 dé duge phuong trinh méi, trong dé
¢6 mdt phuong trinh ma hé s6 cia mét trong hai 4n bing 0 (titc
14 phuong trinh mét dn).
: ~ Giai phuong trinh mt &n vifa thu duge réi suy ra nghiém cba hé da che
B/ BAITAP .
[0 BAI TAP COBAN
- 14. Giai cdc hé phuong trinh sau bing phuong phéap thé :

X g¥=-6 2x - 1,2y = 1,08
a) 5 b)
»1-x+€ym-3 -1,3x+ 0,5y = 0,31
V2x - 23y = -14 -243x + 3By = -21
c) d) .
3v3x + 2y = V3(4 - 342) 4% - 23y = 243(2 + VE)
2x~3y x+y-1_ v
0l 4 5 oyl {(x—2)(6y+1)m(2x»3)(3y+1)
4x+y-2 2x-y-3 x-y-1 (2x + 1)(12y - 9) = (4x - 1By ~ 5)
4 6 3
Giai
(7 1 2y - 36
3¥73Y"%  fax-gy--36  |*= g
a)<1 5 S lsx+10y=-36 <
B L TP : | X+ 10y = - (2Y‘“36) _
TEtEY 8| =5y )+ 10y =36
x22y-36 g =9
<> 21 &
72y = -216 W =73
Vay hé phuong trinh ¢6 nghiém (x ; ¥) = (=2 ;-3).
_1L2y-1,08
2x-1,2y =-1,08 e
» 1,3 i 1,2y ~1,08
~19%+0,6y = 0,81 -1.3(-———------’ y; d )+0,5y=0,31
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=1,2yw~1,08 {sz,'?’
<>

= 2
y=1,4 y=1,4

Viay hé phuong trinh cé nghiém (x ; y} = (0,3 ; 1,4).

) {Jﬁx - 23y = -14
[

3v3x + 2y = V34 - 3\/’")‘: 4+/3 - aJ“ 34/3x

y=
(9 + 2) = ~92 -2 MJ_(9+J‘)_MJ§
=943 sJ_ 8J3x < 942
y= ¥ = 2.3

Vay hé phuong trinh cé nghiém (x; y} = (- O 243).
a {—Zﬁx + 3By = -21

4x - 23y = 243(2 + J5)
-2\/5(4‘/5 - 2‘/55 z 2J§y)+3J§y = -21

x = 3
<>
_4J§+2J1—5+2J§y y=—\fg
4
Vay hé phuong trinh cé nghiém (x ; y) = (3 ; -V5).
2x -3y x+y-1 —ox-y-1
4 5
e)
dx+y-2 2x-y-3 x-y-1
4 6 3

5(2x ~3y)—4{x+y=-1)=202x -~y -1)
dx+y-2)=22x-y-3-4{x-y-1}

2
114x =76 =3
& . =
y = 34x - 24 4
y = ———
3
2 5 n 2 -4
Vay hé phuong trinh c6 nghiém (x ; y) = 373/

(x ~ 2X6y + 1) = (2x - 3)3y + 1) -x-8y=-1 X =-2
< P

(2x + 1)(12y - 9) = (4x — 1)(6y - b) 2x+18y =4 y=1
Viy hé phuong trinh c6 nghiém (x ; ¥) = (-2 ; 1).

\/53__2\/5(“5—3?“3*/5}[):“1 |
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15. Gidi cde hé phuong trinh sau bdng phuong phép cong :

x_5x—3y_3x-2y_1 2x+4+y-5=_§_
) 3 5 pyl 8 2 5
¥ 2x-3y _ax-3sy 5x-2 3y+1 1
3 =z 7 3 2 6
) ~24/8x + 45y = 16 C -35x + 4y = 15 - 443
[
543x - 2y = ~15 /5 4/bx - /3y = ~17
(1, 1 5
) X+y x-y B8 (\/5+2)x+(\/§~\/§)y=2
8} 9 .
P18 VB8+V2)x - (V5 -2y =2
X+y x-y 8
i Giai
{ xM5x-3y=3x—-2y__1
i ) 3 5 19% ~ 21y = 15 8x =9
- al) - <> =
¥ 2x -3y 4x -3y 16x~-21y =6 16x - 21y =6
R R

X=23 Xx=3
& e
163-2ly=6 |y=2
Vay hé phuong trinh ¢6 nghiém (x ; y) = (3 ; 2).
b (x;y)=(2,;38)

) -243x + 4By = 16 -10V3x + 2045y = 80
c <
5V3x -2y =-16-V6  |10vBx -4y = -30-2J5
{y(zoJE ~4y=50-20 |*=V3
&

50-2J5 JB10VE-2) B
-y = - - m = = e
58x - 2y = -15 - B 20J5-4  200v5-2) 2

Vay hé phuong trinh ¢6 nghiém (x;y)m(-«/ﬁ;l[égw).
A x; 9 =(J5 ;-3)
1,1 .5 2 .1 x+y=8
X+y xX-y 8 X+y 4 v
e) < <11 1 5
1 1 -8 1 . 1 5 §+ =3
X+y x-y 8 X+y x-y 8 Xy
X+y=8 Zx =10 x=5
< < <
X-y=2 Fty=8 y=38

Vay hé phuong trinh ¢6 nghiém (x ; y) = (5 ; 3).
315}
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ﬂ{(ﬁ+ﬁ)x—(ﬁm2)y=2
(J§+2)x+(J§—J§)yz2
(V3 + VBB - ¥B)x ~ (V5 - (B - V2)y = 23 - 2)
“ {(JE + 2)JB - 20 + (B - 23 -2y = 25 - 2)
BeyDx-(B-2y=2 [x=E+V3-V2-2
{ \/5+\/~ Ja-2 {y=—J§+J§+J§—2

Vay hé phugng trinh ¢é nghiém
(x;y)r-(x/g+J§-\f2—m2;—\/g+\/§+«/§—2)b

16. Giai céc hé phuong trinh sau bing phuong phédp dat an s6 phu :

-3 + =12
a)*xMy+1 XxX+y-2 b) x2 +2(y* +2y) = 10
2.3 .4 32 —(y2+2y)=9
x-y+1l x+y-2
7 5 _9 5 .8 _13
-1 2 2 -7 6 6
o X v+ & X v+ “
3,2 _, 74 5
VX -1 y+2 x-7 Jy+6 3
Giai
a) Pat u = Ry 1) VAV = o (x4 y#2)
Xx-y X+¥y-
~3u +v =12 u=-5h
Ta cb Suy ra
2u—-3v=-~ V=~

-q
B
[

L S——

Viy hé phuong trinh ¢6 ngh ( e B
4y hé phuong trinh ¢6 nghiém (x ; y) = 72 ' 30

b)Patu=x>vav=y + 2y
u+2v=10 t+ 2v =10 u
Ta cé < Pe

It

4
3

Bu-v=9 6u-—2v =18 v

x=2 X = -2

Suy ra hoic
y=1,; y=-3 y=1; y=-3

Vay hé phuong trinh c6 bon nghiém 13 :
x;y)=(2:;1);(2;~3);(-2;1);,(-2;-3)

i 1
) Pit u = (x> 1lyvavs= (v > -2}
o R Jx -1 M Jy+2 y
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e

Tu—Bv=2 14u-10v = 8 u=1
Ta 6 2 2 sustov=z0 1
3u+2v=4 u+iv= V=3
\Jx-mltl {x22
Suy ra =
Jy+2ﬂ% y=2.

Vay hé phuong trinh cé nghiém (x ; y) = (2 ; :§ ).
17. Tim gid triclaava b ;

2ax+(b+2)y =3 .

é trinh d nghiém 14 (x ; y) = (2 ; -1).
Pé hé phuong trin {(a-»1)x—by=5 co nghiém 1a (x; ¥v) = (2 )
Giai

Vi (x;y)=(2;-1) ia nghiém cda hé phuong trinh
%ax + (b + 2)y = 8
(a-x-by=5
4a-(b+2)=8 da-h=5 a=2
< =
Ha-1)+b=5§ 2a+b=7 b=3
18. Timavab:

nén ta thu duge hé phuong trinh

a) D& dumg thing y = ax + b di qua hai diém A1 ;—2}véB(—% ;-«6),

b) Pé dutng thdng 5x + ay = b di qua difm I(-2 ; -3) va di qua giao
diém ca hai duding thdng (d;) : 8x — 4y = -5, (dp) : ~2x + 3y = 4.
Giai

a) Vi duding théng y = ax + b di qua hai diém A(1 ; -2) va B(:-:% ; —6) nén

a+b=-2 a=3
ta ¢é hé phuong trinh {1 = {

-§»a +b=-6 b=-5
b) Goi K 1& giao diém cda (d,) va (dg), toa d0 cia K 1a nghigm cia hé
phuong trinh :
3x -4y =-b x=1
o
-2x+3y =4 y=2
Nan K(1 ; 2).

Vi duting thing 5x + ay = b di qua hai didm (-2 ; -8) va KQ1 : 2)

«]10-~8a=Db a=-3
én t & phuong trinh
nén ta ¢6 hé phuong trin {Mzaﬁb {bz.q
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mx+y=m+1

19, Tim m dé hé phuong trinh { (m 1a tham s8) c6 vo s0 nghiém

Xx+my=2

(Giai

Tir phuong trinh mx + y =m + ltacdy =m + 1 - mx. Thé vao
phuong trinh th hai cia hé ta c6 :

x+mim+1—-mx)=2e (1 -mix=(2+mll-m)

. L 1-m?=0
Pé hé phuong trinh c¢6 v& s6 nghigém thi suy ra o
(Z4+mil-m)=90
Sm=1
. 3 x+y=2
Khi m = 1 thi hé di cho trd thanh esx +y=2
X+y=2
xe i
Nghiém cOa hé phuong trinh
y=2-X
£ BA1 TAP NANG CAO
20. Giai cdc hé phuong trinh sau :
.}... 1 mu]; x-i»-}-m2
x y+z 2 y x(y +2) =8 E_ym5
all, 1 .1 b)<y+l=2 ¢) {y(x+2z) =18 d) {¥y X 6
y z+x 3 z 9 2_5
1 1 1 z+-];=2 z{x +y)y=20 -yt =
— [
lz x+y 4 . %
Giai

Xy +xz=2(x+y+z)
a) Vi&t hé da cho dudi dang {xy + yz = 3(x+y +2)
Xz +y2z=4(x+y+2)
X+Y+2 %z = Hx+y+2) Cyz = Blx+y+z
2 2 2
Tigdé:x:y:2=3:5:15

Hécénghiém(x;y;z}m[

Suyra:xy=

23 23 . 23
B a3
b) RGt v tit phuong trinh thd nhat, rat z tir phuong trinh thd ba réi
thay vao phuong trinh cdn lai clahé taduge i x=y=2=1
x=1 % =-1
c) {y =3 hay yy=-3

z=25 Z = -5,
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b) Xét hai kha nang

"d) pK:xy # 0. Patt= —3, phuong trinh (1) cd dang :

g =3
io 10 et 5t-6=0c| 2
t 6 t=-3
3
5 3
9 Né’u t:_é.gx:my:‘:bymiz
2 2 2 :
I X = — =y = v = -0 (loai)
t 3 = 33’ Y 2
. X =3 x=-3
Hé c6 nghiém : hay
' y =2 y = -2
21. Giai cdc hé phuong trinh sau :
: xy _8
’é x+y 3 Bxy = 6(x + vy}
’ a | ¥z _12 b) {Tyz = 12(y + 2)
y+z b 4
x 24 3xz = 4(x + z)
z+ % 7
Giai
(1 1 38
e =
y x 8
et a1 o 1 1 b
a)Bléndo;hedUo’ldang:<—-+-—=E§.Suyrax:S;y:tl;z:Sq
LA 4
i1 7
_— e I s
x z 24

ox =y =z =014 mdt nghiém cla hé

sxyzz0(néux=0thith (suyray=0vati(2suyraz=0

[

<4

Heé trd thanh : |

S
0

+
L T S R

1}

N[ e e M
+
fula] i
| ml-.:: [+ Y]

22, Giai cdce hé phugng trinh sau :

i

N W M
i
- T
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2x* -
x+y+xy=1 1+x°
a){x+z+xz=2 b) { 2y22=z
v+z+yz="5 try
2z°
{1+22=
Giai
x+Wy+1) =2
a) Bidn ddi hé tré thanh <x+1z+1)=3
(y+1Mz+ 1) =6
¥=0 X = -2
(3idi hé trén ta duge {y =1 hay {y =-3
z2=2 z = —4
(x+yMx+2z)=2
b) Bi&n ddi hé trd thanh (y +20{y +x) = 3
(z+x)z+y)=6
X+y=1 X+y=-1 x=0 ¥xe=0
e dx+2=2 hofic {x+2=-2 & ... < {y=1 hodc {y=-1
y+z=3 y+2z=-3 z=2 A

Vay hé da cho c6 hai nghiém (0;1;2)va (0;-1;-2).
23. Giai cac hé phugng trinh sau :

[ 2
Xy =l -z 2% =
X+y 1+x2
) 2
a) L =2-x by I,
y+z 1+y®
% —2.-y 222
2+ x |1+ 2
Giai

XYy +ZX+2Zy =X+ ¥
vz + Xy +zx = 2(y + 2}
ZX + z¥ + Xy = 2(z + X)

a) Dua hé vé dang :

Tudétimdugex=2;y=2;2=0.
b) ex =y = z = 0 12 mdt nghiém cla hé
o Nux=0=yz20vazs0
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1 2
Tddngtl.f~-3§~+1—g=0 (2); = +1-~ = =0 (3)
Yy z A X
2 1 2 1 2
Tir (1) ;(2); (8) cho (—-—x) +[;—1] +[-~1) =0mxsy=z=1
z
94, Giai cdc hé phuong trinh sau :
%2 +2yz = X xzwxywxz+zzm0
a) |y* +22x =y b) {x2-xz-yz+8y? =2
Z° + 2%y =z y2+xy+yz—zz=2
Giai

a) Hé trd thanh

x% +2yz = x %%+ 2yz = x
*(x2+2yz)—(y2+22x)=x—y o sx-yx+y-22-1)=0
(x-zMx+z-2y~-1)=0

(x% + 2yz) -~ (2% + 2xyl=x-2

x2+2ysz x2+2yz=x x2+2yz=x
& ix-y=0 hay {x-y =0 hay {x+y-22-1=10
x-z=0 X+2-2y~-1=0 x—-z=0

x2+2yz=x
hay {x+y-22-1=0
x+y~-2y-1=0

Tir dé tim duge tdm nghiém cda hé da cho.
b) Cong titng v& hai phuong trinh ddu rdi trir timg vé& cho phuong
trinh cudi ta duoe s (x -y + (y ~ 2+ @~ x?=0
Tit d6 tim duge (1 ;1 ; 1) va {~1;-1;-1) 14 nghiém ciia hé.
25. Tim nghiém nguyén cGa hé phuong trinh :
xy{(x+y)=6

x2+2xy—x—5y+6=0
a) b) {yaly+z) =12

2y2+xym7xm53’+7z0 zx{z+x) =30

Giai
a) Hé c6 nghiém nguyén duy nhat (x ; y) = (1; 2).
b) Tt hé phuong trinh, ta ¢6 : x%y + y* + y%2 + 2%y + 2% + 2x% = 48
va (xyz)(48 + 2xyz) = 2160.
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Pat t = xyz ta duge : t° + 24t% - 1080 = 0 < (£~ 6)(t% + 30t + 180) = 0
Tudéotimdugex =2 ;vy=1;z=3

L0 BAI THI CHON HOC SINH G101 TOAN

ax + by =3 27
ax® + by2 =5
26. a) Cho cdce 86 a, b, x, v thod mén ha ;
ax3 +by3 = 9
ax* + by4 = 17

Hay tinh gi4 tri ca cde bidu thice : A = ax® + by® ; B = ax®™ 4 by*®"!

(D@ thi vao lop 10, Tean Tin ~ Pai hoc Quée gia Ha Noi, ndam 2001 - 2002)

x2+x—xy—2y2—2ym0
b) Giai hé phuong trinh :
x2 + y2 =1

(Pé thi vaoe lop 10, Pai hoe Su pham Ngogi ngir Ha Néi, ndm 2003 - 2004)
Giai
ax? +by2 +axy + byx = 3(x +vy)
3 3 2 2
ax” + byY + ax®y + bx*y = 6(x + y)
a) Hé tré thanh Y Y Y Y
ax* +by* + ax®y + bxy® = 9(x + y)

ax® + by® + axty + buy* = 17(x + y)

S+ xy(a+b)=3x+y) (1)
94+ 8xy =5z +y) @)
= 17T+ 5xy = 9(x+y) {3)
ax® + by’ = 17(x + y) {4}
X+y=3 x=1 x=2
T (2) ; (3) ta duge <> hay
xy =2 y =2 y=1

2a+b=3 a=1
Suy ra =

4a+hb=5 b=1
Viy A = ax® + by® = 33 ; B = ax®0! 4 hy200t - 92001 | 1

X-29)x+y+1) =0
b} Hé di cho trd thanh

x2+y2ml
X = 2y b X+y+1l=0

&> ay
>4y’ =1 x> +y?=1

72



© Glag ty TNHH MTV DVVH Khang Vist

Tir 46 ta tim duge bdn nghiém cia hé di cho 1a :

(wng ; _Jg) (ZJE ; ﬁ) (0 ;-1);(-1;0)
5 5 i) 5
7. Gidi hé phuong trinh sau :

¥

a)

_I.'_ e ,.1_ + -'E = 2

X Yy 2 s . ety . .
1} o : (Dé thi chon hoc sinh giéi Tedn 9, todan qudc ndm 1992}

. S

| XY z%

(2 3 3 2 )

X * }“”’“; -7 {Dé thi chon hoe sinh gidi Todn lgp 9, Qudn 1,
2} 4 4 5 9 (vdng 2), Tp. Hé ehi Minh, ndm hoc 2010 — 2011)

——— 2

xy 22y

. . X+y+z=14
b} Tim nghigém nguyén duong cla hé phuong trinh
X +yz=18
(Pé kifm tra d6i tuyén hoe sinh gidi Todn lép 8, Quan 9, TP. Hé
Chi Minh, ndm hoe 2010 - 2011}

Giai
a)

1) Pidu kién : x, v,z 2 0

Thay ! #—[l-ﬁ»}—} + 2 vao phuong trinh edn lai, ta duge :
z Xy

2
~—2--—[2—~1~—}-) ==é=e:::>—2+-12«-z~?‘——f’-+-—2—+8——-i
X X y X ¥y X ¥y xy Xy

¥
2 2
o (F-tea)e[F-2ea) 0w (L) s [2o2) <o
X X y Y X y
1 1 1 R
Viy | = = :—=| 1& nghid (ia hé.
iy (2 b g 2) nghigm cia hé
Dx;y;8)=01;-1;1)
b) Lay phuong trinh (2) trir di phuong trinh (1) theo ting v& ta duge :
yZz—-y~z=be(y~-1{z~1)=6
Tir 46 ta tim duoe nghiém cda hé,

x=5 x=17
y=2 hay {y=3
z= z=4.
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§3. GIAl BAI TOAN BANG CACH LAP HE PHUTNE TRINH

A/ KIEN THUC VA XY NANG CAN NHG
Céc budc giai bai toan bing cach lap hé phuong trinh :
Buée 1 - Chon cédc 4n sb va dat didu kién thich hgp cho 4n 86 ;
. Bidu dién cac dai lugng chua bi&t theo cac d4n vh cde da
lugng da biét '
— Lap hé phuong frinh bidu thi méi quan hg gilra cdc dai lugng

Bude 2 : Giai hé phuong trinh thu duge. 3.
Buse 3 : Kiém tra xem trong cac nghiém cla hé phuong trinh, nghiém
nio thod man didu kién cfia 4n, nghiém nao khong thod may
didu kién cla &n, tra 165,
B/ BAI TAP
{0 BAl TAP CO BAN
28. Cho mét s6 c6 hai chif 56. N&u ddi chd hai chit 58 cha né thi duge mét
<6 nho hon 86 da cho 1a 27. Tong cia s da cho va 56 mdi tao thanh:
bing 77. Tim 8§ da cho. '
Giai .
Goi chif 58 hang chuc lax (x € N*,x<9® S )
Goi chit s6 hang don vilay (v e N¥;y<9)
$4 da cho 1a 10x + y.
56 mdai 1a 10y + x. _
Theo 48 bai ta c¢6 hé phuong trinh {10:: +y 10y -x =27 = {X =5
10x +y + 10y + x =77 v =2
Vay s da cho la 52,
29. Tim hai 6 tu nhién, biét riing tong cla ching bing 780 va néu ldy
<5 19n chia cho 56 nhé thi duge thuong 12 4 va s6 du 1a 30. :
Giai
Goi s6 ty nhién l6n Ja x va s6 tu nhién nhd la y (30 <y < %)
Theo dé bai ta ¢6 hé phuong trinh {x +y =780 {x = 630
x = 4y + 30 y =150 a:

Vay 630 1a sd tu nhién 1dn va 150 14 s8 tf nhién nho. ,
30. Tinh do dai ban dau hai canh géc vudng ctia mdt tam gide vudng

Bist ring néu gidm mdi canh géc vudbng di 2 m thi dién tich cha tam

gidc giam di 12 m®. Néu mot canh géc vuong tang 4 m va canh git

vubng kia tang 3 m thi dién tich ca tam gidc d6 tang thém 31 me.

Giai
Goi d6 dai ban dau hai canh géc vudng 14n lugt 1a x (m), y (m) (x > &
y-> 2)
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32,

33,

Gong ty TNHH MTV DVWH Khang Vigt

1 1
Zxy - {(x -2y -2) =12
2 y z{x Wy —2)

Theo dé bai ta b ha phuong trinh .
§(x+4}(y +3)—§xy =31

xy - (k- 2}y ~ 2) = 24 2x + 2y = 28 x=8
= = =
(x + 4}y + 3} —ny = 62 3x + 4y = 50
Vay canh goc vudng ban diu c6 d6 dai lan lugt 12 6 m va 8 m.
Trong phdng hoc ¢6 mot s6 ghé dai. Néu x&p mdi ghe ba hoc sinh thi
s4u hoe sinh khong cé chd ngdi. Néu x&p mdi gh€ bén hoc sinh thi
thita mot ghé. Héi ¢6 bao nhidu gh€ va bao nhiéu hoc sinh ?
Giai

y=8

Goi s6 gh€ la x (x & N*®)
Goi s6 hoc sinh la y (y e N#*)
Theo dé bai ta ¢6 hé phuong trinh
Ax+6=y 3x+6=4x -4 x = 10
= =N

{4(x—1)=y {3x«+»6my {y:SS
Vay phdng hoc ¢6 10 ghé dai va e6 36 hoc sinh.
Mat 6 t6 du dinh di tit A d&n B ldc 12 giv trua. N&u xe chay véi van
tdc 40 km/h thi s& dén B cham 2 gi¥ so véi dy dinh. Néu xe chay vdi
van toc 60 km/h thi dén B s6m 1 giv 20 phat so véi dy dinh. Tinh 46
dai quang dung AB va th¥i difm 6 t6 xudt phdt tai A

Giai

Goi d¢ dai quiang dutng AB la x (hkm) (x > 0)
Goi thifi gian dy dinh di dén B luc 12 gi¥ trua 1a y (gid) [y > %]

x = 40(y + 2) % = 400
Theo dé bai ta cé hé phuong trinh 4Y) <
ceos-2)= 1y s
Vay quang dudng AB dai 400 km va th¥i diém 6 t6 xudt phat tai A
hic 4 giy sdng.
Hai doi cdng nhan cung lam chung mdt chng viéc va dy dinh lam
xong trong 24 ngay. Ho cung lam vdi nhau duge 16 ngay thi doi thy
nhit duge didu sang lam viéc khdc, ddi thia hai vin 1am tiép tue. Bai
thit hai tang gap déi néng suit nén 1am xong phdn viéc cdn lai trong
ba ngay rudi. Hoi méi doi lam médt minh thi bao nhiéu ngay xong
cdng vide trén (v6i nang sudt binh thubng) ?
Giai

Goi thoi gian 46i thit nhat 1Am mét minh xong céng viéc 12 x (ngay)
(Diéu kign x > 24) -
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|

34, Hai may bom nudc vao rudng Né&u cho may thi nhit bom sudt 8 gi¢

35.

11 BAI TAP NANG CAO
36. X4c dinh mot da thdc bac ba f{x) khéng cb hang t( ty do sac cho :

76

Goi fix) = ax® + bx® + cx 13 da thic cdn tim. Taed :

Do dé trong mot ngay doi thd nhét lam duge —i— (cBng viéce)
Gioi 12 thii gian doi thi hai lam mt minh xong cong vige lay (ngay) (y > 0) 1
Do dé trong mot ngay doi thd hai lam duge —;— (cong viéc) i

1,11
A T 24 x =42
Theo dé bai ta c6 { 1" 21 .o c:a{
16, - +168 — ¢ — =] y = 56

Vay : Doi thd nhat lam mbt minh trong 42 ngay thi xong viée
Dai thi hai lam mét minh trong 56 ngay thi xong viéc.

méi md may thit hai cung bom thém 4 git nifa thi diy rudng. Neéu
¢ho may bom thd nhat bom sudt 10 git 30 phit méi m& may thi hai
cling bom thém 3 gi? nita thi day rudng. Néu ditng mot mdy bom thi
phai bom trong bao lau nude mdi ddy rudng ?

Giai 5
Goi thyi gian dé méy thd nhdt va mdy tht hai mt minh bom ddy !
rudng ldn lugt 12 x (gi?), y (gid) (x, vy >
Ta cé hé phuong trinh

._8.+4(_];+..1.LJ=1 E“}.é:l

X Xy x ¥ x =18
21 (1 1 27 3 1y =12
——+3(-—+-—-« =1 =11 y=te
2x X ¥y 2x ¥

Cho tam gidc vuéng ¢6 chu vi bang 120 cm, canh huyén bing 50 cm
Tinh dién tich tam gidc vudng. !
Giai i
Goi hal canh vudng 1dn lugt 12 x (em) vA y (em) (0 < x ;¥ < 25}
x+y="10 x=30,  [x=40
o 2 & hoac
x* +y° = 2500 y = 30

Ta c6 hé phuong trinh
y =40
Vay dién tich tam gidc vudng bing 600 em®.

!

fx) — flx = 1) = %°
Tir d6, chimg td thng tng c4c binh phuong ¢la n 56 nguyén duong dau tién |
ni{n + 1)2n + 1) !
fln) = ——m———.
G
Giai

et gt

paswe:
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Cong 1y TNHH MTV DVWH Khang Vidl

ax? + bx* +ex—alx — 1P ~ blx ~ 1)* - clx — 1) = %%, véi moi x.
e 8ax’ — (3a—2b)x + a—b + ¢ = x% véi moi x

1
a=—
3a=1 3
e {~3a+2b=0 & bw%
a-b+c=0 1
c==
6
3 2
x° % x  x(x+1M2x+1)
Véyﬂx)—-~3—+2 +-é~_. 5
Thay x lan lugt bing n s6 nguyén duong diu tién : 1, 2, .., n ta duge
fl1) - K0} = 1°
f2) - (1) = 2° S fm) =174 2%+  4ple REEDEn+D)

6

fin)— filn~1)=n°

. Mutri hai ngutri an 12 chigc banh. M8i ngudi dan éng &n 2 chiée, mbi

ngidi dan ba An % chife va mbi em bé an i— chide.

Hoi ¢6 bao nhiéu dan éng, dan ba va tré em ?

Giai
Goi x, y, z 1an lugt 12 86 dan 6ng, dan ba v tré em (x, y, z € N* ;
X, ¥, 2 < 12)

X+y+z=12 X+y+z=12 o)
Tac6 : y z <
2x+§+zm12 Bx+2y+2=48 (2)

Nhan (1) v6i 2, rdi 18y (2) trir di ta duge : 6x — z = 24
=2z 6mi0<z<12=>2=6.Suyrax=5y=1
Cé hai mdy xic thd nh&t vi th hai. Th¥i gian may xue thi nhét hoeat
d6ng m§t minh xong cdng viéc nhidu hon trutmg hgp ca hai may cing
hoat déng xong cong viée 8 gid. Thoi gian mdy xic thd hai hoat djng
mdt minh xong cong vidc nhidu hon trudng hop ¢4 hai may etmg hoat
dong xong cdng viéc 4 gity 30 phut.
Hoi méi mdy hoat déng mét minh d€ lam céng vide néi trén mat
thoi gian bao lau ?

Giai
Goi thoi gian méy thi nhét 1dAm mdt minh xong viée 12 x(h)
Goi thiri gian mdy thi hai Jam mot minh xong viée 1a y(h) (x, y > 0)
Ta ¢6 hé phueng trinh
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x-—2 =8 Xzy+z~
X+y : 2
xy .9 A,

Y x+y 2 ¥ x+y 2

Suyra: y -9y - 1575 =0y = 10,5 ;yr-———zi {loai)
Vayx =y + 3,6 = 14.

0 BAl THI CHON HOQC SINH GIOI TOAN
39. Mot van déng vién thi bin sing. Van dong vién da bdn hon 11 vién'

40.

78

va déu ban tréing vao cdc vong 8, 9, 10 diém. Téng 6 diém la 100

diém. Hbi van déng vidn da bén bao nhiéu vién va két quéd bén vio

céc vong ra sao ?

(Dé thi chon hoc sinh giéi Todn 9, trudng chuyén Vdn Todn hiyén

Bize Phé, tink Quang Ngdi, nam hoc 1991 — 1992) ;
Giai

Goi x, v 1an lugt 14 s& lan bin tring vao cac ving 8, 9, 10 diém (%, y, z €

" R X+y+z>1l1
N*). T :
). Taco {8x+9y+1(}z=100~

Rarang8x+8y+82<8x+9y+102=100:>x+y+z.<_12,
Viyx+y+z=12
8x + 9y + 10z = 100
{x+y+Zm12

oy+22=4>y=4-22 i

y21:>4~2221©z51,5.V3yz=1;y=2;x~_~9u :
Gia sit ring gid ban cla vién kim cuong (hot xoan) ti 1& vdi binh !
phuong khéi lugng cha nd, khi dem mét vién kim cuong cdt thanh ba
phén va vin ban véi gid nhu trén (ddng ti 18 trén) thi téng s6 tidn thu .
duge tang hay gidm va trong trudng hop chia cit nao thi sy sai bidt v& '
gi4 16n nhat ?
(Dé thi chon hoc sinh giéi Todn lop 9, TP. H6 Chi Minh, ndm hoe
1995 — 1996) :

Giai
Gia st vién kim cuong c6 khoi lugng M b cdt thanh ba phén cé khai
lugng a, b, c. :
GoiAlagiabancia M x,y, 2 14n luot 12 gid bédn chaa, b, ¢
A X ¥ z A-(x+y+2) A ~{x+y+2)

T G 1 e T e P -

A NE T &R T T T MP-@+b®ec?)  2ab+be+ac)
2A(ab + be + ac)

M‘Z

Ta cd 3(ab+bc+a¢)s(a+h+c)2=>A»~(x+y+z)s %A ,

Gid trigiam A- (x +y +2) =



Cong ty TNHH MTV DVWH Khang Vigt

M TAP CHUONG i
Glm eac hé phuong trinh sau :
,3x—-1*4y+1=_1_£3 Sﬁxw\/ﬁYm?;?{
2 5 10 e
a) 9-x 2y-1 7 b) Jé
- ) "2\/5){ + 4:\/5’ e
4 6 2 3

 (5fBx-2y =-16-+5 " {4(x2 +2x) - 3(y% +y) = -10
) {«_2\/5:: +4./By = 16 B(x2 + 2%) + AyZ + y) = -1
sk+U-3ly-2/=-1
o {2lx+1l+|y-~2]=4 “
Giai
ax-1 4y+1_19

2 5 10 {5(3x”1}~2(4y+10)m19Q{x—_-..z

&) 32 - x) - 22y — 10) = 42

. 4 6 2

( 23
. 3J3x -2y = R {18~./§x ~ 63y =23
_oZx + 4By = _fsﬁ —6v2x + 1243y = VB

J3

- 108x—-12\/§yu46\]§¢$ 96}::48\/5 . xzmﬁm
-12x +12/6y = 23 -12x +12V8y = 2.3 g :['%

3

ix;y)= [—\fé; "\[2"5"]

d)Batu=x2+2xvélv=y2+y

4u - 3v = -10 8u - 6v = 20 u= -1
Ta c6 & =
Bu + 2v = -1 15u+6v =-3 v =2
X%+ 2x = -1 {x=~1
Suy ra &
¥y ey =2 y=1hayy=-2

Vay (x;y) =(-1;1);(x; y) = (-1 ; -2).
e) Ta c6 b+ 1l =1 @{xw—wﬂhayx.—.-—?.
Ix -2 =2 y=4 hay y=0

Vay(x;9)=0;4);0;0);(-2;4);(-2;0).
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2. a) Cho bén diém Al ; 1), B( I _4], C(2 5 B), D(% ;-1).‘ Hoi banff\:

diém A, B, C, D ¢6 thing hang khéng ? Vi sao ?
b) Tim y d8 ba dim sau thing hang : A1 ;-1), B(—%; - 5), c[w : y)

Giai :

a) Viét phuong trinh dudng thing qua hai difmAvaCtacdi:y=4x— 3 :

Sau dé ching td B va D thude duting thing trén.
Dy(AB): y=3x-

3. Trong mat phang toa dé cho ba didm A(1 ; 1), B(2;3),C(56,; 7).
a) Vigt phuong trinh cdc duting thing AB, BC.
b) Viét phuong trinh dudng thing di qua C va song song véi duang
thing AB.
¢) X4c dinh toa d6 dinh tha tu D cia hinh binh hanh ABCD.
Giai
a}(AB) 1y =2x — 1 va (BC): 4x — 3y = ~1.
B(CD):y=2x-3.
) (AD): 4x ~ 3y = L.
Toa dé dinh D cda hinh binh hanh ABCD la nghiém ciia hé phu’crng

trinh - y=2x~3 - y=2x-3 x=4
dx -3y =1 4x — 3(2x ~ 3)m~1 y=5

Vay D(4 ; 5).
4. Tim gi4 tri cda tham s8 m dé hé phuong trinh sau :

my+y=m+1l
{ y ¢ nghiém thod manx>0,;y>0

X+my=2
Giai
m+2
X = (m = +1)
Bang phuong phdp thé ta tim dugc : m1+
M
{m+2>0
Bé’x>0¢>-n~3—i—2- >0 m+1>0 @[m>—l
m+1 m+2<0 m<-2
{m+1<0

s0em+l>0om>-1

Péy>0< 1
m+1

Vay m > —1 thi nghiém ciia hé thod man diéukidn x> 0;y> 0.
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g. Cho hé phuong trinh : {

3

6. Cho hé phuong trinh {

Cong ty TNHH MTV DVWH Khang Vigt

¥*+y=m+1

x%y +xy? =2m% -m -3

a) Giai hé phuong trinh khi m = 8.
b} Ching minh hg phuong trinh cé nghiém véi moi gia tri cda m.

Giii
x+y=4 y=4-x {x=1 {x=3
im=23, taco & &> hozc
3)m'um { = {X2—4X‘9320 yﬂg yzl.
5 X4+4y=m+1 X+y=m+1
b)Tac xy{x +y) ={(m + 1}2m - 3) xy(m + 1) = (m + 1}{2m - 3).

X+y=0
xy(x+y)=0

X=-y

. i 1=0
Khim+ w{ yeR.

¢:>x+yx0<:::>{

Do d6 hé phuong trinh da cho ¢6 v6 s§ nghiém.
sKhim+120¢m=-1

{x+y=m+1 y=m+1l-x
Suy ra 5
¥ -(m+1)x+2m~3=0.

Xy =2m-3
X6t x* - (m+ 1)x +2m ~ 3 = 0
2
@[x+%(m+1)] ~ i(m+1)2+2m"3=0

2 2
@[x+%(m+1)] =W>O,vdimgimeft

nén luén c6 nghiém x. Do d6 hé da cho ¢6 nghiém.

Vay hé phuong trinh da cho ¢6 nghiém v¢i moi m.

2x -my=3

mx+3y =4

Vi gid tri nguyén nio cha m thi nghidm cia hé phuong trinh thod man :
x<Ovay>0,

Giai
m4m+9
Bang phuong phép thé ta tim duge : m® +6
- 8-3m
m® +6
PEx<0 o 4“2”9 <0=4m+9<0(imi+6>0)eme<—2
m° +6 4
8

Bé’y>0¢:>8+3m>0¢;-m>m3-
8 9
Suyra—-é- <m<ZmémeZnénme!-2;—-1;0;1;2]n
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7. Giai cdc hé phuong trinh sau :

a) {\/xa +y2 + 2\/’}5 = 82 b) {x2 + y2 = 2xy + 4

e+ fy =4 X+y=6
x-y=5 xX+y=5
C){m_ng d) —;£+;{—=l§“
Giai

a)Pidukienxz0vayz 0%
{er\/EE:sﬁ - {\/2(x2+y2)+2\[ﬂ=16
J;_;+\f§=4 x+y+2J}_{§=16 i
= [42(x2+y2) SETY o {(X—_y)z =0 = {x=4 thoa (*)
x+y+2/xy =16 x+y+2\ﬁ§=16
Viy hé da cho cé nghiém (x ; y) = (4 ; 4). !

{x—ymz {x=4
x2+y2=2xy+4 (xmy)2=4 X+y=6 y=2
b) f=4 <> Lo
X+y=6 X=2
y=4

X+y=6 {x««y"—*mz

x=4 |x=2
Vay hé da cho ¢6 nghiém ;
y=2 ¥y =4.
X—-y =5 Xx=y+5
c) <>
Vax+1-Jy+2=2 N2y +11 -y +2 =2
yz-2 yz-2
Gidi 2y +11 ~ fy+2 =2« =S
A4fy+2=y+5 yz—ﬁy—'?:(]
x=4 x=12
Suy ra hose
y=-1 y=1
. x=4 x=12
Viy hé phuong trinh da cho ¢6 nghiém ;
y=-1 y="7
d) Pidukién :x#0vay=0
X b 13 2 o 13 ] 25
Taeoh —+= = — ¢ X"+ —_— — - ZZxy=0
Sty 5 x y+6xy<z>(x v i
Suy ra xy = 6.
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X+y=5
Do 46 ta cb
Xy =6

Vay hé phuong trinh da cho ¢6 nghiém {x 8 hosc {x 2
y=2 ¥ =3,
g. a) Trong mat phing Oxy, cho du¥ng thing (d) : 2x ~ 3y = 9. Hay tim
trén (d) cdc diém c6 toa d6 1a nhiing s nguyén.
b) Cén lép dat mdt dubmg ong dan nu6c dai 21 m bing hai loai 6ng :
loai 6ng dai 2 m va loai &ng dai 3 m.
Hdi mdi loai ¢dn bao nhiéu &ng ?
c) Cho A(2 ; 13) va B(17 ; 60). C6 bao nhiéu difm thusc doan thing
AB ¢6 hoanh dd va tung d9 1a cdc sd nguyén?
Giai
2x-9 =x_3_X
3

a)Taco2x -3y =9 < y=

Déthﬁ"yysZc::»mg- eZ,déttz% e Z=>x=23t
Véy nhitng di€m ndm trén dudng thing (d) c6 toa 46 1a nhing s&
X =23t

nguyén duge dinh bai : telZ
y=2t-3

b) Goi s6 6ng dai 2m 1a x ; s§ 6ng dai 3m Ja y. Pidu kién X,y € N¥
Tact2x+3y =21 y=T7-x+ 33.‘.

yeZo % eZ,datt.—_% € Z=x=3t
. ¥ =3t .
Véy nghiém nguyén cba phuong tr‘mh:{ 7o viite Z
y=14-
x,y>0¢:30<t<g-=:>te{1;2;3}.

Véy c6 ba phuong 4n chon c4c loai dng.

¢) Phuong trinh dudng thlng AB 13 y = —g—x + %1— Cén tim s&

nghiém nguyén cda phuong trinh ma 2 < x < 17.

9. a) Cho hai duting thdng (d;)) i mx -y~ m =0va(dy) i x + my - 5 = 0.
Ching minh riing vé6i moei m hai dutng thing trén Judén ludn cit
nhau va giao diém cta ching nim trén mdt dudng tron cb dinh.

b} V& d6 thi clia ham s& sau day

y = flx) = Z(\/x+2«1x—1 +Jx—2Jx—1)2.

a3
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Giai
a) o N&u m = 0 thi (di) 6 hé s6 goc a) = m, (dg) cé hé 86 ap =~ —
m

Vi apap = -1 = d; 1 dg nghia la dy, d, cét nhau.
o Néu m = 0 thi hai dudng thing y

twong dng la y = 0 ; x = 5, hién I
nhién ching vudbng géc nhau, (dy) A
di qua diém c8 dinh A(1 ; 0) va (dg) A B

di qua diém c& dinh B(5 ; 0) véi moi /O/’l é\x

ni, (dﬂ A (dz) tfc}i I=1 n?im trén
duting tron cf dinh dutng kinh AB.

hiIXP:x=21 ¥
y = é(x-&»ix— 1h 1 ,__,_/

{1 véilsxx2

T ix-lvaix2?2

10. a) Hay xdc dinh m sao cho ba dubng thang sau day déng quy trén
mat phdng Oxy (m #~1 % 2y @) mx+y+2m+1=0
(dp) i (m+ Lx+mly +65=0
(dg):x+(m+2)y+m+4$0
b) Hay biéu dién trén mat phing toa d§ cac diém M(x ; y) thod mén :
\/xz -2x+1 + \/4y2 +4y+1 =6
Giai
a) Toa dd giao diém A ca hai dubing thing (dy), (dy) 12 nghidm cla hé.
{mx+y+2m+1=0 {ym—mx—(mxwl) {Xﬁmz
& o
(m? +2m - D(x +2) =0 y =-1

x+(m+y+m+4=0

Vay A(-2 ; -1).
(dy), (dg) ; (d) dong quy
@Ae(d2)¢::>(m-1)(m+3)m0<:>m--1haym=«~3.

b) X6t céic didm Mox ; y) thod ha thite : Vx2 ~2x+1 + J4y? +4y +1 =6

elx-1l+l2y+ 1] =6
6 bon kha ning xay ra :
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ox21,y2-—%:x+2y=6 ¥
-xal;ys—l:x—2y=8 5/2?;]3
2
1
-xal;ya-—ﬁz—x+2Yx4 _5/0\7 x
X N

X~ 2y = 6,

&

-
»
1A
[
«
A
|
PO
e
i
po! b
9]
//f
5
l
)
>

D6 chinh 1a b&n canh ciia hinh thoi ABCD.

11. Giai cdc hé phuong trinh sau : % e 1
Iy]=x-2 |+ 3y =7
R LI 1 b 2x+2ly ~1|=38
2747 x+2ly -1 =
X+y=+dz-1
g} {y+z=+dx-1 d) {X+Y+z+v'x‘f"yi’2»i~ =11
14}{:7 zsz
z+x=Jdy -1 y
Giai
x-lyl=2

a) Hé tuong dugng véi ; { Xéty=20;y <0, ta tim duge hé cé

x+y=4
nghiém duy nhat (x; y) = (3 ; 1).
b) Xét 4 trubmg hop :

(17
. -x+3y =17 x=z~>0
ex=0;y=<1:Hatrd thanh: o 4 {loai)
2x+2(1-y)=3 15 i
y=—->1
L 4
1
. ~X+8y =" x=§>0
»x<0;y>1:H8atrd thanh: =% (loai)
2x+2y~1)=3 iy
y_._...
8
[ 17
. x+38y="17 x“"é")O
*x>0;y<1:Haétrd thanh: 3 (loai)
2x+ 2y -1 =23 _ 13 '
y=>1
8
1
. x+3y="7 X=Z>0
s+x>0;y>1:Hé trd thanh : &>
2x+2y-1D=3 9
ym;-iv>1u
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¢) Nhan mbi phuong trinh cda hé vdi 2 rdi cong lai ta duge
(VA —1-1% + (JAy-1-1% + (J2z-1-1° =
A s . " 1 1 1
Hz c6 nghiém duy nhat (x;y;2) = (§ ; 5 ; —2—)
d)Patt= x+y+z+1 ;t20, phuong trinh (1) cda hé trd thanh :
P4t -12=0x{E~-3Nt+4)=0=t=3
Vayx+y+z=8

X
14 :7 26 — —
= z=:>3 6 v T3+6+7 2

12. a) Véi gia tri nao cta tham sé m, phuong trinh sau cd nghiém duy nhit ?
|2x —ml| + 1= |x + 31
b) Véi gia tri cta m thi phuong trinh :
lx + 1! = |x~ 1] = mx + 1 ¢6 nghigm duy nhat ?
Giai
a) Phuong trinh tuong duong : 12x —m| =lx+3]~1
D6 thi hams6 y =|2x — m| va dé thiy=lx+3/-1

m
. . N . 57 -4 [m = -8
Phuong trinh dd cho ¢6 nghiém duy nhat < =
m_ 9 m = —4.
2
b) V& hai dé thi hai ham s6 : y
y=lx+1i-lx-1l vay=mx+1 oo m]
Réi tim didu kién cia m dé hai dd
thi néi trén chi ¢6 mdt diém chung. /
Pudng thdng v = mx + 1 di yelresi=d 2
qua diém ¢6 dinh (0 ; 1) \ .
Phuong trinh d& cho c¢6 nghiém R [s) "
duy nhat khim <0 ;m> 1. fe B 1
13. a) Pinh m d€ hé phuong trinh sau ¢6 nghiém duy nhit (x ;)

(m-Lx-my=3m-1 . . . . .
thod min : x° + y° dat gi4 tri nhd nhét.
2x-y=m+5

x~my=1
b) Cho hé phuong trinh :
mx+y=3
Tim m dé hé cé nghiém x, y thod mén xy < 0.
Giai
y=25-m-5

a) Ha tuang duong :
& g {(m+1)x~~--~“(m+1)2
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o [x=m+1
V&i m = ~1 hé ¢é nghidm duy nhat
y=m-3
Xy =m+ 1P+ (m-8%=2m-17%+828
Vaygid tri phd nhat G2+ y) =8 m=1

_ 3m+1
- 2
b) Véi moi m, hé c6 nghidm duy nhat : 13“‘ m
—
y =
14 m2

xy<0m(1+3m)(3—m)<0@m<—% hay m > 3.

14, a) Tim cdc s6 nguyén duong khéc nhau x, y thod : x® + Ty = y° + 7x
b) Tim nghiém nguyén cia phuong trinh : x° ~ y° = 3xy + 1
X—y~—Z=-3
¢) Tim nghigém nguyén cha hé phuong trinh : .
X - y2 —gt =1
Giai
a) Phuong trinh tuong duong ¢ (x — y}x* + xy + y* - T) = 0
S XY+ Y - T=0Wix=y)
Ap dung bat ddng thite Ca-si cho ha s6 duong,
tachd 7=x"+y" +xy23xy = xy =1 hay xy = 2.
x=1 Xx=2 .
Suyraxy=2 ¢ hay (Thit lai)
y =2 y=1
b} Phuong trinh tuong duong vii :
x—y-DEE+ s laxy-y+x)=0

X-y=1 x-y=1
< =
x2+y2+1+xy~y+:&m0 (x+y)2+(x+1)2+(yw1)2ﬁ0.

X-y-2=-3 X=y+2-3
o
{(y-3%z-3}=5
Viy,zeZ=ye[-2;2;4;8). Vay hé cé bon nghiém 14 :
(x;y;2)=(-3;-2;2);(-3;2,;-2);(9;4;8);(9;8;4)

x? -y -2 =1

87



#¢i dudng hoc sinh idl Todn 9 - Nhidy Tic i3

Chuong IV.

HAM SO y = an’ (a = 0)

PHUONG TRINH BAC HAI MOT AN

g1, HAMI S y = @ (a = 0). D6 THI COA HAM S v = ax® (a = 0)

A/ KIEN THUC VA KY NANG CAN NHG

1. Ham s6 y = ax® (a = 0) x4c dinh v6i moi gid tri cda x thude R.

2. Tinh chét

Né&u a > 0 thi ham s6 nghich bién khi x < 0 va déng bién khix > 0.
Néu a < 0 thi ham s déng bién khi x < 0 va nghich bign khi x > 0.
3. Néua>0thiy>0vdimoix=0; y=0khix=0 Gi4 tri nhd nhat

cia hdamsé la y = 0.

Néua<Othiy<Oviimoix=0,;y=0khix=0 Gia tri 16n nhat

cia hamsé lay=0.

4. P8 thi ela ham s8 y = ax? (a = 0) 1a mot dubng cong di qua goc toa dd
va nhan truc Oy lam truc ddi xing. Budng cong dé duge goi 1a mot

parabol v6i dinh O.

Néu a > 0 thi 46 thi nadm
trén truc hoanh, O 1a diém
thap nhdt cta d6 thi (hinh a)
Néu a < 0 thi dd thi ndm

Y,

dusi truc hoanh, O la diem

B/ BAI TAP

0 BAl TAP CU BAN a>0
1. Cho ham s6 y = —x* Hinh a

a} V& dd thi (P) cGa ham s6.

b) Tim gid tri 16n nhét, gid tri nhé nhat cda ham s6 khi 2 < x < g

Giai
a) Va (P)
s Tap xde dinh : R
« Bing gid tri
x | -2 -1 0 1 2
y=-x* | -4 -1 0 -1 -4
o V& dé thi

o Nhan xét : P thi ham s8 y = -x*1a
dutrng parabol di qua ge toa d9,
nim phia true hoanh va nhén truc
tung lam truc 481 xdng.
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b) Ham sé y = fix) = —x* ¢6 dang y = ax® v6i a = -1 < 0 nén ham so
nghich bién khi x > 0.

Tac60<2$xsg.DodéfIZ)Zf(x)zf[g)@mziai'(x}a:zi
fX)=deox=92

AT b
flx) = e R = 5

Vay gid tri 16n nhét, gia tri nhd nhat cha ham s8 khi 2 < x < g lin

lugt 1a —4 ; 22
4

2. Cho hai ham s@ y = "?1}(2 Vi y = —X.

a) Ve dé thi cia hai ham s6 nay trén cung mét mat phing toa do.
b) Tim toa dé cdc giao di€ém cda hai dé thi.

Giai
a) V& dd thi ham sé y = :4—13(2
x | -4 -2 o 2 4
= Ly 4 1 0 1 4
== _ _ - -
Ve d6 thi hAm s6 y = —x
X ’ 0 1
y=-x | 0 -1 4

b) Goi Mix ; y) 1a toa dd giao
diém cha hai dé thi da cho.
Do d6 toa do didm M thod ;

ymsz EC
47 wi{ 4
y=-x y=-x
x2 —4x =0 {x(x-—zz)mo {x=0 {x=4
&> & = ;
y=-x =X y=0 {y=-4

Viy hai giao diém cédn tim 1a (0 ; 0) va (4 ; ~4).
8. Cho ham s6' y = ax®.
a) Xac dinh hé s6 a biét rang d6 thi cda né cit dubng thing y = 2x - 3
tai diém M ¢6 tung d6 bing —1.
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b) V& db thi cia ham s8 y = 2x — 3 va clia ham 5O y = ax® véi gid tr 5
cha a vita tim duge trong cdu a) trén cung mot méat phing toa do.
¢) Tim toa 40 céc giao di€m cha hal dd thi.
Giai :
a) Vi diém M thude db thi y = 2x — 3 nén toa db diém M thod perdng '
trinh nay, nghiala -1 =2x - 3nénx =1
Do 46 M(1 ; -1).
Vi diém M ciing thude c'io thiy = ax’ nén ~1 = a. 1*=a
Viva=-~1lnény= ax® tré thanh y = -x.
b) Hoc sinh tu v& do thi.
¢) Hai giao diém 1a (1 ;-1) va (-3 ;-9).

2
4. Tim cédc diém thudc parabol (P):y = 3;— sao cho cdce diém 46 cdch déu

hal truc toa dg.
Giai
Xét diém bat ki A(x; y).
Diém A céch déu hai truc toa do < |yl =lxl o y=+x
Do d6 diém A thudce dutng thidng :y = x hay y = X
Mat khdc A e (P) nén toa d3 cla A thod :
2 2

X X
B sasisnrs = el = =0 =2
¥ 5 o 2 X o {X(X 2) 0 P {X hay {X
y=x y = ¥ =X y =0 y=2
2
X
= ee— 50 :—2
Hay (Y5 < * hay %
y=0 y = 2.
y=-X

Vay c6 ba diém O ; 0) ; A2 ; 2) ; A(-2 ; 2) thude parabol cdch déu
hai truc toa dé.
5.Choham s6 (P):y = (m + 2] — 3)x%
a) Tim céc gi4 tri cda m dé ham s6 nghich bién khi x > 0.
b) Tim céc gid tri cia m 8 ham s6 ddng bién khi x> 0.
Giai
Ham s6 da cho c6 dang: y=ax’ véia=|m+2]-3.
a) Ham s6 nghich bign véix>0e a<0eIm+2[-3<0
eslme2l<3eo-83<m+2<3eo-5<m<l
bym > 1 ho#ic m < 5.

o 2 - —
6. a} Vé d6 thi cia ham s6 (P) 1 y = _.z— va duting thdng (d) : y = méf- -2

trén cing mat phing toa do.
b) Giai bt phuong trinh sau bing dd thi ¥ —-92x—8<0.
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Giai ¥,
. g) Xem hinh bén.
4 b)Tacéx2-~2x—8<0(1)

Phidn parabol n¥%m phia trén
dung thing (d) 12 cung AOB cia
(P). Chigu vudng géc cung nay 1én
Ox ta dugce tip nghiém cia bit
phuong trinh (1) 1a -2 < x < 4.
Kifmtra:x* - 2% -8<0 e x-1¥<9<ix-11<3
: o -3<x-1<3=~-2<x <4
. 7.2) Tim gi4 tri khéng am clia m d& d thi ham s6 (P): y = ({m - 2] - 2%* di
qua diém K(-3 ; 2).
b) Tim gi4 tri khong duong ctia m dé d6 thi ham s8 (P) : y = (m? ~ 2m)x*
di qua diém H(Z ; 12)

Giai
38
20 |®T 9
AKeP) 2=(m-2/-2(-8°<lm-2 =5 ©
m=-—
9
.. 38 . . A .
Véim 20, tachonm = ?ié gid tri can tim.
BHe(P)e 12=(m’-2m)2* o m?-2m~-38=0
m= -1
<:>(m+1)(m-3)~—~0¢:>[
m=3
Véim <0, ta chon m = —1 13 gi4 tri cin tim.
8. Cho ham 58 y = —3x% Hay tinh : 13- 2v2); 8 + 2v2) ; f 8-2/2 .
3+ 22

Giai
fi3~2v2) =~3(3 — 2+/2)% = —8(17 - 12/2).
(8 + 242) = -8(3 + 242 ) = ~3(17 + 1242).

a 2
f[3m2\/§) _ .3 (8~2\/§] -3 [@:_2\_@2_} =-3(3 ~ 2v2)",

3+2J2 3+2J2 1

| M BAI TAP NANG CAO

x2

| 9. 2) V& d6 thi cia ham s6 y = T
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b) Goi M 1a mot diém tuy § ndm trén parabol (P). Goi K la trung

didm OM. Khi diém M di chuy8n trén (P) thi K chuyén dfng trén
dung nao ?
Giai
- x5
b) Goi toa dé cia difm Mixe ; yo), M € (P) nén : yo = —;f«“
Goi toa do cha didm K 1a (x ; y) ta cdn biéu thi y theo x
K 12 trung diém OM nén

=X
=5 {x0=2x
==
Yo
2

= 2y.
y= Yo = &Y
1 o9 X2
S a; 2y = (2 =
uyra:2y= (2% =y=7
. 2
Pidm K di chuyén trén @) 1y = -
2
10. Cho parabol y = %«w diém A[D ; %J va duyng thing (d) cé phuong

trinh y = “;« Goi M 13 diém bit ky thudc parabol
Ching minh rang MA bing khodng cich MH tir diém M dén duting
thing (d).
Giai
TaiuéncéMH=y+%
K& MI L Oy, ta cé : MI = x| ;M:ly—-;—'i

= MA? = MI? + AT

2
2 1
=X+ g
[y 2]

2. .2 1
= X" + e Yy —
Y Y 2

2
Doyz%—:x2=2y..

2 g 1 1Y
MA" = 2 - Lo -
Yy -y+ g (y»&»z]
maMAmywr}z—(doyzO)uVayMAxMH. .
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11. a) Cho ham s6 (P} : y = ax®. X4c dinh a biét ring M(2 ; ~2) thude dd
thi (P). Ching t6 ring parabol dé di qua diém N(—4 ; ~8) va khéng
di qua diém E(6 ; -10).
p) Tim nhiing diém trén parabol cdch déu hai truc toa d5.
¢) Tim toa d6 diém A, B 13 giao diém cha parabol véi duting thing

3 e
d:y=%x~ 3 Tinh Sups.

d) Giai bat phuong trinh : x* + 2x ~ 3 < 0 bing dé thi.
Giai
2 Y

X
a) (P}-Yw—“é"“»

.0

x2
b) XétM[xg ; —~§w~ e (P)

M céch déu hai truc toa 4o nén

Ixl= @ % llx(-2) =

= x5 = 0 hay xp = +2
Céc diém cdn tim : O(0 ; 0) ; M(2 ; -2) ; M(-2 ; -2).

c)A(-s;--EJ a:s(l ““J Soas = 8 (dvdt).

Y
d)-8<x=<1.
12. V& db thi cdc ham s6 sau : 4 doer,
: a)y=xlx]| b)yx—éxﬁxi. §
L/
Giai 1L/ i
2

2

x? véi x20
ay=lxlx=
-x* véi x < 0.

——%x‘q‘ vai x =0
b)yum-—xlx!....

-é-xz vii x < 0.
0 BAI THI CHON HOC s:NH GIO1 TOAN

13. Cho ham s8 : y = ax® + bx + ¢ (a0)cé dd thi (P).

Xde dinh a, b, ¢ bit riing ham s8 dat gi4 tri cue tri bng 1 va di qua
hai diém A(2 ; 0) va B(-2 ; -8).

(Dé thi chon hoc sinh gidi Todn 9, huyén Thi Pue, TP. Hé Chi
Minh, ndm hoc 1997 — 1998)

= |xlx
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Giai

2 _ iz b? - 4ac
y=ax"+bx+c=ajjx+ o
2a 4a

[ b)z b® - dac
=a| X — | =
2a 4a

b? - 4ac
da
b% - 4ac
4a
b? - 4a
43
Ta cé a, b, ¢ 12 nghiém cda hé phuong trinh :
4a+2b+c=0 (do qua A(2;0) {az_l;b=2;c=0

2
Né’ua>{)::>a(x+§b—) 0= yz-
a

b 2
a<0:>a(x+——-] S0=>y<—
2a

Ham sd dat gia tri cyc tri biing T = — =1

4a-2b+c=-8 (doqua B(-2;-8)) « 1
2 a=—-w;b=2;c=-~3
4ac —- b* = 4a 4
Vay ¢6 hai ham sé thod méan yéu cdu bai todn :

y=—x2+2xvéy=——i—x2+2x—~3"

§2. PHUONG TRINH BAC HAI MOT AN. CGNG THUC NGHIEM CUA PHUTNG
TRINH BAC HAL CONG THIC NGHIEM THU GON

A/ KIEN THUC VA K¥ NANG CAN NHG

1. Dinh nghia :
Phuong trinh bac hai mdt 4n (néi gon la phuong trinh bic hai) i
phuong trinh cé dang ax’ + bx +c=0trongdé xla dn ;a, b, cld
nhilng s6 cho trudc goi 12 cdc hé s6 vi a = 0.

2. Giai phuong trinh bae hai khuyét :
+ Véi e = 0 : phugng trinh cé dang :

ax2+bx=0¢:>x(ax+b)20<:>x=0hay}cﬂ-£ {a = 0).
a

+ V&i b = 0 : phuong trinh c6 dang:ax2+c:m0@x2=—£- (1)
a

Didu kién d€ phuong trinh ¢é nghigm :

c=10 _
I c_o . ot
“l 20 | ¢ = (a, c trai ddu)
a m;>0 ac <0

Vi didu kidn trén, (1) < x = i,}—iu
' a8
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5, Giai phuong trinh b«'sc hai dang diy da bing céng thie ng}uem
péi voi phuong trinh ax’ + bx + ¢ =0 (a=0)va biét 56 A = b* ~ 4ac.
_ Né&u A > 0: phudng trinh ¢6 hai nghiém phan bigt :

-b+A - -b- /A
2a

X] = g =
2a '

— Néu A = 0: phuong trinh ¢6 nghidm kép : x; = x, = :21!3
a
- Néu A < 0 : phuong trinh va nghiém.
Chi: ¥ : N&u ac < 0 (a, ¢ trai ddu), phuong trinh bic hai ¢6 hai nghiédm
phén biét.

f{ivaiphddngtrinhax2+bx+c=0(a¢0)véb~—-2b';A’zb'z—ac
4.P

+ Néu 4’ > 0 thi phuong trinh ¢6 hai nghiém phan biét
-b' +Ja' -b' - A
Xy = y Xo =
a a

+ Néu A’ = 0 thi phuong trinh ¢6 nghiém képx; =g = — |

a2
+ Néu A" < 0 thi phuong trinh vé nghigm.
mBM?APCUBAN
- 14. Giai céc phuong trinh sau :
oA x-1%=2x+1 DY (2x + 8 = (~x+ 1)Nx + 9)
e) (2x + 8)% + (3x — 2)% = 26 d) (x + 2)% = (2x — 2)(x + 3)
e)x”»l,Qx—-B,.’B:O ﬂJ§x2+(2+ J§)x+i4§-+1m0
BG-3v2)+ (V2 - x4+ 22 ~3=0
ME- VB +x+(JB-1=0
i)x2~\/§x:~~;~ k)(J5~1)x2-2J5x:—J§~1

Giai

a)(x-—1)222x+1©x2—2x+1::2x+1<.:>x:0hoécx=4n
Vay S = {0 ; 4}.

b)(2x+3)w(x+1)(x+9)¢¢4x + 12X+ 9=-x>-8x+ 9
o 5x? +20xm0¢¢5x(x+4) O<>x=0hayx=-4,
Viy S = {0 ; —4).

c)(2x+3)2+(3x 2 =26 dx® + 12x + 9 + 9x2 - 12x + 4 = 26
¢:>13x—-13©x-1<'::x=+1

Vay 8 = -1; 1}
d)(x+2)2-(2x—2)(x+3)<::x +4x+4 =22+ d4x - 6
c::sx_.10¢:'>x-+\/_~

Vay S = -J/10; V10 ).
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e)x>-19x-33=0¢ 10x%* — 19% — 33 = 0.
C6 A = b? — dac = (~19)° — 4.10.(-38) = 1681 = Ja =41

-11
Vay 8 = {3; ~—.
o o)

V3t + @+ Jﬁ)x*»\—{ga-lmo

a3+ 42+ VBix+ B +4=0

Co A =b?_ac=42+ V8P - (4VENSB +4)
= AT +443) - 12— 1643 =16

= JA =4 . ViyS= {;1_,:&}/_5,;_31}

2 6

g)(5—3ﬁ)x2+(ﬁw2)x+zﬁ~3n0

Phuong trinh ¢ dang:a+b+c=0
. 2J2-3 2-3
- Phuong trinh ¢6 nghiém x, = 1vaxe= L. = .
g ghie 1 b a 5_3\5 7
Vay S = {1 : ‘ﬁ,?" 3} .

WE- Bl +x+(B-1=0
Phuong trinh cd dang:a—-b+c=0

-C —(‘Jgﬂl) =3+ \/_f;

—» Phuong trinh ¢6 nghiém x =]l VA Xg = e = e
g ghe i 2z a 2»—J§

VayS=(-1;3+ J5).
i) x° - \[ﬁx-——-_—;i ¢:>2x2—2\[§x+120

A' = 0 nén phuong trinh ¢6 nghigm kép x; = Xg = n‘-g?—‘vays:, {-—\[éﬁ—}
k) (B - 1x* — 2Bx =—5 1o (B 1t —26x+ B +1=0
C6 & = b? - dac = (2B Y - 4B -~ 16 +1)=20~-16=4

= J& =2 Vay S = {3““2‘15 : 1}”
nx):(m2m4)x2+2(m+2)x+1-—-0

15. Cho phuong trinh (&
a) Tim m dé phuong trinh c6 nghiém.
b) Tim m dé phugng trinh cé nghid¢m duy nhét.
Giai
a) o Khi m = +2, thif trye tigp ta thiy phuong trinh chi ¢6 nghidm khi m = 2.
eKhim?—4#0<m’=4eomez2 )
A= 4m % 8.
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pé phuong trinh cé nghiém < A'20 o 4m+ 82 0 e mz-2 (%)
T (M) va (P suyra-2<m# 2
Vay phuong trinh c6 nghiém < m > -2.

b) Phuong trinh ¢6 nghiém duy nhét trong hai truting hop :

m?-4=0
« Trudng hop 1 e m o= 2.
Hm+2)=0
2
-4%0
o Trutng hop 2 : ™ * <m e &
dm +8=10

Vay véi m = 2 thi phuong trinh ¢6 nghiém duy nhat.
16. Rut gon c4c biéu thie sau :
_ 2x® - 17x% - B5x B = 2x2—3xy~2y2-8x+y+6
T ooxt +11x8 5 15x%% n2x2+3xy+y2—4x—8y+2
Giai
ox% - 17x? - 55x _ x(2x% ~ 17x - 55)
a)A= 3 T T TBo.2
2x* +11x"° + 16x ®°(2%° + 11x + 15}
_ o x(x+5Mx~-11)  x-11
T x2(2x + 5)x+8) x(x+3)
b)Xét 2x°—3xy - 2y* - 8x+y+6=0
@2 - By +B)x— 2% +y +6=0(1)
Xem (1) 14 phuong trinh béc hai &n x
A= (8y + 87— 8(-2y% + y + 6) = (By +4)°

Phuong trinh (1) ¢ hai nghiém x; = 2-y P Xe = 2y + 3.

Do d6 2x2—3xy——2y2-8x+y+6=2(x—2;y)(x~w2yw3)

=(2x +y— 2}x~ 2y - 8)
Li luén tuong tu :
%% + 8xy +yP —4x~ 3y + 2=(2x +y— 2Mx +y - 1).
VayB= 2X+y-2x-2y-3 _x-2y-8
Cx+y-2Xx+y-1) xry-1
17. Gidi va bién luan phuong trinh (dn x): (m - 8)x°* - 2mx + m - 6 =0
Giai

Xét m = 3 : Phuong trinh ¢ dang -6x~3=0¢>x= ;—1
m»3:4 =9m— 18,

A = 0 e m = 2 : Phuong trinh cé nghidm kép x; = %3 = 2,

A <0 ¢ m < 2 : Phuong trinh vd nghiém.
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A'> 0 < m > 2 : Phuong trinh ¢6 hai nghiém phén biét 1a

m+3Ivm -2 A m-3Jm-2
m-3 e m-3 ”

18. a) Cho phuong trinh (4n x) : ax® + bx + ¢ = 0. Biét rAng a = 0 v&
Ba + 4b + 6¢ = 0. Ching minh ring phuong trinh da cho c¢6 hai
nghiém phén biét

b) Chitng minh ring véi moi a, b, ¢ thod man didukidgn:a+b+c=0thl
phuong trinh : a(x — b)x — ¢} + blx — c)x - a) + cx—-alx—-by=0
cé nghiém.

X1 =

Giai
a) Vi a = 0, nén phuong trinh dé cho 1a phuong trinh bic hai
Ta c6 Sa+4b+6c=0mb=—5a::6c.,

9 g 2
Do dé A = b? — dac = (MSazsc] _ dac = 253 +6;):c+36c

— 4ac

_ 21a% +86¢° + 2a-¢)®
- 16
Vay phuong trinh da cho ¢6 hai nghiém phan biét.
b) Bign d6i phuong trinh da cho vé dang :
{(a + b + c)x? — 2(ab + be + ca)x + 3abe = 0 (1)
Doa + b + ¢ = 0 nén (1) 12 phuong trinh béc hai ¢6 :
A" = (ab + be + ca)® — 3abela + b + ¢}

0

= }é—[(ab ~be) + (be — ca)? + (ca— ab)’1 2 0.

Vay phugng trinh da cho cé nghiém.

19. Cho ham 56 y = ¥ — (2m + 3)x + m® + 3m + 2 c6 dd thi (P). Ching minh
rang d6 thi (P) ludn ¢t truc hoanh tai hai diém phan bigt. Dinh gia tri cla
m a8 (P) cit truc hodnh tai hai difm A, B thod man : -8 <xa <xp < 6.

Giai

D3 thi (D) ludbn cdt truc hoanh tai hai diém phan biét khi phuong
trinh : X% ~ (2m + 8)x + m? + 3m + 2 = 0 (4n x) c6 nghiém v&i moi m.
Ta ¢ A = [-(2m + 3)*] - 4.(® + 3m + 2)

= dm? + 12m + 9 — 4n® - 12m -~ 8

=1 = (dpem)
Do d6 phuong trinh da cho c6é nghigm x; =m + 1; Xz =m + 2.
Vizga<xpnénxa=m+1l;xp=m+2

v m+1>-3 m > —4
Theo gid thiét ta cod o < -4 <m < 4.

m+2<8 m<4

Vay —4 < m < 4 1a gi4 tri cda m ¢dn tim. -
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[0 BAI TAP NANG CAO
g0, a) Phan tich cdc da thifc sau thénh nthén td :
A=2% —(a+ 2 - ax + a’
Bex*~(y"+ % +y
C=x'—10x" -2 - 11)x> + 2(5a + 6)x + 2a + a°
b) Tim nghiém nguyén duong cla phuong trinh
x2 + 2y% + 3xy + 8x + 5y = 14
Giai
a) A =a’— (%% + Wa + 2x° — 2
Xem A la tam thuc bac hai 4nla a, tacé :
b=+ %7 - 425" - 28 = (x* - 3% 20
= a=x"-xhaya=2x
Vay A= (x*—x-a)}2x-a)
Tuong tu: B = (yx - 1 + xHx? — )
C=(®-6x—a)x’*—4x~a~2)
b) Viét lai phuong trinh dudi dang
x -+ 3(y + 1)x + 2y° + 5y + m = 14 + m (1), trong d6 m s& x4c dinh sau
Xem vé trai cua (1) 12 tam thive béc hai cda %, ta cé
A=y®~ 2y +9-4m.
{1) ¢6 nghiém nguyén thi A 13 mdt binh phuong dung tachonm =2
Khidy:A=(y— 1®vacé hai nghitmx =~y - 2hay x = -2y ~ 1
(e x+y+2Mx+2y+ 1) = 16 (2).
Dox,y>0=x+y+z24{x,yecZ) Tumgid:x+2y+1z4.
{x +y+2=4
Suy ra ox=y=1,
¥x+2y+1=4
21. Giai va bién ludn phuung trinh :
2(2m ~ 1)x% + (2m% - Tm + 4)x + m* - 4m = 0

Giai
1 . - 4-m
sm = 5 : phuong trinh ¢6 nghiém x = "
em# L : phuong trinh c6 nghiém x = 4-m hay x = —ae .
2 1-2m
22, Tim gi4 tri I6n nh4t va gid tri nhd nh4t cta cdce biéu thue :
2 —
a) A - .&WEM
x“ +1
4 2
BB = X T *3 (11 hng s6 va m « 6)
X'+ 2x% +1

89



fdi dudng hoc sinh gidi Todn 9 - Nhidu Tac gid

Giai
a) Gi4 tri nhd nhét cha A la -1 (tai x = 2) vh gid tri ldn nhét cha A la
. 1
9taix=—=—).
(tai x 2)
m+6

b) Gi4 tri nhd nhit cia B la (tai x = +1) ; gid tri 1on nhat cha

B la 8 (taix = 0L
93, a) Cho a, b, ¢ 14 80 dai 3 canh cia mdt tam gide Ching minh ring
phuong trinh (&n x) sau : alx? + (a? + b — ¢?)x + b® = 0 v6 nghiém.
b) Chitng minh ring vdi a, b khong déng thai bang 0, phuong trinh
a2 bl
—
* x-1

= 1 ludn c6 nghiém.

Giai
a) Do a 1 do dai canh tam gidc = a? # 0 : phuong trinh da cho la
phugng trinh bic hai.
A =(a®+b® AP - 4a’h? = (2" + b? + 2ab — A + b? - 2ab - ¢%)
=(a+b sca+b-cla—-b+ea-b-0)<0
= phuong trinh vé nghiém.
p) Bidukin :x=0;x=1
Phuong trinh trd thanh : o (L+a +Dbx+ a’ = 0(1)
A=(l+a?+bD—da?=la+ 1)+ b= 1°+bT20
Gia st x = 0 12 nghiém cda (1) thi a?=0=>a=0;x=1langhiém
cha(Wthil-(l+a2+b)+al=0=>b"=0=b=0.
Do a® + b? # 0 nén (1) ¢ nghiém khéc 0 hay khée 1 = (dpem).
24. a) Cho céc s6 a, b, ¢ thod mén didu kién a > 0, b > a + c. Ching minh
ring phuong trinh : ax? + bx + ¢ = 0 ¢6 hai nghiém phén biét.
b) N&u phuong trinh : %% + ax + b = 0 ¢6 c4c nghiém hitu ti (a, b & Z}
thi cdc nghiém dé 12 nhiing s0 nguyén.
¢} Chitng minh rng véi moi 50 nguyén n, ta cé n? + Bn + 16 khong
chia hét cho 169,
Giai
a)Dob>a+c:::>—c>a—b:>—4ac>4a2—4ab(v‘:a>0)
A =b?— 4ac > 4a® — 4ab + b? = (2a = b}’ 2 0.
~a +va® -4b
5 .
Péx),eQthisa= K% Li luin : a, k cing tinh chdn 1é = x; 0 € A
¢) Gia sit tdn tai 58 nguyén n sao cho n” + 5n + 16 = 169k = phuong trinh:
x% + 15x + 16 — 169k = 0 c6 nghiém nguyén
—~A=18(52k - 3)=m®= (52k -~ 3) : 13 =31 13 (v 1i)

b)A=a’-4b20=>x 2=
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95. a) Cho a, b, ¢ 1 cde s0 khéng am thoa mén ditukién:a+2b+8c= 1
Chimg minh ring it nhdt mdt trong hai phuong trinh sau c6 nghigm :
4x% ~ 4(%2a + 1)x + 4a° + 192abe + 1 =0 (1)
4x® — 4(2b + 1)x + 4b® + 96abc + 1 = 0 (2)

b} Cho &8, b, ¢ 1& cdc 58 khidc 0 va thod mén diéu kién :
ac + be + 3ab £ 0. Ching minh ring phuong trinh sau ludn ¢6 nghigm :

(ax? + bx + c}bx® + cx + a)fex” + ax + b) = 0
Giai
a) Xét A"y = 16a(l — 48be) ; A’y = 16b{(1 — 24ac)
Lai ¢6 : (1 — 48be) + (1 — 24ac) = 2[1 - 12c¢(a + 2b}] = 2(6c - 1720
{(doa+2b+3c=1=a+2b=1-3c)
b) Piéu phai chiing minh tuong duong véi it nhit mot trong ba phuong
trinh sau ¢6 nghidm :ax® + bx + c=0 (1) ; bx®* + cx + a = 0 (2);
cx® + ax + b = 0 (3).
Do ac + be + 3ab €0 = ac £ 0 hay be <0 hay ab < 0.
(0 BAI THI CHON HOC SINH GI0! TOAN
26. a) Cho hai phuong trinh :ax* + bx +¢=0(1);a=0
mxl+nx+p=0(2);m=0
Ching minh ring it nhit mot trong hai phuong trinh trén vé
nghiém thi phuong trinh sau ludn ludn ¢é nghigm :
(an — bm)x* + 2(ap - me)x + bp — nc = 0 (3)
(Dé thi tuyén sink vio lop 10 chuyén Todn, truong THPT chuyén
Lé Hong Phong, TP. Hé Chi Minh, ndm hoc 2003 — 2004)

b) Cho phuong trinh ax® + bx + ¢ = 0 c6 cdc hé s a, b, ¢ 1a cdc 6
nguyén 1é. Chuing minh réng phugng trinh néu c¢é nghidm thi cdc
nghiém &y khong thé 13 s6 hitu ti.

(B¢ thi chon hoc sinh gidi Tedn lop 9, Qudn Tén Binh, (Vong 2),
Tp. H8 Chi Minh, nam hec 2010 - 2011)
Giai
a) Gia s (1) vé nghiém : b® - 4ac < 0.
PitAsan-bm;B=zap-me,C=zbp—~cn=cA-bB+aC=0()
(3) tr& thanh : Ax® + Bx + C = 0 (4)

Bign ludn :

1) N&u A = 0 theo {(*) ta duge : C =

by
a

Phuong trinh {4) tr& thanh : 2Bx + C = 0 ¢ 2Bx + ~b~B = {.
a

oB =0:x-tluy ¥ = (8) ¢6 nghidm.
oB:¢0:(4)¢¢xz-2£ = (3) ¢ nghigm.
a
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H)NeuA=0:A =B~ AC
o AC £ 0 = A" 2 0 = (3} cé nghigm.
a AC > 0 : do b? — dac < 0 = b? < 4ac = b*AC < 4acAC.
Tit (*) cho bB = cA + aC = b?B? = (cA + aC)® 2 4acAC > b*AC
— {b2 >4Q o .
Suy ra;b(B°~ AC)> 0 = ,nghiala A' > 0 = (3) ¢
B2-AC>0

nghiém.
Trudng hop (2) vé nghiém, ching minh tuong tu.
b) Bai todn phu : Chifng minh ring s§ chinh phuong 1é chia cho 8 du 1.
Giai
Xét s6 chinh phuong e m? (m e Z)m1asdlé, dit m=2n + 1 (neZ)
Tacét m?=(2n + 12 =4n® +4n + 1 = 4n{n + 1) + 1 chia cho 8 du 1.
Ching minh duge A = b® ~ 4ac (a, b, ¢ 18) chia cho 8 du 5.
27. a) Trong mat phing toa dd Osy cho dubng thing () : 2x ~y ~a’ =0
va parabol : y = ax® (a 12 tham s8 duong). Dinh a d& (d) va (P) cét
nhau tai hai di€m phan biét A v B. Ching t6 réing khi dé A va B
nim bén phai truc tung.
b) Goi x4 va xp l4n lugt 12 hoanh dé cta A va B, tim gid tri nhé nhat
4 + 1
xp +Xp Xa Xp
(Pé thi vao lop 10 chuyén Todn Amsterdam — Chu Vidn An,
Tp. Ha Néi, ndm hoc 1998 - 1999)
Giai
a) Phuong trinh ax® — 2x + a® = 0 ¢6 hai nghiém phan biét.
@A >00<axl
Li ludn hai nghidm x; va x, duong

"b) Gi4 tri nhd nhat cia T la 242 [tai X = g}

cha bidu thite : T' =

§3. HE THUC VI-ET VA GG DUNG

A/ KIEN THUC VA KY NANG CAN NHG
1. N&u x; ; %2 12 hai nghiém cda phuong trinh ax> + bx + ¢ =0 (a= Q) th

X1+X2ﬁ""a—

. ¢
X1¥y "2

2, Mudn tim hai 86 u va v bi€t u + v = § ; uv = P, ta giadi phuong trinh
-85 +P=0
(Didukién déc6uvavia S2 - 4P >20)

102




Cong ty TNHE MTV DVVH Khang Vigt

8. Néua +b + ¢ = 0 thi phuong trinh ax® + bx + ¢ = 0 (a # 0) ¢6 hai nghiém
=1 K= <
a
Néua -~ b + ¢ = 0 thi phuong trinh :
ax2+bx+c=0(a¢0)c6hainghiémx1=—1;xz=———ﬁ
B/ BAI TAP
[ BAI TAP CO BAN
28. Tinh nh&m nghiém cfia phuong trinh :
a) 15%° —4x—11=0 b)gxwmx-m-=0
(V3 + V2 -2Bx+ V3 - V2 =0
) @2V2 -8 +(2V2 +3x+6=0
Giai
a) Phuong trinh cé dang:a+b+c=15-4 - 11 = 0.

Do 46 phugng trinh ¢6 hai nghiém x; =1 ;% = L. IH
a

15

-11

vay s 222}
Y { 15

h})S = { g—;—} c)Sm{1;5—2‘fé}" d)Sz{m1;5{3+2\[§)}‘_

29. Dung hé thudc Vi-ét dé nhdm nghiém cfia phuong trinh :

a)x*—~2x —- 48 = 0 )x2- B+ VBx+3J5 =0

b)x®*+11x+30=0 A+ (V3 + S6x+342 =0
Giai

a)x; = -6 ; X = 8. b) x; = -5 ; xp= ~6.

)Xy =3 :% = 5. dx; =3, %= 6.

30. Khéng giai phuong trinh o Tx + 12 = 0, goi x3, %3 12 hai nghiém
(néu cé) cia phugng trinh da cho. Hay tinh :

2 2
a) Xy~ + Xg b) le}tg
2 2 e -5 xz ~5
e) X" — X" (vl x; = %) d)
Xz Xy
e) x;° — x2° (v Xy < Xp) it + xt
Giai

Phuong trinh ¢6 A = b® —~ 4ac = 7 - 4.12 = 1 > 0 nén c6 hai nghiém
phén biét x;, Xs.
Tacd:x; + X =7 vA 3% = 12.

a) xi® 4 2% = (%) + %) — 2xpxp = (-7 - 2.12=26 -
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.. . s o_m_ 4 -1 . = i1
HYNeuA=04 L= (=7 —412=1 Do dé x; - % 1
@ ‘a nhén x; — %2 =1

v %) = L(=T) = =7.
Tt (%) ' -bxg _ (1'(&a + xg) —5(%; + Xg)
% X1Xg

Suy ;\O 2

n _n ta nhin x; -~ xa = -1

' %o)(x,2 + XiXg + %o0) = ~1[25 + (-T)] = ~18.

b/ L - 2Axgxe) = 257~ 2,127 = 337
¢rong mbi trudng hop sau :
s, Xy = 286 b)x-y=-10;xy =759
=61 ; xy = —30.

Giai

Tachx+y=-35;xy=286nénzxyla nghiém cda phuong trinh
x* + 36x + 286 = 0.
A =b? - dac = 352 — 4.286 = 81 nén VA = 9.

x =-13 x = -22 o
Vay hay 1a hal s8 can tim.
y = -22 y = -13
b)Tacox—y =%+ (—y} =10
xy = 759 <« x{~} = ~759
Do d6 x ; —y 12 nghiém cda phuong trinh x +10x - 759 =0
A = b2 — ac = (~5) — (-759) = 784 nén JA' =28

x =33 *x =-33 X =23 ¥ = 33 .
Vay hodc = hay 14 hai sé
-y =-23 -y = 23 v =33 y = ~23

cdn tim.
¢)Pat S=x+y; P = xy (diéu kién S? > 4P)
¥ +y?=82-2P=61 (1)
xy =P =-30 (2)
Tir (1) va (2)e6d 82 =1 e 8 = #1

. x+y=1 x=6 x=-5
NeuS=1;P=-30ch > hay
xy = —30

g

. x+y=-1 x=-6 X =5
NéuS=-1:P=-30cé hay
xy = —30 y=5

x=6 x=-5 x = -6 x=5
Vay hay hay hay 14 cde gid tri
y=-5 y=6 y=5 y

cin tim.
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32 Gia sU X1, Xz 1a hai nghiém cia phuong trinh - 8x-5=0.

Hay lap mét phuong trinh bac hai biét hai nghiém cda phuong trinh

Xg - 2 , Xo — 2
déla ——— T
Giai

A =b? —dac = (-3 — 4-5) = 29 > 0.
Do dé phuong trinh da cho cé hai nghidm phén biét x; ; x..
Ap dung dinh 1 Vi~ ét, ta c6 x; + %9 = 3 vd xyxp = -5
x -2 + Xz -2 - xf - 2% +x§ — 2%y - x% +x§—2(x1 + Xg)

Ta cé

Xz *1 X Xg X1z
_(xy + 30 = 2x;%g - 2xy +Xp)  9+10-6 -13
Xy —-2”x2 -2 _ X3Xp - 2x%) - 2% +4 _ Xi%p ~2(x; +x5)+ 4
Xn }{1 XIXZ XIXQ
~S5~B+4 z
-5 5
Vay X~ 2 va xzx 12 hai nghiém clia phuong trinh
Xg 1
X2 + 153x-+. % =0 5X%+ 183X+ 7 =0

33, Cho phuong trinh (m + 2)x* - (M + 4)x + 2 — m = 0.
a) Tim hé thie lién hé giita cde nghiém khéng phu thude m.
b) Tinh nghigm kép cia phueng trinh da cho.

Giai
. m+2=20
a) Phuong trinh da cho cé nghiém xq, x5 ¢»
Az0
m % -2 m# ~2
= <
(m+4)% +4(m+2Xm-2)20 m? +8m +16 +4m? - 162 0
m = -2 m # 2
= < -8
{5m2+8m20 ms?haym?zﬂ.
S—x1+x2_m+4m 2
Ap dung dinh 1i Vi-ét, ta c6 : m +2 m +2
2-m 4
P=xxy = =-1+
2+m m+2

Suyra28~P=3 20%; + %) ~ %1%~ 3= 0.
bay 12 hé thic lién hé gita cdc nghiém khéng phu thude m.
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b)AmD@mﬁohaymz:f-y

Khi m = 0 thi phuong trinh ¢é nghigém képx = 1.
Khim = 25§ thi phuong trinh ¢6 nghiém kép x = 3

1 BAlI TAP NANG CAC
34. a) Cho phuung trinh %% . Bx — 1 = 0. Goi x;, X2 14 cdc nghiém cia
phuong trinh trén. Tinh :
A= (% — 4%;— 1}z ~ 4%, — D) va B = (x,° — 5" + 2N(xs" — Bxg” + 2)
b) Cho phuang trinh : mx + (m* - Dx+5=0(1)
Pinh m dé phuong trinh (1) c6 hai nghiém x;, X2 thod mén :
X + X' =0
¢) Pinh m dé phuong trinh : 5x? + mx — 28 = 0 c¢é hai nghigém x,, x
thod man hé thuc : 5xy + 2% = 1
Giai
a) Phueng trinh : w2 — 5% — 1 =0c¢bac=~1< 0= phuong trinh of
nghiém phén biét x,, xz. Ap dung hé thace Vi-ét, ta ¢ :
X1 +X225;X1\X2=—1
Do x;, %2 1& nghigm phuong trinh nén : x;° - 4%, ~ 1 =%,
va x22 bl 4}\’.2 -1 = Xéw
Suyra A = x;. %2 = 1. Tuong ty B = 13
b} m = -1 la gid tri cdn tim
¢) Do ac = 5.(-28) < 0 => phuong trinh c6 hai nghiém phan biédt x;, %

He thic Vi-ét : x1 + X2 = «—% (1) ;xpte = -25§ (2.
K&t hop v6i didu kién ddu bai @ 5x, + 2x, = 1 (3),

Tir (1) va (3) cho 1 % = 211;;5 P Xp T _m;—l thay vao (2) va bién

déitaduqc:2m2+7m——247-—-0<::>m=—13haym=—1—2?-,

35. a) Cho phuong trinh : (m?+m+ 1)x* - (m* + 2m + 2x - 1 =0 (X
Goi x;, Xz 12 nghiém clia phuang trinh trén, tim gid tri lén nhit
va gi4 tri nhd nhat cda : 8 = x; + Xa.

b) Cho phugng trinh : m? +m+ 1 —(m* +8m +3x—-1=0 Goi
Xy, %z 12 hai nghiém cda phuong trinh trén. Tim gid tri lén nhat
v pia tri nhé nhat cha tong : S = X1 + Xz

Giai
1

2
a) Do ac = ~(m* + m + 1) :—-[m+—2—) - —3: < 0 => phuong trinh c6 ha

nghiém phéan biét. Hé thde Vi-ét :
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m? +2m + 2 2 (m + 2)% 2
S=x1+x2=—2—mmm—_-—+—mm2——wa—,.
m*+m«+1 3 3m*+m+1) 3
2 .
Laicé:S:Z———z—mwmmsz
m°+m-+1

Vay gid tri nhd nhat cia S 12 -gu (tai m = —2). Gi4 tri 16n nh4t cha
5122 (taim = 0).

b} Tuong tu ta tinh duge gi4 tri nhd nhitcia S 1a — 2y39
(tai m = WM

)
3+ 2439
Gid tri I6n nhat cia S 18 2999 (i m = ‘/_ v89 -12,
3 - 2439

36. Cho phuong trinh : x* - 5mx dm =0, co ha: nghiém phén biat x;, x,.
a) Chung minh ring : x,* + 5mx, — 4m > 0.

b} Pinh gi4 tri cia m dé biéu thie

2 2
— o Xp 2 OM% P12 g cis trf nhd nhét,
X1 +8&mx, +12m m
Giai

a} Phuong trinh ¢6 hai nghiém phan biét <> m > 0 hay m < ~ 16

5
Heé thuc Vi-ét : x; + xg = 5m ; x;%p = —4m.
%% Smxy — 4m = (Bmx; + 4m) + 5mx, - 4m

= Smix; + Xp) = 25m® > 0 (m = 0.
b) Tif trén suy ra : x;° + 5mx; + 12m = 25m? + 16m
2 2
Vay S = m 25m* +16m

5 + 5 z 2 (BT Co-si).
25m* + 16m m

Dau déng thic xdy ra @ m = —g" Vaymin S = 2 (taim = —g)ﬁ
87. a) V4i gia tri ndo cha m thi hai phu'ang trinh sau ¢6 nghiém chung

2x° + (3m + 1)x — 9 = 0 va 6x° +(Tm ~ 1)x — 19 = 0 ? Tim nghiém
chung dé.

b) Chitng minh riing néu hai phuong trinh : x* + ax + b = 0 v&
x* + ex + d = 0 c6 nghiém chung thi : (b— d)% + (a — c)(ad — be) =
Giai
a) Goi % la nghiém chung ctia hai phuong trinh, ta c6
2x5 + (3m +1)%5 -9 = 0 (1) va 6x3 + (Tm ~Dxp ~19=0 (2)
Suyra:{m+ 2)x =4
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Do % 1a nghiém nén m # -2 va Xy = —%wé« thay vao (1) va bién
dﬁ"itaduqc:3m2-~8m+4=0¢:>m:2haym= -3—

Nguoe lai: Véi m = 2, thay tryc tiép vao hai phuong trinh da cho ta
thdy x = 1 1a nghiém chung. :

Voim = -3— thi x = —2— 12 nghiém chung.

b) Goi x 1a nghiém chung hai phuong trinh, t do6 suy ra
{a — ¢)xo = d=-b (1)
e Néua=cthid=bvi x la nghidm. Lic d6 hé thdc cdn ching
minh hién nhién ding

e Néua ¢ thix=

, thay vao phuong trinh ¥+r+ac+b=0
a-c

déng thoi bién déi tuong dugng ta dugce :
(b~ d)? + (a~c)ad — be} =0
38. Cho phuong trinh : (m + 1)x* + 2m + 4x + m + 1 =0 (1)
a) Dinh m dé phuong trinh ¢6 nghigm trdi dau.
b) Pinh m dé phudng trinh ¢é hai nghiém am.

Giai

a=0 ms -1

a) Phuong trinh cé hai nghiém trai ddu < ¢ S <m+l
- < =1<{
a m-1

vO nghiém
. ) a0 Az0(viP>0)
b) Phuong trinh cb hai nghiém &m < 5<0 o> m >
<

39. a) Tim céc s8 a, b sao cho hai phuong trinh an x sau : X +ax+1=0va
£ + bx + 2 = 0 ¢6 mot nghiém chung valal + b | nhd nhat.
b) Tim gid tri cia m dé phuong trinh 1 x - V1 - x> =m (1) céd mét
nghiém duy nhat.
¢) Cho phuong trinh : x° ~ (2m + 1) + Bm + Dx —(m + D=0 (1} (x 1a
4n s6). Pinh m d€ phuong trinh (1) ¢6 ba nghiém duong phén biét.
Giai
a) Goi %, 13 nghiém chung cda hai phuang trinh, ta cd:
i
a-b
Thay %o vao phuong trinh x% +axg +1=0, bién déi ta duge :
2a2 - 3ab + b + 1 =0 (%)

X2 +axg+1=0 va X +bxg+2=0 > (a-bx=1=x=
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pé& dang thay (%) cing la diéu kién dd dé hai phuong trinh c6

nghiém chung :
Tif (*) ta ¢ 3ab = 2% + b* + 1> 0 = ab = |ab}

Ta cb: 2xg+(a+b)x0+3=0 6a=(a+b’-2420=(a+b¥224
= ia+b§ 22@.Laic6 lal + Ib] = ia+b| = 2J6.

Khi 4y phuong trinh : 2x% +(a + b)x + 3 ¢6 nghiém kép x = ii2—6;'
Thay X = “? vao cdc phuang trinh ta tinh dugc a = — E;/g b= —76\/E "
X“—""‘“‘? vao cac phuang trinh ta tinh duge a = 5\4‘5— ;b= 7;.3[5_3. }

i) Phuong trinh dé cho tuong duong
Xzm
Vi-x®2 =x-m <
2x® - 2mx+m?~1=0  (2)

(1) ¢6 nghiém duy nh&t < (2) ¢6 mét nghidm théa x = m.
Patt=x - m, (2) trd thanh: 2t + m)’ - 2m{t + m) + m®> -~ 1 =0
@2+ 2mt+m?-1=0 (3)
Ta c¢dn dinh m d€ (3) c6 nghiém t = 0.
e (3) c6 hai nghidm trdi ddu < p <0 e -1 <m < 1.

A'=0
e (3) ¢6 nghiém kép khéng dm < {S 0 e m= -2,

* (3) ¢6 mjt nghiém bing 0, nghiém cbn lai Am < {P _2 om=1
<
Vay v6i m = -+/2 hay -1 < m < 1 thi phuong trinh 43 cho c6
nghiém duy nhat.
¢) Phuong trinh da cho tuong duong: (x — 14x* -~ 2mx + m + 1) = 0.
Phuong trinh ¢6 3 nghiém duong phén biét
<> phifong trinh x* — 2mx + m + 1 = 0 ¢6 hai nghidém duong phén biét
1++6
2

<A >0,8>0P>0vaim=2c .. com> vamz2,

(0 BA! THI CHON HOQC SINH GIOI TOAN
40. a) Chwing minh réng néu a, b 1 nhiing s8 duong thi phuong trinh :

~1-w+ ! + ! = 0 ¢6 hai nghiém x,;, x; sao cho (x; > xp) :
X x-a x+b

2 cx <£§ _2b <X <—E

I T A

(Dé thi hoc sinh gidi Hungary nam 1915)
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b) Cho phuong trinh 2x* + 2mx + m* - 2 = 0.
i) Pinh m dé phudng trinh cé hai nghiém.
i) Goi x,, X 12 céc nghiém ciia phuong trinh. Tim gid tri lén

phéat cha bidu thite : A =| 2xy%s + X; + %0 — 4 {
(Pé thi chon hoc sinh gidi Todn lép 9, TP. H6 Chi Minh,
ndm hoe 2003 - 2004) '

Giai
1 1 1 x=0; x+a x=»b
a) = + * = 2
x x-a x+b 3x" ~Ha-bx-ab=0 (1)

Do ab > 0 = 3(-ab) < 0 = (1) ¢6 hai nghiém trai diu, gia sirx; > 0; x5 <

0.
N “a N - 1 1 1
Vixliaragh1¢mcua(l)nenw}m+ = 1 = — <
¥ % +b a-x X3 a-x
a a
=>x;>a—x1:>x1>§>§.
Laied:x +b>x >0 = <—1-m>_“2_>_]:.+ 1 = i
X +b x5 ¥ ¥ ¥X+b a-x

:>2{a—x;)>x;wx1<2—;~

Viy %<x1 <2?a., Li ludn tuong ty : ?<x2 <——2—.

b} i) Phuong trinh da cho 6 nghidm < A' 20 < lmi <2
2
m“ -2

11y Hé thice Vi-ét: x; + Xg = —m; X Xp =

A= |2%% +x +x - 4] = [(m + 2)(m - 3)].
25 25

132
<2 2 s <0 Viy A = — - P 4 .
Do Im| <2 = (m + 2)(m - 3) 0. Vay (m 2J + 7 y

Gid tri 16n nhdt cia A la 24§ {tai m = }9:)

41. a) Cho cdc phuong trinh x* + bx + ¢ = 0 v x® + byx + ¢; = 0 trong d6
b, ¢, by v& ¢; 1a nhimg s§ nguyén sae cho (b - by)? + (¢ — e > 0.
Chdng minh ring néu ca hai phuong trinh ¢6 mdt nghiém chung thi
nghiém thy hai 1 hai s6 nguyén phan biét.

(Pé thi vo dich Todn Tdy Ban Nka, ndm hoc 1988)
b) Cho phuong trinh : %%~ 97x + a = 0 ¢6 chc nghiém 13 luy thifa bac 4
clia cdc nghidm cla phuong trinh : x° — x + b = 0. Hiy tinh a.
(Dé thi lop 10 Chuyén Todni — truvng THPT chuyén Lé Hing
Phong, TP. H6 Chi Minh, ndm hoc 1997 — 1998)
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¢) Tim cdc gid tri cia m dé phuong trinh sau cé nghiém va tinh cdc
nghiém ay theo m: x + {x* = 2x + m| = 0

(Dé thi lop 10 Chuyén Todn, trusng THPT chuyén Lé Héng Phong,

TP, Hé Chi Minh, nam hoc 2002 — 2003)

d) Cho phugng trinh 9% + mx + 2n + 8 = 0 (x 14 &n 88 vA m, n 13 cdc
s6 nguyén. Gia sd pbm:rng trinh c6 cdc nghiém déu la sd nguyén.
Chting minh ring m?® + n? 1a hop s6.

(Dé thi tuyén sinh vdo lop 10, chuyén Todn THPT chuyén TP. Hé

Chi Minh ndm hoc 2010 - 2011)
Gidai
a) Goi xo 12 nghiém chung cha hai phuong trinh; x; o 12 hai nghiém cdn
lai. He thue Vi-ét: %o + X1 =-b ; XgX; = C VA Xg + Xp = —Dy ; Xg¥2 = &
Néu x; = 2 = b = by v ¢ = ¢; (trai v6i gia thiét (b - by + (e — ey > 0)
Vay X1 # X2 ; b = by
%p 12 nghiém chung nén xg = %1_—”5 Lai ¢6 f(x) = x* + bx + ¢ ¢6 hé 58 x*
=-b-x€eZ

14 1, hé s8 nguyén, nén x € Z.= dobehy =% 2.
X9 =-by —Xp € Z

Do d6 x4, Xz 12 hai s6 nguyén phén biét.
b) Goi x;, 2 12 hai nghiém phugng trinh ¥ -x—-b=0.
Theo dau bai, xf ; x% 14 nghiém phuong trinh : - 97x+a=0.
Didu kién c6 nghiém : b < ‘—} va a < 94409 ‘
Suy ra hé thite Vi-ét 1 x; + Xo = L XX = bva x‘f + x‘é =97; xfxé =8
x2+x2 =1-2b va xf +x} = (1 -ab)® - 2%,
Suy ra (1 - 2b)* ~ 26" = 97 <> b* - 2b— 48 = 0 < b = -6 ; b = 8 (loai)
Vaib=—-6thixjxs=-6=>a= (x1%2)* = 1296.
) Tach:x+ |x° —2x+m| =0 ¥ ~2x +m| =-x (1)
Piéu kién c6 nghiém x < 0

2"‘ —
(e (- B3x + M- x+m) =0 | 3x+m-0 (2)
xz#x+m=(} {3).

« Néu m > 0, xét trutng hgp ca hai phuong trinh cé nghiém
85,=2P=m>0
{5223; Pob=m>0
=5 C& hai phuong trinh déu ¢é hai nghiém déu duong (logi).
eNéum=0 (2)cédang:x° - 3x=0¢x=0;x= 238 (loai)
(8)cédang : x*~x=0 ¢ x=0;x=1(loai)
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o Néu m < 0, (2) va (3) déu ¢6 P, = P, = m < 0, nén hal phuopy

3-Vo-4m . _ 1-V1-dm

trinh déu cé nghidm trai dau; %, = 5 5

d) Goi x;, %2 12 hai nghiém cta phuong trinh (x), X € Z)
Theo hé thite Vi-éttaco x1 + X = %E (T XXa =0+ 4
Dodém=-2(x; + %), n = X — 4
Tt do, ta duge m® + n° = (¢ + 4)(x3 + 4) 1a hop s6.
§4. PHUGNG TRINH QUY VE PHUTNG TRINH BAC HAI
A/ KIEN THUC VA KY NANG CAN NHO
1. Phudng trinh trung phuong : 13 phuong trinh 6 dang :
ax! +bx?+c=0(a=0) (1)

Cdch gidi: Dat t = x5 t 2 0, phuong trinh (1) trd thanh : at® + bt + ¢ =0

- (3i4i phuong trinh bac hai theo t va chon cdc gid trit 2 0.

~ Thay t = x°, ta tim dugc cdc gia tri thich hgp eda x.

2. Phudng trinh chia An § miu thie :

Pé gidi phuong trinh ta lam nhu sau:

— Tim diéu kién xde dinh cla phuong trinh.

— Quy ddng mau thic hai v& 181 khit méu thife.

— Giai phuong trinh vita nhan duge.

— Trong cac gia tri tim duge cha 4n, loai cdc gid tri khong thod mén
didu kién xdc dinh, cdc gid tri thod min diéu kién xdc dinh Ia
nghiém cda phuong trinh 43 cho.

B/ BAITAP
£ BAI TAP CU BAN
42. Giai cdc phuong trinh sau :

a)x* - 25x% + 144 = 0 b)x* — (3V2 - 5n*+ 10742 =0

Ox' - 102~ V2P -242 +3=0

(V5 -3)x* - (4v5 +1)x® +3J5 +4=0

Giai
a)x' - 25x% + 144 =0
Pat t = x% t = 0, phuong trinh duge vist dudi dang t® — 25t + 144 =0
A=b%—dac=(-25°—4.144 = 625 - 576 = 49 => JA = 7
~-b+JA  25+7 b-VvA _ 25-7
1 = = =16ty = -
2a 2 2a 2
So véi didu kién t = 0, cdc gia tri t;, tp thda min.
Véit =16 thi x* = 16 < x = +4
Véit=9thix’=9 o x =13
Viy 8 = (-4, -3, 3; 4.

=8
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b S =@
) S =12 +1; -2 -1;2—2\f§;—3+2\f2—}.‘
4y S =1-1; 1}
43. Giai cdce phuong trinh sau :
a)x® 4+ 8x% - 4x - 12 =0 b) x(4x® + 12x + 9) = 4x% ~ g
) {(2%° + x -~ 4y ~ 4x® + dx — 1=0 d)x*-25x* + 60x—36=0

Giai
a)x3+3x2—4x-m12=O<:>x2(x+3)—~4(x+3)=0
Xx+3=0 ¥ =3

>

@ X+ -4)=0
%% ~4=0 X =42
Viy S = {~3; -2: 2].
by x{4x® + 12x% + 9) = 4x% — 9 < X(2x + 3)% = (2x + 3)(2x — 3}

c>(2x+3){x(2x+3)—(2x——3)]20@(2x+3)(2x2+x+3)=0
[2x+3~—»0 -3

=S 2

2 _
2"+ x+3=0 2x% + % +3 =0 (v nghiém vi A = -23 < Q)

-3
Vi = {3
s {z}

) (25" 4+ X -4 -4 4 dx— 1 =0 (2P 4 x— 4P - x ~ 1 = 0

. 5 3
Viy 8 = {—-~2-— =151 —2-}.
d)x"w25x2+60x—36=:0@x4=25x2-—60x+36©x"~—~{5x—6}2
ViyS=1{-6;1;2;3]
44. Giai cdc phuong trinh sau ;

2 1 4-x X+ 4 2 3-2x
a) 2 T3 =73 b)"_z_““““'“’ =g
x“ -4 X© - 2% X° +2x 2x“ ~ 3x X X+ 4x
2x+3 _2x+5 .  6x°+9x-9
2x+1 2x+7 4x% +16% + 7
38 x+ 10 x+10
& p) ) T3
x'-x? 420100 x%+x-10 %2 -x+10
Giai
2 1 4-x 2 1 4 -x
a) = < =

x2-4 X-2x xiox | x-D612 k=D xxid

DEXP :x=+2vaAx=0
Phuong trinh tr& thanh 20~ X+ 2) = (4 - x)(x — 2)
@2x—x—-2w4x~8——x2+2x¢$x2~—5x+6=0¢:> X = 2 (loai)
x = 3 (nhén)
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x+4 2 3-2x x+4 2 3-2x
b) —— == = -
9x% —3x % x* +4x ®*Px-3 x x%x+4)

BKXD:x#O;x¢~Z-;X¢~4“V33’S=[7}"

o 2x+3_2x+5_ _ 6x° +9x -9
Ix+1 2%+ T 4%® +16x+7
<32:&{+.‘3w2)t:+5_ B 6x% +9x -9
ax +1 2x+7 Px +102x+T)
PEXD : x = -t & :-zu,VayS= {0;—1 .
2 2 2
Bién ddi phuong trinh trd thanh: 2x°* +x=0 e x(2x + 1) =0.
2
d)Tact x> ~x+ 10 = [x—%} + % > 0.

K x% 4 20x - 100 = x* — (x ~ 10 = (x% + x — 10)* — x + 10)
PKXD:x+x-10=0 (M
Bién ddi phuong trinh trd thanh :
38(x + 10)(3 — x + 10) — {x + 10)x* + x - 10)
=30 = (x+ 10)(% - x + 10 — ¥ — x + 10)
s %% = 81 ¢ x = + 9, théa diéu kién (*). Vay 5 = [~9; 9}

45. Gidi cdce phuong trinh sau:

a) (% — 2 + 45(F - 2 - 196 =0 b) 4 + 20 + Bx + 2 -9 =0

xi-x-2VYx*-x+3 =0 ) 8%+ 2% =2Vx+x +1-x%x
Giai
a) (x* — 2)F + 45(x% — 2% — 196 = 0.
Bt t = (x* - 2)% t 2 0, phuong trinh trd thanh : t? 4 45t — 196 = 0
A = b? -~ dac = 452 + 4.196 = 2809 = JA =53

= ~b+A _ -45+53 _, (nham) ;
2a 2
6 = ~b-JA _-45-53 _ 4 (loai)
2a 2
2. = 2,,——,, e
Véit=4thix*-27=4& x"-2=2 e * 4@[}{ 2
X -2=-2 x2=0 x=0

Vay S = -2, 0; 2).
b) S = (~1; -3},

O -x-2Vyxt~x+3 =0 -x+3)-2 %2 .x+3 -83=0.

Patt= vx*-x+3,t20

Vay 8 = {-2; 3].
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d)8x” + 2x = 2 x2+x+1~xc>3x2+3x— 2\ix2+x -1 =0
@3(x2+x)—2 x2+x—1wOA

Patt= Vx2+x,t20

Vay S = {"1"*2"‘[5 ; ”1;‘/5}4

[ BAI TAP NANG CAO
46. Giai cdc phuong trinh sau ;

a)x’~ 2% - Zx 4+ 1=0 b)x*+2x-543 =0

X+ 2x%+2/2x + 242 =0 Dx®-3x%+9x~-9=0

e)x® +3x-3=0 Dx*+6x+2=0
Giai

3i2~/5},

A —2x2 - 2x+1=0c (x4 IXx* - 8%+ 1)=0.8= {wl;

b)x? 4+ 2x— 53 =0 (x— VB)Xx% + V3.x+8)=0.8={3].
c)x3+2x2+2\/—2wx+2\/§ =0

S+ V2 + (2~ V2)x+2]=0. 8 = —Z ).
d)x*-3x°+9x -9 =0 & 8x° = 9x" - 27x + 27 © 4x° = (3 - x)°

Vay S = {%—%4-1},

e) Bit y ~ 1. %, phuong trinh da cho c6 dang
Y

Y- 5-8=0(y=0) Patt=y"
y

34413
2

Phuong trinh trg thanh 1 t* - 3t - 1 =0 e t =

332\55 véxlﬂa“-ﬁlhﬁ . ?/Ji—i_a“

Suyra:y=

DPatx =1t - %, phuong trinh da cho c6 dang

420 - 8=0et=-q;t°=2
Suyra:x=92-34 1a nghigdm ctia phuong trinh.
47, Giai phuong trinh sau :
a)2x + 8x° -~ 16x% + 3x + 2= 0 D) x® 2% + x® + = %%+ 1=0
A x+3)+(x+5)=16 d) (x + 4)(x + 6)Xx — 2)x ~ 12) = 25x°
e} (x + 5)2x + 12)X2x + 20)(x + 12) = 3x>
Dx'+x" - Lx+2=0
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Giai
a) Nhin xét : x = 0 khoéng 14 nghiém cQa phu’o‘ng trinh
Vi x = 0, chia ca hai vé phuong trinh cho x* = 0, ta duge :

2(x2+—1—)+3( J—16=0(1)
% X

Bétt=x+-1—:>t2—2zx2+—}mvé|tl22
5 % X2

i

(tré thanh: 262+ 3t-20=0@t=~4t=

S= -2t J§;-12~»;41

b} S = [%1]
¢) Bat t = x + 4, phuong trinh trd thanh :
-1 +t+ =16t +6t?-T=0t’=1lat=1=]
Vay S = {-8; -5}
d) Phuong tnnh trd thanh : (& + 10x + 24)x% — 14x + 24) = 26x° (1)
pit t = %2 — 9y + 24, (1) trd thanh (¢ + 12x)t ~- 12x) = 95%°
15 + \/f2_

=(18x)° &t = +13x. Vay 8 = [3; §;
oS- {_8;;.1_5.,:_@_%:-;__ J%ﬁ}
2 4
2
Hxl- Jf2x=2= (x—if-J +g > 0 = v& trai phuong trinh dugng, vdi
moi x. Viy 8 = @.
48. Giai phuong trinh sau :
A -2 8% —x+2~ 2 =0
b) %' — 10x° — 2(a - 11)x* + 2(5a + 6)x + 2a + @ = 0 (a > ~6)
)X~ Tx2+ 6 =0
Giai
a)Pata= J2, phuong trinh ¢6 dang : a? - (2 + Da+x' —x=0
A={(2x + Vo a=x>+x+ 1;a=x2—x
Vay & = {_11\/4\/.‘2—3 1421

2 ’ 2

b) Phuong trinh trd thanh
a® — 2(x® = 5x — Da + (x* — 10x° + 22x° + 12%) =
A:(xu1)2::>a=x2—4x-~2;awx2-6x

S={2+J6+a:3+Ja+9}
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) Pat V6 = a, phuong trinh trd thanh : %2 ~a - x%* + x% = 0.

e 4 ——
A:(zxdml}zmazf;a:l ;..Vay8={:t%; + @é—\@—}
X

49. Giai cdc phuong trinh sau ;
a)(x" - 18)x - 3%+ 9x* = 0 b)x® - dx® ~ 10x% + 87x ~ 14 =0
o) x* — 2x* - 400x = 9999
Giai
a) Bién d6i phuong trinh vé dang : x* - 6x%(x — 8) — 16(x — 3)% = 0.

E. Nhén xét : x = 3 khong 1a nghiém phuong trinh, chia ca hai v& cho
(x — 3)°

x* x2

s -6 ~16=0
{x —3) -3

2
batt = —xmg,phumgtrinhcbdang:tz—ﬁtw1620@t=8hayt=~—2
X»w

Vay:S = [-1 £/13}
b) x* ~ 4x® ~ 10%% + 87x — 14 = 0 e (2 ~ Bx + 2% + x — 7) = 0.
g /BEVIT  -12429
B 2 2 :
¢} Bién d6i phuong trinh v& dang : (2% + 1)% = (2x + 100)2.
5 =(-9 ' 11},

50. a) Giai phuong trinh sau : 82x" + (dx — 1) = 51,7,

x3

Giai

a)Apdung:a"+b4+c"z—é%(aq-b-rc)“@amb:c,

b} Dinh m dé€ phuong trinh x° + L = m(x 4»1] c6 nghiém.
X

ta duge : (20" + (20" + (1 — dx)t = %—7—(2:; + 2%+ 1 - dx)?
= 2x=1-4x. ViyS= {-é—}

b)Patt =x + —}]i = |t} 22 Phuong trinh tré thanh:

tt* - B+ml=0et®=m+3.
Phuong trinh ¢6 nghiém < m + 824 e m>1.
51. a) Cho phuung trinh x* - 4x® + 8x = m.
* Giai phuong trinh khi m = 5.
* Dinh m dé phuong trinh ¢6 bsn nghiam phan biéat.
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b) Cho phuong trinh An x o xt 4+ 8% + 6x° — 40x + m = 0. Xdc dinh m
dé phuong trinh ¢é bén nghiém phan biégt

Giai
a) V6i m = 5, phuong trinh c6 dang : (5% - 2x)* ~ 4(x* -~ 2x) - 5 = 0.
S=(1;12J6)
Phuong trinh trd thanh : 2 dt-m=0
Matt=x*-2x=x-1-12-1
A'>0
Phuong trinh dé cho c6 bdn nghigm <> {t; +1>0 < .. o -4<m<b
to +1>0

b) Bién d8i phuong trinh trd thanh : (x% + 4x)’ - 10(x* + 4x) + m = 0.
;9. a) Tim gi4 tri cia m 48 phuong trinh sau ¢6 nghiém :
(m—3)x*-2mx* + 6m =0
b) Tim m dé phuong trinh : mx® -~ 10mx* + m + 8 =0(1)
o C6 bon nghiém phian bigt.
o C6 bin nghidm x; < X2 < X < ¥4 thod man didu kign :
Xq— X3 = X3~ Xz = Xz~ ¥y
Giai
a)dzm=<3
b)em < -8 hay m > —33'- . phuong trinh ¢6 bdn nghigém phén biét.

em=1
53. a) Cho phuong trinh wirax®+xt+ax+1=0(x:4&nsd) Biét rang
phuong trinh ¢6 nghi¢gm. Chdng minh ring : a*> 2,
b} Chéng minh ring néu x* + ax’ + bx? + cx + 1 = 0 c6 nghidm thi:
5(a® + bY) 2 4.
¢) Giai cac phuong trinh sau:
) 1 . 1 13
x? +x + 1) (x> +x+2)? 86
2 . 2 2 _
i) 3(“3} +168(x 3) _46X =2 -0
x-—-2 Xx+2 xg —4
4x 3x
2 + T3 =1
4x* - 8x+7 4x° ~10x+7

iv)XS—x[x_8~x} = 15.
x-1 x-1

iii}

Giai
a) Nhan xét : x = 0 khong 12 nghiém phuong trinh.
Véi x + 0 chia ca hai vé phuong trinh cho x* = 0, ta duge :
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[x2+i2}+a(x+—l—}+1=0.
X X

Datt=x+—1—z>t2-2=x2+-%-vé|t]22
X

X
R 2 1-t?
Phuong trinh co dang:t" +at~ 1 =0 a=
4 02
32=#Rt2+—%—2>t2-2>2(d0itl>2)
t {
b) Li ludn tuong ty cdu a).
c) i) Batt = — 1 -— 1 , phuong trinh c6 dang
x“+x+1 x“+x+2

Pogt- 2 c0eti= X hayte=—23
36 6 6

Ung véi t, = %,tacé(x2+x+1)(x2+x+2)26. Paty =x"+x

=y +8y-4=0ey,=1y;=—-4
2

X +x~1=0 i

Vav > K o= 145

X +x+4=0{yd nghidm)

ffng vai by =-—}§, tach: (P +x+ P +x+2) :'—E%-.

Daty=x2+x:>y2+3y+4=%:O(vénghiém)“

Viy S = {-1-&\/'5‘}’
2

ey T X+3 x-3) (x+3¥x+2)

. Biaty= : = .
i) Daty (X—Z] (x+2) {x - 2)x -3}

2
Chia ¢4 hai v& phuong trinh cho [xig) , phuong trinh ¢d dang
X
3y’ - 46y + 168 =0 >y =6,y = ?;r

Vay 8 = (1; 5; 6; gi.
iii). Nhan xét x = 0 khong 14 nghiém cia phuong trinh :
Chia ca tif v mAu cia mdi phan thic & v€ trdi cho x :

4 + 3 =1

4x+z—8 4x+1—10
¥ e
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Dat t = 4x + —, phuong trinh trd thanh :

o ‘
—

1
fowry
o]

ot m25t+144h0c:>t29,tr:16

-5

2 2

;V)Bétawxa X _ Bx-x ;b:x—s X _x 8
x-1 x-1 x-1 x~1

Tacd:ab=-25;a+b=8 Suyra:a=8;b=5haya=5;b=3
g {5 +37 3+.29 }
2 2 ]
[ BAI THI CHON HOC SINH G161 TOAN
34. a) Giai phuong trinh @ (4x + 1}{12x —~ D Bx + 2z + V) =
(Bé thi tuyén sinh vao lép 10, truomg THPT chuyén Lé Héng
Phong, TP. Hé6 Chi Minh, nam hoe 2002 — 2003)
b) Giai phuong trinh : x° + 3ax” + 8(a® - bekx + a° + b + ¢® — 3abe = 0
(x : 4n sd)
(Pé thi chon déi tuvén Todn 9, Quan 1 TP. Hé Chi Minh, ngm
hoc 1959 - 2000)

Giai
a) Bién déi phuong trinh v& dang : (12x® + 11x + 2){12x% + 11x ~ 1) =
Patt=12x"+1lx - I, taduge 1t + 3t ~ 4 =0 e t = lhayt=-4
g - {»11 + V217 }
24
b) Bién déi phuong trinh vé dang: (x + a)’ — 3be(x + a) + b* + " = 0.
Pat y = x + a, phuong trinh trd thanh : y* — 8bey + b® = = 0.
Néub = ¢ : phuong trinh c¢é nghidm x; = —a—-2b ;s =x3=—-a + b.
b = ¢ : phuong trinh ¢é nghidém x = -a - b - ¢
5. Gidi cdc phuong trinh sau :
4x 5x
a) ) + = = -1
x“~-8x+7 x°-10x+7
(Pé thi vao lép 10, truong THPT chuyén Lé Héng Phong, TP Hé
Chi Minh, ndm hoc 2001 - 2002)
5-x 5-x
h)xx 1[ x+1)—6"
(Pé thi vao lop 10, truong THPT chuyén Lé Héng Phong, TP. Hé
Chi Minh, nam hoc 2006 - 2007)
e)-x2+2=+2-x.
(Dé thi tuyén sinh véo lép 10, Trudng THPT Trdn BPgai Nghia,
TP, H3 Chi Minh ndm hoc 2001 — 2002)

20
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Giai

[9*"‘/539“@% b)S=1{1;2

fa)s"’l 9 ' 9

¢) Didu kién x 5 2
Bién déi phuong trinh vé dang :

1 1
e N
x-=1 =|V2-x-=| o
x—lmiwz 2—X=
9
xz0
; (1) e <> X = 11 hay x = -2 < 0 (loai)
x*+x-2=0
¢ x5l -
(2) e mx:l Jghayx=1+J5_{loai)
| x2-x-1=0 2 2
1-
VaftySz{l; 2\/5}

§5. G141 TOAN BANG CACH LAP PHUGNG TRINH

 A/KIEN THUC VA K¥ NANG CAN NHG

Dé giai bai todn bang cdch lap phuong trinh, ta lam nhy sau :
Buge 1 : Lap phueng trinh :

: - Chon &n s6 va néu didu kién thich hgp cda &n 8.

g - Biéu thi cdc dir liéu chua bigt qua &n s6.

 Budc 2 : Giai phuong trinh
Buge 3 : Doi chigu nghiém clia phuong trinh (néu e6) véi didu
dn s8 va v&i dé bai dé kst luan.
B/ BAI TAP
@ BAI TAP CO BAN

ay la 61.
Giai
Goi s6 thit nhat 1a x ; 56 thi hai 1a y.

Theodé baitacd:x+y=1vax®+y®=6l.

Phuong trinh nay c6 hai nghiém : %, =5 ; x5 = 6.
Vay hai s6 cdn tim 12 5 va 6.

~ Lap phuong trinh bigu thi tuong quan giita n s8 va cée dir lidu da bigt.

kién ctia

66. Tim hai s6 biét tdng cha hai s6 12 11 va téng binh phuong cda hai s6

Suyrax®+ (11~ %7261 e 2x*~22x+80=0¢>x*~ 11x + 30 = 0.
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57. Tim hai s6 bi&t tong cla hai 5 14 25 va trung binh nhén cta hai s8
d6 1a 12.
Giai
Goi s6 thd nhat 1 x, s thit hai la y.
Theo dé bai ta cé 1 x +y = 25 va Jx—y =12
Suyrax +y =25 va xy = 144
Do d6 x, y 12 nghiém clGa phuong trinh : X2 - 256K + 144 = 0
Giai ta duge X, = 9; Xz = 6. Vay hai g6 cAn tim 12 9 ; 16,
58. Cho tam gidc vuéng cé chu vi bing 120 cm, canh huyén bang
50 cm. Tinh dién tich tam gidc vudng
Giai
Goi hai canh géc vudng 1an lugt 1a x (cm) va y (em)
(Pidu kidn : 0 < x; y < 25).
Theo dé bai tacé : x +y = 70 va ¥+ y° = 2500.
Suy ra x* + (70 - x)° = 2500 < 9x? — 140x + 2400 = 0
e x* — T0x + 1200 = 0.
Phuong trinh nay cé hai nghiém :x; =30 ;%= 40
Vay dién tich tam gidc vudng 14 1200 cm®
59. Cho duong trdon (O ; R) va didm M ngoai (0) véi MO = 2R. Tu M ké
cat tuydn MCD qua tam O va cat tuyén MAB (MA < MB). Bigt
AB = R. Tinh MA, MB theo R
Giai
Pat x = MA (x > 0). Dodé MB=x+ R
Ta c6 MAMB = MC.MD = 3R* < x(x + R) = 3R? & x* + Ru - 8R* =10
Gidi ra ta duge :

Xy = R +2Rﬁ§ (nhan) ; xz = R -~2RJ§ (loai)
Vay MA = _&.21{,@ . MB = ng@

60. Mot chifc thuyén xudi dong duge 108 km rdi nguge vé 60 km. Thii gian
xubi dong va nguge dong tdng cdng mat 11 git. Van tdc xudi dong hon van
tde nguge dong la 6 km/h. Hoi van t8c thuyén xudi dong va nguge dong.

Giai

Goi van téc thuyén khi nguge dong 12 x (kev/h) (Bigu kign x> 0).

= V4n téc thuyén khi xudi dong 1a x + 6 (km/h)

Theo dé bai ta c6 : 2*386 . %1 - 11 hay 11x% - 102x — 360 = 0.

Giai ra ta duge : x; = 12 {nhan); x2 = %{Z)« {loai)
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K&t luan : Van téc thuyén nguge dong 1a 12 (km/h)
Van tée thuyén xudi dong 1a 18 (km/h).

61. Mot ngudi di tir A dén B trong mot git. Lic trd vé ngwsi do di 2
quang dudng v6i van tée 16n hon lae di 1a 2 km/h. Phén dudmg con

Jai ngubi d6 di véi van tdc nho hon hic di 1a 1 km/h nén lic vé cham
hon lic di 1a 40 giay. Tinh doan dutng AB.

Giai
Goi véan tc clia ngudi dy 1a x (km/h) (Piéu kién x > 1)
. . X 2x 1
de bai ta ¢d : + - 1l= =
Theo de bai 3x+2) @ 3x-1) 30

P4p s0 : 13 km
62. Mot phong hop ¢6 180 nguti duge x8p déu trén cac day ghé Neéu thém 80
nguti thi phéi ké thém bhai day gh€ va mdi day gh& phai b3 tri thém ba
nguii nira, Héi lae ddu phdng hop ¢6 bao nhidu day ghg ?
Giai
Goi s6 ddy gh luc ddu 1a x (ddy) (Diéu kién x nguyén duong).
Theo dé bai ta ¢6 : 260 180 _ 3

X+ 2 X
hay 3x* ~ 74x + 360 = 0

Gidi ra ta duge : x; = 18 (nhan) ; x; = %9 (loai).

Vay hic dau phong hop c6 18 day ghé.

63. Mat edng ty vén $ai du dinh ding xe tdi nhd chd 24 tdn hang. Vi
khéng cdn xe tadi nhd nén cdng ty phai ding xe tai 16n hon mot tin
dé giao s6 hang ding hop déng. Do d6 sé xe it hon du dinh 12 hai xe.
Héi trong tai cla méi xe 16n ?

Giai
Goi trong tai ctia xe I¢n 14 x (tdn) (Piéu kién x > 1).

Theo dé bai ta 6 : —+. 24 _ o

x-1 x

1 BAI TAP NANG CAQ
64, a) Tinh d6 dai cdc canh ca mdt hinh chit nhat cé chu vi bing 108 m
va ¢6 dudng chéo biing 156 m. Trong truong hop dudng chéo bing
d cm, phai chon d nhu th& nio dé bai todn c¢6 1oi giai ?
b) Tinh céc canh va chiu cao cha mét tam gide vudng biét réng :
téng hai canh géc vudng 1a 17 em, dong thei tdng canh huyén vi

chidu cao tuong ¥ng 1a 17 % cm.
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Giai
a) Goi kich thuge cha hinh chir nhéat 12 x (m), y (m) (0 <y <x<204)
. x+y-_.'«204 x+y =204
Theo dé bai, tacd: | , 4 9 9 9 i
x“ ¢ y© =156 (x +y)° - 2xy = 156 kS
X+ y =204
xy = 8640.

Vay x, y la nghiém phuong trinh : t* ~ 204t + 8640 = 0.
(3idi ra ta duge : £ = 144 ; t = 60.
Vay kich thuéc kinh chit nhat can tim 12 : 144 m va 60 m.
o Pd dai cdc canh hinh chit nhat 1a nghiém cta phugng trinh :

5 204% - d*

t* — 204t + S — =0
P& bai toan ¢6 1o giai thi d phai cé diéu kién : 102 J2 £d <204
Khi d = 10242 thi hinh chi nhat la hinh vudng cé canh bang 102 m.

b) Goi eanh huyén 12 a, hai canh géc vuéng la b va ¢ (b <¢) h 14 chidy

cao tuong dng véi canh huyén.

b+e¢=17
Ta 6 a+h=«17v~§~

13

Lai ¢é : be = ah, a? = b? + &%
Tir cdc didu kién, ta ¢é phuong trinh : 13a% ~ 458a + 3757 =0

Doa< l7~1-~8—,néna=l3:>hm4-§w«
13 13

be = ah = 13.4-1% =60, b + ¢ = 17 nén b, ¢ 12 nghiém phuong trinh .

X2 17X +60=0=b=5c=12(b<c}

65. a) Mot ngudi mua 18000 ddng tién tring. Nhung vi tring nhé qua, chi
ta da doi ngudi ban thém hai qua nifa, do dé gid bén mdt ta tring
giam di 3600 ddng. Vay chi &y da mua bao nhigu qua tring ?

b) Tim s tu nhién bigt ring néu ta dem s3 46 nhan véi 58 tao boi cling
cde chil 56 nhung dao nguge thi ty ta sé duge ket qua bang 2430,

Giai
a) Goi s6 tring da mua 12 x (qud) (x ¢ N', don vi : qua tring)
Ta ¢6 phutong trinh : 2000 19 — 18990 39 - 3600,
X - X

Tir dé, tim duge s6 tring da mua 13 12 qua.
b) Tich efia hai s6 ¢6 cung s6 chit s6 ma nhd hon 10000 thi hai 50
d6 chi ¢6 hai chit s6.
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Goi a 12 chif s8 hang chuc, b 12 chitsd hangdonvia, b e (1,2, ., 9)
Ta c6 phuong trinh : (10a + b){(10b + a) = 2430 < ...

> 10lab = 10(243 — a’* - b =s a =5 hay b = &.

Khia =5, tadige: 2b%+ 101b— 436 =0 e>b=4; b =.--lg?- (loai).

Khi b = 5, ta duge : 2a° + 10a—4360=0©a=4;a=—~1~g?— (loai).

Vay ¢é hai s0 tim duge 1a 54 va 45.

66. a) Mot ngudi di tir A dén B cdch A 17 km theo dudng théng. B cdch
mbt xa 16 8 km. Liic khdi hanh ngudt dé di trén xa 19 vdi van tdc
5 km/h Héi ngudi dé phai rdi xa 16 chd nao dé di dén B trén
dung dat sao cho thoi gian tir A dén B it nhdt ? Biét réng van
tdc di bd cia ngudi dé6 trén dubmg dat 1a 3 kmvh.
b) Tim ba s6 dugng. Biét rang tich cha cdc s8 dé bing 1,25 ; tich cla
86 thit nhat véi binh phuong s6 thi hai 1a 5 va tdng cda ba s6 d6
dat gia tri nhd nhat.

Giai
a) AH = VAB? - BH? A 5 km/h xa 15
= 17?8 =15 km) e
Pat HC = x (0 < x < 15) ;)4
A
CB = x? + 84
Thiri gian di tif A qua C d€ dén B 1a
= 2
p o= 202X VX644 1 (5/% 64 -3x)
5 3 15
Xét y = 5Vx® +64 - 3x (y > 0)
2 = 25(x® + 64) + 9x% — 30xx? + 64
= 9(x? + 64) + 25x% - 30xVx” + 64 + 1024
= (3vx2 + 64 — 5x)® + 327> 322
=yz32. Viytz3+ EI—;-=--‘f‘-1-9~-.32= i
CN BC 15
Suy ra AC = AH — HC = 15 - 6 = 9 (km) thi thyi gian tit A dén B

nhé nhat.
b) Goi sd thit nh&t, s§ thy hai, s thit ba cdn tim 14n lugt la x, ¥, 2.
(Didu kién-: x, vy, z > 0)
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xyz=1,25
Tacé: {xy? =5 :::»y:é.zve‘ax:l;zzﬁ_
Z
8 = x + y + 2 nhd nhat
Vay S = 1‘225 4 Bz = 1’225 +2,5z+2,5z231\ij1’ 225 {2,52)(2,bz) = 1_5
4z 4z 4z 4

Dau déng thic xdy ra < 2° = 0,125 < z = 0,5.
Tim duge: y = 2, x = 1,25,
£ BAl THI CHON HOQC SINH G10! TOAN
67. Cé ba d6i xay dung cing 1am mdt cdng viéc Lam chung duge 4 ngay
thi doi ITT duge diéu dong lam viéc khde, hai dai con lai lam thém 12
ngay nia thi hoan thanh céng viéc. Biét ring nang sudt clia ddi I cao
hon nang suat cia doi II, ning suft cla d6i III 14 trung binh cong cda
nang sudt doi I va d6i I va néu mdi doi lam mét minh modt phén ba
cong viée thi mat tit cd 37 ngay mdi xong Héi néu moi ddi 1am mot
minh thi bac nhidu nghy xong cdng viée trén ?
(Pé thi vao lép 10 truong PTNK, PHQG TP. Hé Chi Minh -
Todn CD, — Nam hoc 2003 - 2004)
Giai
Goi thii gian cdc d6i 1 ; II ; I lam riéng xong céng viéc lan lugt 1a
X, ¥, 2. Ta ¢0 hé phuong trinh :

4(l+l+l)+l2[l+—l—]al
X ¥y z .

1 1

—_——

<X ¥

o111

— | — e

z 2\x vy

1

§(x+y+z)237.

x+y 1

Suy raz=36 vadugchs ¢ xy 18

X+y=T5.
=» %, v 12 nghiém cda phuong trinh : t% — 75t + 18.75 = 0.
Suyrat= 45,1t = 30.
68. Hai thanh phd A va B cach nhau 48 km, gié thdi tir A dén B v6i van
toe khong ddi 6 km/ giy. Lic 8 giv, mét ngudi di mé 5 tir A dén B,
nghi ngoi 30 phat rdi trd lai A, anh vé dén A ldc 10 giy 50 phat.
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van téc md t& dude ehng thém hodc trir bét van tée cha gi6, tuy
theo m& td chay xuéi chiéu hoic nguge chiéu gié. Hay tinh van téc
riéng ca md té (van t8c md té khi t&c 4o gié bang 0).
(Pé thi vao lop 10 trusng PTNEK, DHQG TP. H8 Chi Minh -
Todn CD - Nam hoe 2004 — 2005)
Giii
Goi van téc riéng cla mété 13 x (km/h) (x > B).
Theo ddu bai ta c6 phuong trinh :
48 + 48 i

2= e e TX® — 288x — 252 = 0.
] Xx-86 3

Xy = M}m;_l’ég = 42 (thich hgp); % = »Lﬁg_l‘iq = —g < 0 (loai).
Vay van tdc riéng cla mé t6 1a 42 km/h.

ON TAP CHUONG IV

1. Cho phuong trinh : 2x* + 2m - 1)x+m— 1= 0.
| a) Tim m dé phuong trinh ¢6 hai nghiém phidn biét x;, x, thod man
diéu kién 3x; — 4%y = 11
b) Tirt m d& phuong trinh ¢6 hai nghiém déu duong.
¢) Tim mt hé thuc gida x,, x; khéng phu thude m.
Giai
a)A={2m- 3”20, mez{:u%,xm l1-m

-Né‘ux;z«—% i%2= 1~ mthay vdo 3x; ~ dxp = 11 tatinh m = %:?—

-Nc‘a’ux;:lmm;xzn—% thay véo 3x; ~ 4xg = 11 ta tinh duge m = -2.

b} Phuong trinh ¢é nghiém : x = w% < 0 = Khong ¢6 gid tri ndo cla

m d€ phuong trinh ¢6 hai nghiém déu duong.
¢) Hé thife gitta x;, %, khéng phy thude m : 2(x; + xg) + dx1xs = —1.
Z. Giai cdc phuong trinh ;

a) %%+ :"1 =8 b) 68 + Tx + 10X + 11x + 28)— 72 = 0
Ox -8 - 6x*+3x+1=0
Giai

a) Didukién :x= 1
Phuong trinh tuong duong véi :

.'e{a--x2~—€*3m‘i~8=O@(M——2)(2’¢2-I"-""'4)=Omsz {2’“\[]3‘22}
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b) Phuong trinh tuong duong vii
(x% + 9x + 1UHx* +9x+20)-T2=0 (%% + 9% + 177° =9
S=1-1,-8

¢) Nhan xét x = 0 khéng 13 nghigm phuong trinh.
Vi x = 0, chia cd hai vé cla phudng trinh cho x°, ta duge :

2
(x-»«a} m3(x—5) _4=0
X X
Baty=x- }};,phuangtrinhtréthénh:y2m3y—4=0¢:>y:-1;yﬂ4\

3. Giai cdc hé phugng trinh sau:
{yz = x5 - 3x% 4 2x
a)

2 3 2 b
x* = y° - 3y° + 2y

){(x+y)2—4(x+y)=12
(x-y) -2x-y)=3

c){x3—3x=y3-ﬂ3y d){x+y+\[;§=14

x6+y6=1 x2+y2+xyz84
Giai
3 2 2
-3 2x - =0 1
a) Hé tuong dudng @ X x : x-y w
(x-yXx? rxy+y? -2x-2y+2) =0 (2)

Tacét'(r(l):x=yvx2+xy+y2—2x—2y+2-—*0
Laicé:x2+xy+y2—2x—2y+2==0¢:>x2+y2+(x+y—2)2mO
v nghiém.

Vay nghiém ca hé (x:y)=(0;0);2+ J2 124 J2),@~ J2 52— J2)

-6 _
b) Hé tuong duong v6i (x+y-6x+y+2=0
(x-y-3x-y+1}=0

2 2
- ~3y=0
¢) Heé tuong duong véi (x - ydx® + 5y +¥ )
X +y¥=1
x+y+,]xy=14 {x+y+,{xym14
f—J

d) He tuong dudng vl
(x+y)* -xy =84 (x+y+J;y)(x+y_J5);a4_
4. 2) Lap phuong trinh bac hai ¢6 hai nghiém xi, X2 thod man :

bxxa— B +x) 44 =0 Ga-Dg- D= 11 (m = 1)
b) Goi a, b 14 cac nghiém cha phuong trinh : x> + Bx — 8 = 0. Lap
phuong trinh bac hai ¢6 céc nghiém la 1% = 8 vaxg= b .
b+1 a+l

¢) Gia sif ¥, x2 12 nghiém ¢ha phugng trinh dnxsau:x’—ax+1=0
Tinh :S; =% + %o theo a.
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Gidi
a)m(xl—l)(xz—l)n—m%m(m::-_l}@x}xz—(xl+x2};~,-
m -1 m+1]
4P - 58 = -4 5= il
BatS =x; + x3 ; P = 1%, ta c6 : pP.g..__ D & ?—m
i m+1 P=
m+1

Phuong trinh cdn lap :x* -~ Sx + P = 0
om+1x*—dx +4~m=0(m=-1).
b) Phuong trinh cdn 1ap 1a 3X% + 90X + 2= 0
o) Kihigu: 8, = x" + x}. Hé thic Vi-ét : {"1 F¥p=a
XXy = 1
Tinh dugc: Sy =a’ - 2:8;,=a" - 42’ + 2 1Sy =8’ 3a
Sy ={(xf +x5)xd + x3) ~ x2x3(x; + X0) = a’ — 7a° + 14a° — 7a,
5. Cho phugng trinh x* — 2(m + 4)x + m? - 8 = 0 (m 1a tham s8). Pinh m
d€ phuong trinh c6 hai nghiém x,, %, va ;
a) X; + Xp -~ 3x1Xp dat gid tri 16n nh4t.
b) x:% + %, — x;%; dat gi4 tri nhd nhat.

Giai
a) A" = 8Bm + 24. Phuong trinh ¢6 nghiém < A' 20 <> m > ~3.
2
1 97 97
+ Xz — 3X1Xg = -3 - — 2L
T N (m 2) 3 "3

b) %} + x5 ~ %%z = m® + 32m + 88 = (m + 3)(m + 29) + 1 = 1.

6. Trong ciing m{t méit phdng toa dd cho parabol (P) y = x* va dudng
thing (D) y = mx + 1. Xdc dinh m dé (D) cit (P) tai hai diém phan
bigt Alxa, ya) ; B(xg, yp) sa0 cho :

a) (xa ~ 1)* + (xp ~ 1)* dat gid tri nhd nh&t. b) Do dai AB ngin nhat.
Giai
Phuong trinh hoanh d giao diém cda (P)va (d) : % —mx ~ 1 = 0 (*¥)
Do ac = -1 < 0 = (*) ¢6 nghiém x, ; xp, Vm.
Hea thie Vi-ét : xa + Xp = m, Xp%g = —1
a)(xa -1+ (xg~ 12 =(m-1°+323
DABeD =>ys=mxpa+1;yp=mxpg+ 1
AB = J(m? + 4)m? + 1) > V41 =2

7. Trong cling mot mat phing toa dd cho parabol (P) : y = x° v duong thing
(D):y=x-3. A, B ndm trén (P) c6 hoanh d6 I4n lugt 12 -1 ; 2.

a) Xéc dinh vi tri di#m C trén cung AB dé dién tich tam gifc ABC lén nhat.
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b) Xac dinh diém M trén (P) va diém N trén (D) dé dé dai doan thing

MN ngén nhat.
Giai

a) Phuong trinh (AB) 1y = x + 2.

Phuong trinh duérmg thang (d) / (AB) ti€p xte (P}t y = x + b.
Phuong trinh hoanh dé diém chung cta (P) va (d) : x*~%x-b=0
() tidpxic (Pl o A=0ob= —:]iw..
Tiép diém C(i ; -1—)
2 4

1 1Y
*(P)trén (d) > 2x—- = = [x——~J 20
4 2
# AB dudi ABes x® <x+ 2o ~1<x<2
Moi diém C' khac C thudce AR cfia (P) déu cé khodng cach dén
AB nhd hon khodng cich tir C dén AB.

b) M = C, N la giao diém ciia dudng thing qua M va vudng goéc vdi

dutrng thang (d).

3. Trong ciing mdt mat phing toa do cho paraboel (P) : y = —é—xQ, diém

I(0 ; —2) va diém M(m ; 0) v6i m 14 tham s& khéac 0.

a) V& parabol (P).
b) Viét phuong trinh dubmg thing (d) di qua hai diém M, I. Chdng minh

b) Phuong trinh (MI) : y = % x~2.

Phuong trinh hoanh dd diém chung
cta (P) va (d) : mx® + 4x — 4m = 0 (%)
(*) ¢ :ac = —4m® < 0, Vvm = 0

= (d) luén cit (P) tai hai diém phin

biét A, B.
AB? > (xp — xa)? = (xp + %) — dxp.xa
=25 416516
m

ring (d) ludn cdt (P} tai hai diém phan biét A, B véi db dai AB > 4.

Giai
y

Suy ra AB > 4.

). a) Tinh db dai hai canh géc vudbng cha mot tam gidc vudng, bidt réing

130

néu tang méi canh lén 3 em thi dién tich tam gidc dé tang thém
36 cm?, va néu mét canh gidm di 2 cm, canh kia gidm di 4 cm thi
dién tich ctia tam gidc gidm di 26 em®.
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by Tinh hai canh gdc vudng clia mdt tam gide vudng ¢é dd dai canh
huyén biing 37 m va dién tich bing 210 m®.
Giai

a) Goi dé dai hai canh gée vudng ldn Jugt 13 %, y (cm)

(Didu kién x > 2 ; ¥y > 4). Ta ¢6 hé phuong trinh :
(x+3)(y+3)~xy=72
(x-2)(y- 4) + 52 = Xy.
b) Goi dé dai hai canh gdc vudng lan lugt 1a x, y (m) (x > v > 0).
2 2 Y x =35
Ta ¢é hé phuong trinh X7 +y" = 1369 < {
xy = 420 y=12
Vay d6 dai hai canh géc vudng cdn tim 1a 35 m va 12 m.

10. Mot ngudi dy dinh di tir A dén B cdch nhau 120 km bing xe mdy
trong mot thdi gian da dinh. Sau khi di 1 gi ngudi d6 nghi 10
phiit. Do 46 d€ dén B ding hen, ngutsi 4y phai ting van téc thém 6
kmvh. Tinh vin tdc ban ddu clia nguii dé.

Giai
Goi vén tdc ban ddu cda ngui dé x (km/h)
Ta ¢6 phuong trinh : 7 + 120-x _ 1’:22
6 x+6 x

Gidi phuong trinh ta duge : x = 48 (nhin) ; x = ~50 (loai).
11. a) Cho 0% < a < 90". Ching minh ring phuong trinh (dn x) sau vé nghigm
x% — 48in'"%e.x + 5 — 4cosa = 0.
b) Biét ring a + b + ¢ < 0 va phuong trinh : ax® + bx + ¢ = 0 vb
nghiém. Hay xdc dinh ddu chac ?
Giai
a) Véi 0° < a < 90° ¢6 : sin®a + cos®a = 1.
A’ = 4sin®*q + 4cosa - 5

Do 0 < sina < 1 = sin**° 2010

o < sin’e = s8in®Py + cosa < sin’a + cosa

2
= -—(cosang +§s—i— = 4sin”""q + 4cosa — 5 < 0 = A" < 0.

Viay phuong trinh da cho v6 nghiém.

b) Gid sf ¢ 2 0. Do phuong trinh v nghiém nén A = b* — dac < 0
=>dac>b?20=c>0via>0=a+c>0
Laic6:a+brc<cO=a+c<-b=(a+cf<b®<dac
= (a—c)l <0 (vdly). Vay c < 0.

12. Tim m d€ phuong trinh 4n x : x* + mx + 1 = 0 ¢6 hai nghidm x;, x.

2 2

A X X
thoa mén : ~——‘1,,T+~—§- =T

¥2 X
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Giai
Phuong trinh c6 nghig¢m < A = m?—420¢ im| 22
2 2 2
Tacs & + 2 >7 (5}-&%} 59 e (m?-27>9
X5 X1 Xz X
¢ m < —+/5 hoacm > J5 (thoa diéu kién cb nghigém).

3. Cho phugng trinh (o x) 1 ax* +bx+c=0 (a = 0;k=-1) Ching
minh ring didu kién cdn va db dé phuong trinh ¢6 nghidm Xy, Xp
thoa man didu kisn x; = kxg 12 (k + 1Yac = kb

Giai
2. 132
(k +1) k+1}
Phuong trinh ed : x1 = kx, hodic xp = kxy & (%1 - Txo)(xe — kx1) = 0
<> Kyxg - K[(xy + %2)? — 2%1%a] + Kxixg = 0

z 0.

2
o (k + 1)xxp = ki + xo) < (k + 1)2,«2 = kP’z‘ e (k + 1ac= kb*.

a

14. Cho phugng trinh : (m — Nkt + 2m -~ 1x-m=0{& 1a 4n s8).
a) Pinh m dé phuung trinh cb nghigm kép. Tinh nghiém kép nay.
b) Pinh m dé phuang trinh c6 hai nghiém phéan biét déu am.

Giai
a) Phuong trinh ¢6 nghiém kép
a0 m#1 1
Py o Sm= —.
Al=0 (m-12m~-1)=0 2
Lic d6 x; = Xg = — 1.
m=0
. . . A0 1
b) Phuong trinh ¢6 hal nghigm : % <X <0 & B0 e 0em< 5
S<0

15. Cho phuong trinh : %%~ 2(m + )X + m?— 4m + 5= 0 (x: dn s8).
a) Pinh m dé phudng trinh ¢6 nghiém.,
b) Pinh m dé phuong trinh cb hai nghiém phén biét déu duong.

Giai
a) Phuong trinh ¢6 nghiém < A’ 20 & m 2 %
A>0 9
b) Phuong trinh c6 hai nghitm x; > % > 0 & 550 <m> 3
P>0

182




Cong ty TNHH MTV DVVH Khang Vidt

-

pHAN HINH HOC

 Chuong | HE THUC LUGNG TRONG TAM GIAC VUONG
" g1, MOT SO HE THUC VE CANH VA BUUNG CAC TRONG TAM GIAC VUBNG
a/ KIEN THUC VA KY NANG CAN NHO

1. Pinh i Py-ta-go
« Dinh li thugn : tam gide ABC vubng tai A = BC® = AB” + BC®
« Dinh li déo : tam gide ABC c6 : BC? = AB” + AC? = BAC = 90°.

2. Hé thdc lién hé giita canh géc vudng va hinh chi&u cia né
trén canh huyén
%ét tam gide ABC vudng tai A va dudng cao AH. Ta ¢d :
» AB? = BH.BC ; AC* = CH.BC

3. Cic hé thite lién quan dén dudng cao ~
. AHZ = BH.HC
« AHBC = AB.AC
11,1
"AE T AB? | AC
B/ BAI TAP B H C

@ BAI TAP CO BAN
1. Tam gidc ABC vuéng tai A, goi M la trung diém cha BC. Biét tam gidc
ABM la tam gisc déu ¢6 canh 12 /3 em.
a) Tinh dé& dai AC va dubng cac AH cfia tam gide ABC.
b} Tinh dién tich tam gidc ABC.
Giai A
a) BC = 2AM = 2AB = 243 (cm) ;
AC = VBC? - AB? = 3 (em) ; V3
AH = ABAC _ 3 {cm).
BC 2

b) § = %ABAC = 1,543 (cm?).

B H M c

2. Tam gidc ABC vubng can tai A vi AB = a. C4c dudng trung tuyén AM
va BN vudng géc vdi nhau. Tinh AC va BC.
Giai

Goi G la trong tdm AABC =» BG= %BNN

A

Ta c6 : AB? = BN.BG => a® = -g-BN2
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f

= BN = a

2
L@iccANE:BN%AB%%mAN:%@ = AC = a~/2 va BC = a3

{1am tuong tu).
3. Cho tam gidc ABC can tai A vdi hai dutng caoc AH va BE. Ching
minh réng :
1 1 1

a) =g = ok 5 b) BC*=2CKAC. D
BKZ BC* 4AH

Giai
Dung duing thing vudng géc vdi BC tai B cat
dutng thdng AC tai D
— AH // BD, ma HB = HC (gt)
— AD = AC =» AH 12 du¥ng trung binh cla ABDC.
a) Ap dung hé thirc lugng trong AABC vubng tai B, tacd
Lo o Lo (i BD=2aH)
BK® BC® BD® BC 4AH?
b) BC? = CK.CD = 2CH.AC (vi AD = AC}.
4. a) Tam gigc ABC vudng tai B ¢6 BC = 3ABR Trén canh BC ta ldy cac didm
D va E sao cho BD = DE = EC. Ching minh ADB = AEB + ACB.
b} Mot tam gidc vudng cd canh huyén 1a 25cm v dudng cao Ung vdi canh
huyén 12 12cm. Hay tinh canh nhé nhit cla tam gige vudng nay.
Giai A
a)bat AB=BD=DE=CE =1
Tac6: AD?=AB%+BD®=2

B H C

DEDC = 2
= AD? = DE.DC
DE _ AD

= ol = ADEA «» ADAC (e.g.c)

= DAC = DEA.
Vay ADB = DAC + ACB = DEA + ACB.
b) Xét AABC vudng tai A, ¢6 BC = 26cm, dubng cao AH = 12em (AR < AC)

PatBH=x=CH=25~x A
DoAB<AC=BH<CH=x<25~x
25
=0 << —.
2
Ap dung hé thic lugng trong AABC
vudng tai A : AH? = BHHC B H C
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= %(25 — x) = 144 <> x* — 25% + 144 = 0
S x—-9x-16)=0
S x=16;x=9.
So diéu kién ta duge : BH = 9em = AB = VBHBC =9.25 = 15 (cm).
5. Cho hinh chit nht ABCD c¢6 AB = 86em, AD = 24em. E 1a trung diém
cha AB, duding thing DE cit ACG F, cat CB 3 G.
a) Chung minh FD® = EF.FG. b) Tinh 4o dai doan DG.
Giai
D& dang tinh DF = 20cm ;
EF = 10cm va FG = 40cm.
Vay : DF? = 400 ; EF.FG = 400 » > B
=  DF®’=EFFG.
Suy ra : PG = 2DE = 60 {cm).

D c

6. Cho tam gidc ABC vuéng tai A, ké dudng trung tuyén AM va dubing

cao AH. Goi D, E 14n lugt 13 hinh chiéu cta H trén AB, AC.
a) Ching minh ring DE* = BHHC.
b) Ching minh DE vubdng géc voi AM.
¢} Gia sir dién tich tam gidec ABC béng 2 1dn dién tich ti¥ gide AEHD.
Chirng minh tam gidc ABC vudng cén.
Giai
a) DE? = AH? = BH.HC,
b) D& dang ching minh HAE = AED;
MAC = MCA E
= MED + MAC = HAE + MCA D
= 90° (AAHC vudng tai H).
Vay AM 1 DE. B H M C
c)Tacd : SABC = 25,\3}11) = 48@3.
Sapp _ AEAD _ AH'  AH® AM®
Sapc ABAC (ABACP® BC? BCZ

1
4

= Sapp £ :}SABC.‘ DPéng thitc xay ra «> H = M &> AABC vubng can tai A.

. Cho tam gidc ABC c¢6 ba géc nhon vi céic dubng cao cidt nhau tai O.
Tran céc doan thing OB, OC lay tudng ung hai diém B, va C,.
Chitng minh ring néu: AB,C = AC;B = 90° thi AB, = AC,.
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Giai
B.A® = AE.AC
C,A” = AF AB.
Lai c6 : AAEB ¢» AAFC (g.g)
= BE_AB 4B AC = AF.AC.
AF ~ AC

Suy ra: AB? = AC] = AB; = AC,. H IS
Cho tam gidc ABC vudng tai A, duting cao AH Biét chu vi tam gidc ABH
bing 80em va chu vi tam gidc ACH bling 40cm. Tinh chu vi tam gide ABC.

Giai A
AAHB w AHCA (g.8)
_ AB _ CV(HAB) _30 _3
AC CV(HCA) 40 4
= AB = 3k, AC = 4k
Vé}’ BC = 5k
AABC w AHBA (g.g) B H c
CV(ABC) BC 5
OV =B " 3 = CV {ABC) = 50cm.
I BAI TAP NANG CAO
Cho tam gide ABC vudng tai A, ké dutng cao AH. Goi E, F In lugt 1a
hinh chiu cta H trén AB, AC. Ching minh ring :

3
2) BC? = 3AH? + BE? + CF% p A2 = DE
AC FC
¢) AH® = BC.BE.CF va AH® = BCHE HF
Giai
a) BC* = (BH + HC)? = BH* + HC® + 2BH.HC
Lai c6 : BH? = BE? + BH? A
CH? = CF? + HF?
= BH® + CH? = BE? + CF* + (BH? + HI% ¥
= BE? + CF? + BF® E
= BE? + CF2 + AH?
Lai c¢6 : 2BH.HC = 2AH?
= BC? = 3AH? + BE® +CF% B H C

) AB®2 BH AB' BH? BEAB AB® BE
iy DT s TN = = = e
ACZ CH  aAc* CcH2 CFAC  AC® CF
¢) AH? = BH.HC = AH* = BH.CH? = (BE.AB)YCF.AC)
= BE.CI(AB.AC) = BE.CF.BC.AH.
Suy ra AH® = BE.CF.BC.
Lai c6 : AH® = AE.AB ; AH? = AF.AC

11
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= AH" = AE AF AB AC = HE HF . BC AH = AH® = HE.HF RC.

10. Cho hinh thang vubng ABCD ¢6 A = D = 90° B
. vA AD = DC (AB < CD). Goi E 1a giao diém caa
" hai dudrng thing DA, CB. Ab_\B
Chung minh ring ! .1 A
AD®  BC*  EC?
Giai
Ké BH LDC; CK L CE

= aADCK = AHBC (c.g.c) = CK = CB. o C
ACKE ¢6 & = 90°, DC | KE /
. 11 1

"R oD ToR? T or? K
pods Lo 1 _ 1 1 1 1 A

= + = + ’
CcD* cA® CE? CK? CE2 BC?
11. Cho tam gide ABC vudng tai A c6 dudng D 4

cao AH, dutng trung tuyén BM, dung phan
gide CD déng quy tai O

a) Ching minh ring BH = AC B H c
b} Cho biét BC = a. Tinh AB, AC theo a.
Giai
a) Goi E la diém d6i xing ciia O qua M,
Tu gidc OAEC la hinh binh hanh = QA // EC, AE // OC.

ABCE ¢6 OH // EC = %g - %8-\ (1)
ABAE c6 OD # EA = %‘%”% @)
AABC ¢6 CD 1a dudng phéan gide = %-g = —E—g (3)
Tit (1), (2) va (3) c6 % - iig- = BH.AC = CH.BC.

Mat khac AABC vudng tai A, AH 1a dudng cao

= BH? = CH. BC v BH.BC = AB? Ta ¢6 BH? = BH.AC = BH = AC.
b) AABC vudng tai A = AB? + AC? = BCZ.

Tacé: AC.a + AC? = a°

2 2 2
= 2 4+ ACa+ACt= 2 +a2:>(9~+AC)2=(.£5-E] )
4 4 2 2
(ngl)a
Vay AC = —
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8A1 THI CHON HOC SINH GIOI TOAN
12. Cho AABC vudng tai A, ké AH 1 BC(H « BC).
a) Goi D, E ldn lugt la hinh chiéu cua H trén AB, AC Ching minh
ting : BDJCH + CEBH = AHJ/BC.
(Pé thi chon hoc sinh giéi Todn 9, Qudn 1, TP. H3 Chi Minh, ndam
hode 2007 — 2008)
b) Biét Sasn = 24em?, Sacu = 13,5em’. Tinh BC.
(Bé thi chon hoc sinh giéi Todn lop 9, trudng chuyén Van - Todn
huyén Pite PhE, Tinh Quang Ngai, ndm hoc 1991 - 1992)
Giai
a) BD J/CH + CE. JBH = AH/BC
< BDJCHBC + CEJ/BHBC = AHBC = ABAC

e BDVAC? + CEVAR? = ABAC e % ' %Ié— - 1 (PAng thic déng)
Ap dung dinh 1i Talét, ta ¢6 : A
BD BH CE_OH B
AB BC'AC BC
BD CE BH+CH BC D
ey D T P =1
AB AC ~ BC  BC
B H C

b) Sasu = ~§A_H.,BH, Sany = 24

= AH BH = 48.

Tuong ty AH.CH = 27.

Mat khée AABC vudng tai A, All 1a dudng cao, nén AH? = BH.CH
Do dé (AH.BH) (AH.CH) = 48.27

AH? = 6°

AH =6

BH = AHBH _48
AH 6

CH = AHCH _ 27 45
CH 6

13. Cho tam gidc ABC ¢é AB = 1, A = 105°, B = 60° Trén canh BC 14y
diém E sao cho BE = 1. V& ED song song vdi AB (D thude AC).
1 i 4
Chirng minh rdng | —5 + —5 = —.
8 BT aCr T AD? 3
(Pé thi chon hoc sinh gidéi Todn 9, trugng THCS Hoa Lu, Qudn 9, TP.
Hé Chi Minh, ndm hoc 2005 — 2006)
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S Giai

" pyng dubng thing vudng A N

géc AC tai C cit BC tai M.
- puing thing qua A song BC 1 D
. ¢it dubng thidng ED tai N
" ABEN Ia hinh thoi sof |
= AABM = AAND (gc.g) B MH E C
- = AM = AR
Ap dung hé thde luong trong AMAC cé A =90°, AH | BC

1 1 1 1 1

= + = + .
= AH?  AMZ  ACE  AD? | ACE

AABC déu c6 AH | BE, AB = 1 :m:%ﬁg?‘

a2 _,.1 4
Suy ra: D AT
§2. TI S0 LUGNG GI1AC CUA 6OC NHON
A/ KIEN THUC VA KY NANG CAN NHG
1. Dinh nghia : Cho géc nhon o

. canh dai canh ké
SIN0L = ——re——— | e —
canh huyén canh huyén
o = canh doi cotga = canh ké
canh ké'’ canh dai’ i
- . . B cazh huyen C
Nhin xét o0 <sina<l:0<cosa<l
. sina cos o
* sina + cos’oa = 1 ; tana = ; cota = e .
cos o sin o

2. Ti s6 Iugng gidc ctia hai gée phu nhau
Néu hai géc phy nhau thi sin géc nay bang cosin géc kia, tang géc nay
bing cotang géc kia,
Nhén xét : V6i  0° < o5 < @z < 90° thi sino, < sinas ; tana, < tanca,
€o50; > cosag ; cofay > cotas.

B/ BAI TAP
0 BAI TAP CO BAN
14. Tinh :
a) 5in42° — cos48° b) 8in*61° + sin?29°
¢) tan40° tand5° tan50° d) cos?38° + c0s%52° + cos?60°.
Giai
Ap dung ti s6 lugng gide hai géc phu nhau, ta tinh duge
2) 0 b) 1 01 a) gd
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15. Khong ding may tinh hoéc bang s6, tinh gid tri cha cac bigu thic sau
A = sin?10° + sin®20° + .+ sin%60° + sin’80°
B = cos’15° - c0s?25° + cos°35° - cos?45° + cos’55° — c0s%65° + cos T5°
C= tanZO",tantiO“htan50°»tan60°..tam70°‘
Giai
a) 4.
b) Ta c6 : cos75° = sinl5°; cosB5° = sin28° ; cosbs” = 5in35°.
Vay B (cos?15° + sin®15°) — (cos’25° + sin’25°) + (cos?35° + sin“35%)
— cos”45°

2
1—(;‘/2] =L
2 2
e} D= 3.

16. SAp x&p cdc ti s0 lugng gidc sau theo thi tu tang dan :
a) sind8° ; cotls’; tan65" ; cosh0° ; cot42” B
b) sinB5° ; cos65” ; tan65° : cot24”.

Giai
. AB _AB_ . \
a) Ta co: sina = BC<AC_tanu(v1BC>AC} >

Ap dung két qua trén va lw y asi voi goe A C
phon, ham sin, ham tang la ham déng
bign, ham cosin vd ham cétang 1a ham
nghich bién.
cos50° = sind0° cotl5° = tan75’, cot42°® = tand8°.
Do: 40° < 48° < 65° < 75° = sind0° < ind8° < tand8® < tan65° < tan75’
Suy ra : cosb0° < sind8° < cotd2® < tan65°® < cot15”.
b) 26° < 65° < 66° = sin25° < sin65° < tan65° < tan66’
— cosB5° < 5in65° < tan65” < cot24°,
17. Ching minh ring gid tri cha cdc bidu thae sau khéng phu thude vao
gid tri cha géc o (0° < a < 90%.
A = sin®o + cos®a + 3sin®acos’a
B = (cosa — sina)® + (cosa + sina)’

1t

i

(cos o —sin @) — (cos o + sin o)?
sin o coso ’
Giai
A d . 2 2 _ .
p dung sin‘a + cosa = 1,taco:
A = sin®a + cosa + 3sin®acos’a = (sina + costal = 1¥ =1
B = 2(sin%a + cos’a) =21 =2.
-4 sin ¢ cos o

C B e = "‘4\
SN QCOsSC

C=
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18, Bigt tger = 2. Tinh gi& tri cda bidu thic : A = sin« + 2sinacoso. ~ 3cos’

Giai
‘”‘éz"'_ = tana + 2 tana ~ 8 = A = (tana + 2tanc - 3): (1 + tan®o)
cos” o

_ ={4+22-3):(1+4)=1.
19, Tinh s6 do ca géc nhon « biét :

a) tgo + cotgo = 2 b) Tsin®a + 5cos’u = 1?331

Giai
Cach 1

sina  cosa
a) tanot + cota = 2 < +

Cos QL sino
<> sino = cosa = sin{90° — o) e 0 = 90° — &0 < o = 45°

= 2 & (sina ~ cosa)® = 0

Cdch 2 : tano + cota = 2 < tano + =2 e .

tana
< tana = 1 < a = 45°

2
b) 7sin®a + Beos® o = };» o 2sina + 5 = }; < sin‘a = g = (m\[g)

<> gina = mé'/wg«» = 5in60° ¢» o = 60°,

20. a) V6i 0° < oy < ap < 90°. Ching minh rang :
sinoy < sinog v €oso, > COSHL.
b) Véi o + B < 45°. Chiing minh rling : sin(o + B} = sinacosp + cosasing,
Giai
a) Dung AABC ¢5 B =0as; C =a,dooy <o = C < B
= AB < AC. Ké AH | BC, tacé : A
singy = AH < AB = sindg.
AC T AB
sin®a; + cos®a; = 1 = sin2ag + c032a2
ma sina; < SiI}Cl.g = sina; < sin Zas g oy
suy ra : cos’oy > c052a2 => OS¢ > C0Sap. B H C
b) Dung AABCc6 B =a; C =p= A > 90",
Ké AH | BC, BK 1 AC.

sin(a + B) = sinKAP =

BK
AB
Ta c6 : sinocosf + sinfeosa

_ AHBC_BK.BC gg_sm(a+ﬁ)
" ABAC ABAC AB ' -




B4t duding hoc sinh gidi Toan 9 - Nhiéy Tac gid

(11 BAI TAP NANG CAO
21, Tam gide ABC cé cdc géc thod mén :
tan—“}«ﬂ;anE < tang va cot£+c0t~1?’— -4 Zcotg .
2 2 2 2 2 2
Ching minh tam gidge ABC déu.
Giai

Tir didu kidn gia thiét, ta duge: 2 + tan%cot% + tan% ..cot% 54

= t::auaé.,ctzat}é + tanEcotfi <2 (1)
2 2 2 2

Lai (:():tzan—}?-&—mtE +tanE‘.cot£i zz\jtané«cotgtanﬁncot—% =92 (2
2 2 2 2 2 2 2 2

Tir (1) va (2) suy ra tanécot—g + tanﬁcoté— =2
2 2 2 2

Dau ding thie xdy ra < i:anzé = tar12]—3- > 2 = B o A=B
2 2 2 2
tan—éstan-c— fﬁsg N .
Liie dé 2 =N E % = A = C Vay AABC déu.
cot——<cot9 A_C
= —_— > —
2 2 979

29 Véi 0° < o < 45°. Ching minh rang :
sin%q = 2sinacose ; cosla = cos?a — sin’a ; tan2a = -3@—;1“
1-tan”a
Giai

Xét AABC vudng tai A ¢6 C = a (0° < o < 45°).
V& dutng trung tuyén AM = MA = MC = AAMC cdn tai M.
Vay AMC = 2a.

- . AH
Ké AH L BC:sina= AM

::>Zsirmtc{Jssm-—Z—A—Ii ﬁg_gﬁ“ﬂ
“%°AC BC  T2aM = AM

Suy ra : sin2a = 2sinacosa.

Ta co : cos2a + 1 = MH +1= MH+MA _ MH+MC
‘ AM AM  AM
HC _HC , HCBC _,(ACY 2
LR e = I
AM T BC BCE (Bc) cos &
= cos2a = 2cos?a — 1 = 2cos’e - (sino. + cos’a) = costa ~ sin®a.

= (1 — sin%a) - sin®0 = 1 - 2sin’a
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i . tan%o = sin2a _ 2sinccosa  Ztano
- Taco:REE T Cosa T cos’a-sina 1-tana
23 Bigt tge = V2 — 1. Tinh tan’a + cotba.
Giai
Dotgo= V2 — 1 = cota = V2 + 1
= tana + coto = 22

Tinh duge :  tan®a + cot’e = 6 s tan'e + cotlo = 34
Suy ra: tan®a + cot’a = 1154.
24, Cho tam gidc nhon ABC. Chimg minh riing cotA + cotB + cotC 2 /3 .
Giai

Ching minh : cotA.cotB + cotB cotC + cotC cotA = 1.
Tir d6 ta ¢6 (cotA + cotB + cot()? = 3(cotA.cotB + cotB.cotC
+ cotC.cotA)cotA + cotB + cotC)* = 3

= cotA + cotB + cotC 2 V3.
[ BAI THI CHON HOC SINH G101 TOAN
25. Khong diing bang s8 hodc may tinh, hay tinh tan15°,
;' (Pe thi chon hoc sinh giéi Todn lép 9, trusmg THCS Hoa Lu — Qudn 9,

TP H3 Chi Minh, nam hoc 2008 - 2009)

Giai
Dung AABC cé .31 = 90°, 6 “300.AB$12€>BC:2,AC= \/'é'
Ké phin gidc AD, wg% - _g% = _,‘/g C
1
ﬂ:)_ = .._\/—i. = AD = 2J§ -3
2.+ 43
AD _2J3-3
tan15° = tan ACD = =
an an Yl 7
6 - 3v3
o= 3 =2 _ Jg N\
2. Cho a = tan1®tan2® ... tan88° tan89° A D B

vi b = -‘g?_sinw + sin®63° - sin®47° + sin®27° — sin%43° Hay so
sdnh a va b.

(B¢ kiém tra ddi tuyén Todn 9, trugng THCS Nguyén Du, Qudn 1, TP.
Hé Chi Minh, ndm hoc 2006 — 2007)

Giai
Ap dung ti s& lugng gide hai géc phu nhau : « + B = 90° thi

tana = cotP = 1 = tanatanp = 1 va sino = cosa.
tan
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Suyra:a= (tan1®.tan89°).(itan2°tan88%) ..tand5" = 1 ;

V2

_ Y2 0450 1 sin®88° + sin?27° — (sind7° + sin®43")

+ (sin227° + c0s?27°) — (cos™43° + sin%43%) = }2*

B gy

= a>bh

§8. MOT SO HE THUC VE CANH VA GOC TRONG TAM &iAC VOGNG
A/ KIEN THUC VA KY NANG CAN NHG

1. Trong tam gide vudng, mdi canh géc vudng bing : 3
a} Canh huyén nhan véi sin gée dai hodc
nhan véi césin goc ké.
b) Canh géc vuéng kia nhan vdi tang goc 5 o
A6i hoac nhan vdi cotang goc ké.
AB = BC sinC = BCcosB AC = BCsinB = BCcosC
AB = ACtanC = ACcotB AC = ABtanB = ABcotC.

2. Trong mot tam gidc vudng, néu bigt trude hai canh hofic mdt canh va md
gée nhon thi ta s8 tim duge tat ca cac canh va géc con lai cha tam gide o
Bai todn dat ra nhu trén goi 1a bai todn “(3ai tam gidc vadng”.

B/ BAI TAP

0 BAI TAP CO BAN

27. Cho tam gidc ABC ¢6 B =20°; C = 30°; BC = 60cm. Tinh dién tich
tam gidc ABC.

Giai
Ké AH L BC : BC = BH + HC = AHcot20° + AHcot30° = 60
= AH = 060 = = 13,396cm A
cot 20 + ¢ot 30
= S= }Z—A}IBC ~ 40,188cm?. T a0
B H C

28. Cho tam gidc ABC vudng tai A, ké duling cao AH. Bist AB = 4HC =6
Giai tam gide vudng ABC.

Giai
Pat HC=x, x>0 A
Ta c6 : AB? = BHBC & 16 = (x + 6)x
e x4 Bx—~16=0 4
e {(x—-2Xx+8y=0 b1
= ox=2(vixs0) B H = -6 ¢
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BH 1
AB 2
=B =60"; C=30"va AC=4.3.
29. Cho tam gide ABC nhon, biet BC=a;CA=b;AB =c.
a _ b e
sinA  sinB  sinC
b) Gia st 2a = b + ¢ Chimg minh ring 2sinA = sinB + sinC.

Suy ra BC = 8 = cosB =

a) Chitng minh ring :

Giai A
a) Ké AH 1 BC, ¢6 AH = csinB = bsinC
b ¢
sinB  sinC’
PR a o]
Li ludn tuong t ey & m &
a b ¢ b+c 2a

Vi - = = = ;
W SnA  SnB  snC  snBisinC  ZemA
b) Do 2a = b + ¢ (gt) = 2sinA = ainB + inC,
380. Cho tam gidc ABC nhon, bigt BC = a, CA = b, AC = ¢. Chitng minh ring :

a) sin%— < aib b} sin% .sing—‘,sing- < %
Giai A
a) Vé dubng phan gidc AD cla tam gide ABC.
Ve BH L AD tai H, CK | AD tai K. 1\2
Do dé sinﬁ; = % ;sinAg = % H

pud Slné- = Eﬂ = 9§— B D s
2 AB AC \0/
_BH+CK _BD+DC_ = K
c+b 7 basec b+c’
b) Li ludn tuong tu : sing < b ; sing < S
a+c 2 a+b
B4t ding thic cidn ching minh tuong duong véi
abe 1

{a + b}b +c)e +a) 8 8
< (a + b}{b + ¢)c + a) = 8abe (Pdng thie ding, d& dang ching minh).
81. Tinh dién tich hinh thang ABCD bigt AB #/ CD, G = 30°, D = 60°,
AB = lem, CD = Bem.
Giai
Goi O 13 giao diém cla AD va BC.
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Ta céd : OC L OD

o
SOCB;—;OCVODM CD%J3 25f
o ABNE 5
OAB = 8 - 8 60"

Suy ra: Sapcp = 33 (em?)
32. Tam gidc ABC ¢6 AB = 3cm ; AC = 6cm A =120°. Tinh d6 dai phan
gide AD cha tam gidc ABC

Giai
Ké AH 1 AB ;
ta ¢ Sanc = ——AB CH = —A.B AC.sinB0°.
GG 50"
Laicod: Saps + Sanc = v—AD(AB + AC}sm60°

suy ra : ABAC = AD(AB + AC) C
= AD = 2 {cm},

33. Cho tam gide ABC c6 B > C, duing cao AH, dutmg trung tuyén AM
Dat MAH = o« Tim hé thdc gitta tano vdi cotB va cotC.

Giai A

Pat AH = h, ta duge : HC = heotC ; BH = heotB
HC — HB = h{cotC — cotB) -
Lai c6 HC — HB = 2HA = 2htana h
= 2tanc = cotC — cotB
cot C —cot B
= tANQ & —e—————,
2 B H M C
34. Cho tam gidc ABC vudng tai A, phan gidc AD
i1 1

a) Ching minh rdng : AD - AB + Il
b) Hé thic trén thay ddi nhu thé nio néu thay dubng phén gidc trong
AD bdi duting phan gide ngoai AE ?
Giai

Bat AC=h, AB=c,faco:
be = 28450 = 2Saps + 28apc
V2

= (b + ¢).ADsind®° = (b + c).AD,—-é—

L AD_be B 1.1
J2 b+c AD b ¢ E
21
Li ludn tuong tu, ta €0 | — = ——= — e
11ugn tuang W, 18 60 : A = AB T AC
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£ BA! TAP NANG CAO A
35. Cho tam gidc ABC nhon, bigt BC =
a, AB = ¢, AC = b. K& dubng cao AH,
dudng trung tuyén AM.
a) Chung minh ring : b® = a? + ¢ - 2ac cosB

. b? 4 2 a2
b) Cher h MA? = -
) ng min 5 7 -
Giai B H M

a) Ta cé : HC® - BH® = AC%— AB? = p2 _ ¢2
= (BC - BH)Y ~ BH? = b2 - ¢?

2. .2 1.2
=a°-2aBH=b— ¢? = BH = Em:—ga—ljm,

Lai ¢6 : cosB = BH
c

2

2 2
a“+c“~b
= BH = c.cosB = B e =b*za’+clo Za.c.cosB.
a

b) Gid s AB < AC = BH < BM
AM® = AH® + HM? = AB? - BH? + (BM ~ BH)?
= AB* - BH® + BM® - 2BM.BH + BH?
98 @+c?-b o Pab? a®
2 2a 4 2 4

36. Cho tam gide ABC, cac dubng phan gisc A

AD, duing cao BH, duomg trung tuyén CE

déng quy tai diém O. Ching minh ring E -

ACcosA = BCeosC.

= C

Giai "
AH

Ké EFJ.BchiEF:—é——, B D

CH _oC
T OE’
Ap dung tinh chat phén gidc trong AARC, ta ¢6 :
0C AC 5_C_Ij=é9:> CH AC__*’CH AC
OE AE EF AR 9EF 2AE AH AB
Vay ABCH = AC.AH
= AB.BCcosC = AC.ABcosA = (dpcm).

Do EF/CH:

37. Cho tam gide ABC nhon, ké dudng cao AH. Goi D va E Idn lugt 1a

hinh chigu cia H trén AB, AC. Ching minh ring : DE = AHsinA.



&t dutng hoc sinh gidi Todn 9 ~ Nhigu Téc gid

Giai
%6t AODE va AOHA ¢6 : AOE chung
_OD OE
YEH e 2 e
OH ~ OA
Do 46 AODE < AOHA (¢ g.0) = 28 = 2%
AH  OA
Ma sinA= 2F Dods 2E _sina.
OA AH

0 BAI THI CHON HOC SINH G101 TOAN
38. a) Cho tam gide ABC cé cdc duiing trung tuysn BM va CN vudng géc

vé#i nhau Chifng minh réng : cotB + cotC 2 223; ‘

(Bré thi hoc sinh gidi gidi Lé Quy Pén, Qudn 5 - TP. Ho Chi Minh,

nam hoc 1995 — 1986}
b) Cho tam gidc ABC nhon, bigt AB=c, CA=b,BC=a. Ching minh réng

1)siné—£ a ; 2}cosB+CcosA+ccosA+B si
2 b+ec 2 2 2 8
(Dé thi hoc sinh gidi Todn lop 9, Qudn 1, TP. Hé Chi Minh, ndm
hoc 2010 — 2011)
ias A
Giai
a) K& AH L BC, goi D 12 giao diém cla AG va BC
BH CH BC _BC 2GD
cotB + cot( = = b o == e B e = e
A AH AH AD 3GD M
= ¢cotB + cotC 2 ?23—
b) 1) Xem bai 199a)
2) sin? = sin0* - 22C) = c0s 228 :
2 2 2 3
B H D C

Ti&p tuc, xem bai 199b)
39, Cho tam gide ABC cb A = 60° ké dung cao AH, bigt BH = 2a ; CH = a

Tinh AH theo a.
(Dé kiém tra doi tuyén hoc sinh giéi Todn 9, Qudn Tdn Binh,

ndm hoc 2000 - 2001)
ens A
Giai
BH=2a>CH=a = C>B _
= C>60°>CAH. b €

pat AH=x=a<x

Ta ¢6 : AH.BC = AC.ABsin60° (= 25nc)

3 =
2 C a H 2a B

< Sax= \/(a2 + xg)(:ﬁz + 4a%),
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e 243ax = \/x‘1 + BaZx? + dat

2
o xX-7% 4 dat=0 o (xz—%az) =[

2
/334 ]
2

g T+J33 , x:\/ﬁwﬁa
2

2 =
g T-33 , x_«[ﬁ"\[g
2 2

VT4 5,
Ay

(nhén)

a< -a (loai).

Vay AH =

ON TAP CHUGNG |
. Trong tam gidc ABC cén tai A, trén duting
thdng vuéng géc véi AC tai C lay diém D
bat ki (B, D khdc phia so véi AC). Goi K
1a giao diém cta dudng thing qua B vusng
gée vdi AB va dubng thdng qua trung
diém M cta CD vudng géc véi AD. So D
sdnh CB, KD ? B M
Giai
Ap dung dinh I Py-ta-go, ta cé :
BK® = AK® - AB? = AR? + EK? - AC?
= AE® + EK® — (AM? - MC?)
= EK? + MD® ~ (MA® - EA?) = EK? + MD? — ME? = KDZ.
- Cho tam gidc ABC vudng tai A, dudng cao AH. L&y D thude canh AC,

K

i mmr s AD HE 1
diém E thude tia ddi coa tia HA sao cho ol HE = 3
Ching minh réng BED = 90° A
Giai D
Ké DF L AH = FD # HC. F
Ap dung dinh i Ta-lét :
AF _AD 1 H
AH AC 3
= AF = HE ; HA = EF. B\C/ ©

Ta c6 : BE? + ED? = HE? + HB® + FE? + FD? B

= AF? 4 HB® 4 HA? + FD?

= (AF? + FD? + (HA? + HB?) = AD® + AB%= BD?
= ABED vudng tai B.
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3. Cho tam gide ABC vudng tai A (AB > AC), ké duisng cao AH.
. . AB®  AC?

a) Ching minh : BH - CH

b} V& AD Ia tia phan gide BAH (D e BH). Chiing minh tam gidc ACD can.

¢) Tinh AH trong trudng hep Sapy = 15,36 (em?) ; Sanc = 8,64 (cm?).

d) Goi M la trung di€m AB, E 14 giao diém ciia hai dudng thing MD
va AH. Ching minh ring CE / AD. A

Giai

aB’ BH _ A AC? 2

ACZ CH BH ©CH'

b) DAC = ADC (ching phuy Az) |
= ADAC ean tai C. B D H

¢) AH" = 4,8* = AH = 4,8 (cm).

d) D& dang chitng minh : CEH = DAH

ma hai géc ¢ vi tri so le trong

= CE // AD.

a)

E
4. a) Cho sinx = -\ii . Khéng tinh géc nhon x hay tinh gid tri bidu thie M

_ cotx+tanx
"~ cotx-tanx
b) Cho tam giac ABC, dutng cao AH ¢6 B = 60°, AB = 8cm, AC = 13em.
Ké dubng trung tuyén AM Giai tam gigc vudng HAC va tinh MAH.

Giai
a)M = 8.
A
b AH:ABSinSO":&%:é-\@
HC = JAC? - AH? = 11. 8 13
sinczﬁ=ii£’méz:32°12' 60°
AC ™ 13 B , o

= HAC = 57°48", H M

BH=4:>HM:BM—BH=§§QwBH=7,5—-4=3,5

—— HM 7 7 ——
tan HAM = 2 = . =0 o {TAM = 17°39".
= tan AH 211 22

5. a) Khong dung bang s6 v mdy tinh hay sip xép cde ti s6 lugng gide
sau theo thi tu ting ddn
cos55°, sin27°, c0s31°, c0s39°, sin65°, cotg24°, tg65°.
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b) Cho tam gidc ABC vuong tai A ¢ AB = 2lcm, BC = 35cm. Ké
dubng cao All, dubing phéan gide AD
(zidi tam gidc vuéng ABC. Tinh AH, AD,
Giai
Ap dung ham sin, ham tang 12 ham déng bign khi 0° < o < 90° va ti
58 lugng gidc hai gée phu nhau.
6. Cho tam gidc ABC nhon, dudng cao AH. Goi M, N lan lugt 12 hinh
chigu H trén AB, AC. Ching minh ring :

a) AM AB = AN AC va AH = — B¢
cot B +cotC

b) Samn = sin”B sin’C Sape.

A
Giai
a) AM AB = AN AC (= AH?)
BC = BH + HC = AHcotB + AHcotC N
BC
AH = ™
= cot B +cotC M .
2 2
py Samn _ AN AM _ AH® AH B 2 C

Sapc  AB AC  AB*® A
= sin® Bsin® C.
7. Cho tam gidc ABC vuéng tai A (AB > AC) duding cao AH. Dung D 1a
diém déi xing cia C qua H.
a) Chting minh : AH? = HB HD.
b) V& DI L AB (I € AB). Cho biét B = o ; BAD = §.
Chung minh rdng sinp = cos2a = cos’a — sin’a.
Giai
AACD can tai A nén HAC = HAD.
Lai cé HAC=B-=qa
= 20 +p=90" = cosla = sinP
ID Ib BD

ID // AC : il
AD ~AC Bc ~SmB
cos’a — sin%q < BHE._AH?  BH® CHBH
AB?Z AB? BHBC BCCH
BH - % = —B—D— cos 2a
" BC BC BC '

8. Cho tam gidc ABC nhon. Chitng minh riing :

2 2 2
cotpB + cotgC + cotgA = AB7 + icSJ +BC (S : 1A dién tich ciia AABC).
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Giai A
Ké AH LBC:
2 2
cotB + cotC = Egm_}&w&
AH  AHBC 23
2
Tua t : cotB A = -
ng tu : cotB + co 25 . .
2 H
cotA + cotC = «%»gm
23

Cong cac ding thic ta duge didu phai ching minh.
9. Cho tam gidc ABC nhon ¢6 H 13 giao diém ba dudng cao AD, BE, CF
a} Ching minh ring : AAEF @ AABC va Sppr = Spepr trong trutng
hop A = 45°

b) Chitng minh ring : EF = AHsinA va Susc _ Suac _ Shas
tan A tan B tan C

Giai
a) AAEF o AABC (c.g.e).
Neéu A = 450; SAEF = COSQAASAEC = %SABC

V&y Baer = Seerr.
b) ABEF o ABHA (c.gc) = EF = % AH=AHsinA.

SEBC BF CF CF tan A . SHBC - SHAC

SHAG‘XFM“TAMFM'BF tanB  tan A tanB
Li ludn tuong ty ta duge didu phai ching minh
10. Cho tam gide ABC vudng tai A, ké duding cao AH, goi D, E l4n lugt 12
hinh chiéu ctia H trén AB, AC.

Ching minh ring : ¥BD? + Yor? = ¥BC?.

Giai 2
BD = BHcosB = ABcos’B = BCcos'B E
= BD? =BC%cos® B
= YBD? = cos? BYBCZ. D
Tugng ty, YCE? = cos? CYBC? B H C

= sin? BYBC2.
Suy ra: Q/BID‘{g + Q/CEZ = %/BC2 (sin? B + cos® B) = ¥BC2.
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Chuong 1. DUONG TRON
§1. SU XAC DINH BUING TRON.
DUGNG KiNH VA DAY CUNG CUA DYGNG TRON

A/ KIEN THUC VA KY NANG CAN NHG

1. Buong tron tdm O, bdn kinh R (véi R > 0) 14 hinh gém céc diém cdch
diém O mét khodng bing R

2, Qua ba diém khéng théng hang, ta vé duge
mot va chi mot duirng tron.

3. Bubng tron 12 hinh ¢6 tdm d8i xung. Tam cla
dubng tron la tam d8i xing cha dudng tron do.
Dutng tron la hinh eé truc d6i xing Bat ki
dubng théng chita dudng kinh nao cing la truc
déi xing cia dutng tron.

4. Tam cia dubmg tron ngoai ti€p tam gidc vudng 1 trung diém cha canh huyén.
- Néu mét tam gide ¢6 mdt canh la duong kinh cia duding tron ngoali

tiép thi tam gide d6 1a tam gidc vudng.

5. Trong cdc day cta mot duing tron, day 1én nhdt la dudng kinh.

6. Trong mét dudng tron, duting kinh vudng géc véi mot day thi di qua
trung diém cia day ay.

7. Trong mot dubing tron, dudng kinh di qua trung diém ciia mot day
khong di qua tam thi vudng géc v6i day ay.

B/ BAI TAP

@ BAI TAP CO BAN

L. Cho tam giac déu ABC. Goi M, H, N lan lugt 1 trung difm cia ba
canh AB, BC, CA. Ching minh b8n diém B, M, N, C ndm trén mgt
dubng trdn cd tam 1a H.

Giai A

Ta c¢6 M, N 1an lugt 14 trung diém cla AR, AC
= hai trung tuyén CM va BN tr& thanh

hai dulng cao clia tam gidc ABC.
Xét ABMC vudng tai M, c6 MH la
dutmg trung tuyén
= HM = HB = HC. (1)
Xét ABNC vudng tai N, c¢6 NH la dutng

S

trung tuyén = HN = HB = HC. (2) B H ¢
Tif (1) va (2) c6 HB = HM = HN = HC
= B, M, N, C ciung thujc dusng tron (H ; HB).
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9. Cho ti gidc ABCD ¢6 hai dutmg chéo AC va BD vudng géc voi nhau.

Goi M, N, H, K 1dn lugt 12 trung diém cla cdc canh AB, BC, CD, DA.

a} Chiing minh riing td gidc MNHEK la hinh chi nhat

b) Ching minh ring bon didm M, N, H, K cung thuge mdt dung tron

¢) Tinh ban kinh dudng tron dé khi bigt AC = 12cm va BD = 16cm.

Giai

a) Ta ¢ M, N, H, K lan lugt 14 trung diém cia AB, BC, CD, DA
Do d6 MN, NH, HK, KM lan
luot 1a cdc dutmg trung binh M
cia cae tam gidc ABC, BCD, N

CDA, DAB D B
= KM // DB va KII # AC 0

{tinh chat dudng trung H N

binh cta tam gidc) /

ma DB 1L AC
= KM 1 KH nén MKH = 90°
Chitng minh tugng tu ta cd KHN = AHNM = 90°
Vay ¢ gide MNHK la hinh chif nhat
b} Goi O 1a giao diém ciia KN va HM.
Ta co : OM = ON = ON = OK (tinh ch4t hinh chi¥ nhat)
= M, N, H, K cing thudc dudng tron (O ; OM)
¢) Theo tinh chat duyng trung binh cla tam gide. Ta co :

KM = LDB = L 16 = 8(em); KH = L AC = = 12 = 6(cm).
2 2 2 2

AMKH vudng tai K = HM? = KM® + KN? = 8 + 6% = 100
nén HM = 10 (em). Bdn kinh dudmng tron nay 1a 10 : 2 = 5 {em).
3. Cho tam gidc ABC vudng tai A ¢é cdc canh AB = bem, AC = 1Z2cm vi
BC = 13cm. Goi M 12 trung diém cda canh BC. Hay xéc dinh vi tri cha
mb&i diém B, M, C déi véi dudng tron tdm A bdn kinh 6,5cm.

Giai
AABC vubdng tai A, tacd: B
BC? = AB? + AC? = 5% + 12% = 169 M
nén BC = 13 {cm)
AABC vudng tai A, c6 AM 13 A C

trung tuyén
s AM = ZBC = £.13 = 6,5 (cm).
2 2
AB = 5em < 6,5cm nén B nam trong dudng tron (A}

AM = 6,5cm nén M nim trén duting tron (A).
AC = 13c¢m > 6,5cm nén C ndm ngoai dulng tron (A).
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4, Cho tam gide ABC nhon noi tiép dudng tron tam O, dubng kinh AD
" Goi H la giao diém hai dutrng cao BE va CF eta tam giac ABC.
" g) Ching minh réng ti gidc BHCD 12 hinh binh hanh,
b) Goi I 1a trung di€m ciia BC. Ching minh AH = 201,
¢) Goi G 1& trong tam ciia tam gidc ABC. Ching minh G cling 14 trong
tam tam gidc AHD.
Giai
a) AABD va AACD néi tigp dubng trdn (0) duting kinh AD
= AABD vudng tai B va AACD vuéng tai C.
Tac6: AB L BD va AB 1 CH (vi CF la dudng cao)
suy ra BD / CI.
Chung minh tuong tu ¢6 BH /# DC
Do d¢6 BHCD 14 hinh binh hanh.
b) Ta ¢¢ I 14 trung diém cda BC.
= Ila trung diém cta HD. \“

Vi O 14 trung diém cda AD (OA = OD) B ; C
nén OI 1 dubng trung binh cia AAHD,
Vay AH = 201 D

¢} AABC ¢6 Al la dubng trung tuyén, G la trong tam {gt)
= G thuéce doan thing Al va AG = »éz»»AI

AAHD ¢6 Al la dudng trung tuyén, ¢6 G thudce doan thing Al va
AG = g—AI = G 1a trong tam cta AAHD.

- Cho dutrng tron (O ; 5cm) va mét ddy cung AB = 8cm. Goi H 1a trung
diém cha AB. Tia OH cit cung AB tai L. Tinh 46 dai day cung Al
Giai

AB = 8cm < 10em nén AB khéong la
dudng kinh cda dudng tron (O)
ma H 1a trung diém cta AB (gt)
= OH L AB (dinh li dugng kinh di

qua trung diém day cung)

:>AH=£"2§ = 4 {cm),

AAHO vubng tai H, theo dinh Ii Py-ta-go, ta c6 : QA% = OH? + HA®
= OH”= OA® - HA®? = 5 - 4% = 9 nén OH = 3 (cm).
Do dé IH=0l-0H=5-3=2 (cm).
AATI vubng tai H, theo dinh li Py-ta-go cb :
Al = AH® + HE = 4% + 2% = 20 = Al = V30 = 25 (cm).
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6. Cho tam gidc nhon ABC ndi ti€p dutng tam 0. D 1a diém tuy ¥ irén

cung BC khong chia didm A. Goi K va Ilan lugt 1a diédm doi xing vai
D qua AB va AC.
a) Chdng minh rang Kl = 2ADsinBAC
b) X4c dinh vi tri cia D dé tam giac AKI ¢d chu vi dat gia tri 16n nhét.
Giai

a) Ké AH L Ki tai H, ta cé: 1

AK = AD = AT,

KAT = 2BAC

KI = 2K = 2K smKAH K B C

= 2ADsin BAC
= CV(AKI) = AK + AT + KI D
_ AD + AD + 2AD sinBAC = 2AD(1 + sin BAC).

by AD < 2R.

. Cho hinh vuéng ABCD, Eva ¥ 14n lugt 12 hai diém di ddng trén BC,
DC sao cho FAE = 45°. K& AH L EF.

a) Ching minh ring H thude mot dung tron ¢f dinh

b) Xde dinh vi tri cta B, F 48 Sy dat gia tri 16n nhat

Giai

a) Dung K thugc tia d6i cla tia DC: KD = BE A B
= AABE = AADK (c.g.c) 1
:>AK=AEV:§A1:K2‘ 2 T
Suyrammm=45" B
= AAFK = AAFE (c.g.c) v
= AH = AD = a. g
Vay He (A, a) L D F % C

b PatCF=x;CF=y (0 <x;y<a)
DE dang théy CF + CE + EF = 2a; MN = % +¥*
= X+ Y+ mﬁZa‘
Ta cé 1/x2+y22m > 2a=xX4+y+ 1/x2+y2azﬁ+ﬁ;§
2

2a 2a
= Jxy < 5 hay xy = .

+2 2+ 2

2
1 1 2a
Dodd:8= =Xy =<— .
2" 2(2+v‘2]
2a

Day "="%dyra & AM = AN = ———,
2442
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5 Cho duting tron O dubng kinh AB @ dinh. Ao
- pay C 1a2 mdt diém thy y trén dudng trdon.
'_Tren tin AC, ldy diém M sao cho AM = BC.
Khi C chay trén duimg trdn (O) thi diém M di ] C
aQng trén dudng ¢f dinh nao ?
- Giai
_ geAx LAB, dungTe Ax: AT=R A , .
= 1cd dinh = AIAM = AOBC (c.gc) = IM =R,
Vvay M thudc nita dudng tron dudng kinh AAg.

g; BAI TAP NANG CAO
g, Qua mdt difm M 8 dinh bén trong dudng trdn (O ; R) v& hai day cung
AB, CD vudng géc vdi nhau. Ching minh ring :
a) MA? + MB? + MC? + MD? khéng déi.
b) AB® + CD® khong déi.

Gidi

a) MA® + MB? + MC? + MD? = 4R?.
b) CD? + AB® = 4(CH® + AK?) = 4(R? - OH? + R® - OK?) = 4(2R” — OM®).
10. Cho trong mit phing 2010 diém. Chung minh ta ¢6 thé v& duge mot

dutng tron chda 1005 diém thudc mién trong, con lai 1005 didm kia

thudc mién ngoai cia dubing tron.

Giai

Qua hai diém ta ndi duge mot doan thing. S¢ doan thing nsi duge la

1005.2005 (doan). V& dudng trung tryc tat cd cde doan thdng trén.

Ldy diém O khéong thube bat ki trung truc nao trong s6 cdc dudng

trung trye trén. Ta néi O v6i 2010 diém ta duge 2010 khedng edch :

di < dz < .. < digos < digos < - < dapyo.

- Chon R thod djgs < R < dygge.
1 DBudng tron (O ; R) thoa yéu cdu bai tosn.

1. Cho hai diém A, B & ngoai dubng tron (0) Hay dung mat dudmg kinh
CD sao cho CA = CB.

Giai

Taeé : C, D d6i xing qua O.
Dyng B’ d6i xiing A qua O
= B'D 461 xung véi AC qua O
= CA = DB’ = DB = DB".
Suy ra : D nim trén trung tryc d
cia BB, tir d6 suy ra cdch dung.
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12. a) Cho dubng tron (O ; R) va diém M nam trong dutng tron (M = O)
Duyng diém P trén dubng tron sao cho gée OPM 1dn nhit,

b) Che duting tron (O ; R), hai dudng kinh AB vad CD vudng goc
nhau Xdc dinh vi tri diém M trén dudng tron (O} sao cho

MA MB.MC.MD lén nhat
Giai

a) Xét day PQ bat ki qua M.

AOPQ ¢ OP = 0Q = R,
nén gic day OPM 16n nhat
<>  goc dinh POQ nhé nhat
«> PQ nho nhit

That vay :
PQ = 2PH = 2Rsin HOP
= 2Rsin P—gg .

PQ nhd nhit < POQ nhd nhit
Dung day AB' L OM tai M
=» P = A hofic P =B’

b) Xét M thudc cung AC,

Ve ME L AB tai E, MF L CD tai F.

Chitg minh duge ME.AB = MAMB ;
MPF.CD = MC.MD ; ME? + MF? = R%
Do d6 MAMB MC.MD = 4R* ME.MF

2 2
< 432,%3 oR*

£0 BAI THI CHON HQC SINH Gi01 TOAN
13. Trong cdc hinh chit nhat néi tiép trong nira dutmg trdon thi hinh nao
cd chu vi 1dn nhat.
(Dé Rién tra doi tuyén Todn lop 9, truong THCS Nguyén Du, Qudn I,

TP. Hé6 Chi Minh, ndm hoc 1997 — 1998)

bit PQ=2a, MQ=hb(a, b>0),tach:

Giai

a® + b% = R%

Chu vi hinh chit nhat MNPQ 14 :

Lai ¢6 (2a + b)Y < (2% + 12 + b") = 5R®

P = 2(2a + b).

Vay : GTLN ciia P = 2R5
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Cong ty TNHH MTV DVVH Khang Vigl

taia=R\/.5w;b=%\/§—

ing vi tan AOM = % (didm M duge x4c dinh),
§2. LIEN HE GIUA DAY VA KHOANG CACH TU TAM DEN DAY

A/ KIEN THUC VA KY NANG CAN NHG A_C
1. Trong mdt dudng tron

- Hai ddy bang nhau thi cich déu tam.
— Hai day cdch déu t4m thi biing nhau M

2. Trong hai day ctia mdt dudng tron BD P
~ Day nao 16n hon thi diy d6 gdn tAm hon. .%
- D&y nao gan tam hon thi day dé 1én hon. '
B/ BAI TAP
N

1 BAI TAP CO BAN
14. Cho tam gidc ABC ndi tiép dudng tron (O) c6 A = 80°; B = 60° Hay
sép thy tu cde khoang cdch tir tam O dén cdc canh AB, BC, CA.
Giai

Tacé: A+B+C=180° (tdng ba goc ciia tam gidc) 2

nén 80°+ 60°+ G = 180°
hay C = 40° ) ’

Ké OH | AB tai H, OI L BC tai I, UC

B

OK LACtai K

Xét AABCc6: C<B <A (vi40° < 60° < 809

= AB < AC < BC (quan hé giita canh va géc d6i dign trong tam gidc)

=> OH > OK > OI (dinh 1i lién hé gitra day va khoang cach dén tam).
15. Cho duong trdn (O) c6 hai day AB, CD bing nhau va vuéng gdc vai

nhau tai &, CE = 4em, ED = 28cm.

a) Tinh khodng cdch tir O dén méi day.

b) V& dubing kinh DF ciia duding tron (O). So sanh hai khodng cdch tir

tdm O dén hai day cung CF va AB.
Giai F
a) Ké OM 1 CD tai M, ON 1| AB tai N, ta ¢6 :
CD=CE+ED=4+28=232(cm); N
CM = %Q: 16 (cm); \

™0
Ll
i 1 D
CNJE ™
EM = CM - CE = 12 (em). B\_/
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ViCDmABﬂéﬁOM:ON
T gidc ENOM 1a hinh chd nhit, c6 OM = ON nén 12 hinh vudng.
Vay OM = ON = EM = 12 (cm}.
by Taco:OM LCD = MC = MD (dinh i duong kinh vudng goc day cung
Do do OM 1a duting trung binh cta AFCD
— FO =2.0M =212 = 24 (em).
vi FC < AB (24em < 32em : AB = CD)
nén khoang cach tif tam O dsn day cung FC 16n hon khoAng cach tif
cam O dén day AB (dinh U lién hé gitta day va khoang cach dén tam).
16. Cho dung tron tam (O) ¢co hai day AB va CD sao cho CD < AB. Cdc tia
AB va CD cét nhau tai E nim ngoai dubng tron. Ching minh EC < EA.
Giai
Ké OH L AB tai H, OK L CD tai K, CD < AB

- OK > OH. C e KD T
Ta ¢6 : OH? + HE? = OK? + KE*
(= OE?) nén KE < HE o B
mé KC<HAnénKE+KC<HE+HA.
vVay EC < EA A

17. Cho duong tron tam O c6 ban kinh 10cm, didm M cach diém O 1a 6em
Ve day cung AB vudng goe vai OM tal M, CD 1a day cung bat ki (khac
AB) di qua M.

a) Tinh d dai day ngin nhat di qua M.
b) Tinh b dai day dai nhat di qua M
Giai ¢ o
a) Ké OH L CD tai H, tacod:
OH < OM (canh géc vudng v& canh H
N2
D

huyén trong AOHM vudng tai H)
— CD > AB (dinh Ui lidan hé day
cung vh khodng cach dén tam).
AOMB vudng tai M = OB? = OM? + MB?
nén MB? = OB? — OM* = 10° - 6% = 64 hay MB = 8 (cm).
Vay day ngidn nhat di qua M 1a déy vudng goc voi OM tai M va
AB = 16cm
b) Day dai nhat di qua M la dudng kinh va 49 dai 1a 20cm.
18. Cho dutng tron (O} dutng kinh BC vudng gbéc voi day cung AD tai H (H
khong trimg O).
2) Chang minh rang 4HB.HC = AD".
b) Goi M va N ldn gt 1 trung &iém etia AC va DC. So sanh OM va ON.
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Giai A
a) Ta ¢6 BC la duong kinh (gt)
nén BAC = 90°
vh HA = HD = %P— {dung kinh B

H
vudng gdée day eung).
Ap dung hé thie lugng trong tam
gidc BAC vudng tai A, ¢6 :
2 2
HBHC = HA® = (%9] - ﬁ% = 4HB.HC = AD®.
b) Xét AADC c¢6 CH vira 12 dudng cao, via 1a dubng trung tuyén nén
AADC can tai C. Do d6 CA = CD
Vi M va N 14n lugt 1a trung diém cia AC va DC

= OM L AC tai M va ON 1 DC tai N.
Vay OM = ON (dinh li lién hé gilta day va khoang cach dén tam)

19. Cho hinh v& sau, bi&t AB, CD 1a hai day
cung song song vdi nhau, AB = 80cm, CA BD

CD = 96cm, ban kinh cha duing tron (O)
la 50cm. Tinh khodng cdch gita hai o
dutrng thdng AB va CD.
Giai
E
F

&

Ké OE L ABtai E, OF 1. CD tai F
ma AB // CD nén O, F, E thdng hang
OE? = 0A? — AE? = 507 - 407 o
= 30% nén OE = 30 (cm). AN D
OF* = OC? — CF? = 502 - 482
= 14° nén OF = 14 (cm).
EF = OF - OF = 30 - 14 = 16 (cm).
20. Cho dudng tron (O ; R) va hai day AB, CD trong d6 CD = R/3.
a) Hay so sanh dién tich clia tam gide AOB va tam gie COD néu AB = RVZ.
b) Hay xdc dinh dé dai AB sao cho AB < CD ma Saor = Scop.

Giai
a)Ke OH 1 AB tai H; OK | CD tai K.
= OH = HB = HA = 5#;0}{:%
R2V3

] R?
Vay Sopp = “ﬁ“; Scop = 3

o= SOA_B > SOCD.




f@ng hoc sinh gidi Todn 9 — Nhifu Tée gid

) sinCOR = CK 3 - CGOK =60°= COD = 120°
0C 2
R2
= SCOD = —2-«~.5in60°,

2
Goi goc nhon gita hai dutmg thing OA, OB la . Ta c6 : Soxs = % sing,

Vi Soap = Socp > o = 60°
Do dé AOB bing 60° hodc 120°. Bé AB < CD, ta chon AOB = 60°
= AOAB déu => AB = OA=R < CD.
Cho nia dutimg tron (0) duting kink AB, diy CD khong cit AB Cdc
g vubng gac vai CD tai C va D cit ABtai Eva F.
1) Ching minh ring E va F doi xing nhau qua O
) Tinh Sgppg bigt AB = 50cm ; CD = 14em

Giai D
1 Keée OH L CD tai H
= HC = HD. g
Ta ¢6 : OH # OC // OD, HC = HD
= QE = OF,
3) OH = 24cm ; A E 0 F B

Score = 336 (cm®).
BAI TAP NANG CAO
Cho (O ; R) va hai bén kinh OA va OB vudng géc nhau Ve day AM va BN
sing nhau déng thui ¢dt nhau tai C § trong (0) (M, N € cung nho AB).
1) Chiing minh : OC 1 AB.

) Ching minh t gisac ANMB 12 hinh thang can. By
Giai
a) Ké OH | BN tai H, OK L AM tai K.
AM = BN (gt) N
= OH = OK o A

= OC la tia phén gidc AOB

ma OA=0B=R=0C.AB
b} D& dang ching mink MN / AB

ma AM = BN (gt) = ANMB 1a hinh thang cin.

Cho tam gidc ABC vudng tai A Vé cdc nua duing tron dung kinh

AB va AC & phia ngoai tam giac ABC. Qua A ké duing théng d cat
nifa dubng tron néi trén lan lugt tai D va B
Xde dinh vi tri cha d d8 chu vi it gide BCDE dat gid tri 1n nhét.
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Cong ty TNHH MYV DVVH Khang Vi@

Giai
pat BA’qu) = LT @‘E =
(Goi P la chu vi hinh thang, ta ¢6 :
P=BC+CE +EA +BD +AD
= BC + (AB + AC) (sina + cosa).
Lai ¢6 (sina + cosa)® < 2(sin®a + cos®a) = 2
= sina + cosw < /2 .
Vay P < BC + (AB + AC)/2
Diu “="xdy ra < o = 45°
24. Cho xOy = 60°. Lay diém I c6 dinh trén tia phan gide Ot cha xOy
lam tdm vé Eim‘mg tron sao cho né cdt Ox tai A, Oy tai B (A, B khang
déi xitng nhau qua Ot). Ké ID | Ox, IE 1 Oy.
a) Ching minh DA = ER.
by Tim quy tich truc tdm H cha tam H,
gide AIB khi dudng tron tam I o6
do 16n ban kinh thay déi nhung
van cit céc tia Ox, Oy.

Giai
a) Ta chung minh duge AA' = BB’
= AD = BE. 0
b} Dung trung true OI ; Th, T thude
trung true ndy va OTy = OT, = O
Quy tich cha H Ia doan thing HH, dsi
xing vai TiT; qua I khong ké H,, H,.
[ BAI THI CHON HOC SINH GIOI TOAN
25. Cho hinh vuéng ABCD, trén AB, AD l4n lugt 14y cde didm M, K sao
choe AM = AK. Dung diém E thudc doan MD sao cho AKE = DCR
Tinh s6 do géc AEM .
(Dé kiem tra déi tuyén Todn lop 9, trudmg THCS Nguyén Du, Quén 1,
TP. Hé Chi Minh, nam hoc 2006 - 2007)
Giai A . M B
Dé dang ching minh KEC = 90° ~[E
Goi O la trung diém KC

wOE:OD:OK*—'OC"—"%g

e o
T~

K T, N

= E, D, K, C thupe dutrmg tron dubting kinh KC O
Goi N Ia giao di€m efia BC véi (0) = KNC = 90°
= AK = BN = AM, D C
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Vay AAMD = ABNA (c.g) = BAN = ADM
= AN | MD
E e (0) c6 dutrng kinh ND = EN L DN. Vay A, E, N théng hang
Suy ra AEM = 90°

6. Cho dudng tron (O ; R) va day cung BC ¢6 dinh (BC khong di qua
tam O). Piém A di dong trén cung 16n BC. Goi M 1a trung diém AC, N
12 hinh chiu ctia M trén AB.
Ching minh ring diém N thube mét dudng e¢d dinh khi A di d¢ng trén
cung i¢n BC.
(Pé thi nhdn hoc béng truong THCS Hoa Lu, Qudn 9, TP. Hé Chi
Minh, nam hoc 2008 — 2008)

Giai
K& duting kinh BD, ta duge D ¢d dinh
Goi E 1a giao diém cha MN va CD.
Ta c6 : BAD = 90° = AB 1 AD
= MN/AD B

= E trung diém CD nén E ¢6 dinh. \—/
Vay N thudc dutng trdn cd dinh dudng kinh BE.
§3. VI TRi TUONG DO clA BUGNG THANG VA BUGNE TRON. DAU HIEU NHAN
BIET TIEP TUYER COA BUTNG TRON
&/ KIEN THUC VA KY NANG CAN NHO

L. N&éu mét dugng thing 13 tiép tuyén cha mdt duong tron thi né vubdng
géc vai ban kinh di qua tiép diém.

2.
Vi tri tuong déi cta S6 diém Hé thic
dudng thing va dudng tron chung gitad va R
— Pubing thing va dudng tron cdt nhau 2 d<R
— Puimg thing va dubting tron ti8p xic nhau 1 d=R
— Pung thing va dubng tron khong giao nhau 0 d>R

3, Néu mét dutng théng di qua mot difm cha dudmg tron va vudng gic
v6i ban kinh di qua dim d6 thi duting thing &y 1a mot tiép tuyén cla
dubrng tron.

B/ BAI TAP

0 BAl TAP CO BAN

97. Dién vao cic chd tréng trong bang sau (R 14 ban kinh cla duling
tran, d 12 khodng cach tif tdm dén dutmg thing). -
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R d Vi tri tuong déi cda dudng thing
va dudng tron
8cm 5cm
6cm Ti€p xiic nhau
4em Sem v
........ 4em Tiép xtc nhau
Gidi
28.
R d | Vitrf tusng ddi cia dudng thing va dudng tron
8em | Bem | Bubng thing cét dudng tron
Gem | 6em Ti€p xuc nhau
dem | Bem Bugng thang khéng cdt dudng tron
dem | dem Ti&p xic nhau

29. Cho dudng thdng d. Tam O cha tat cd csc dutrng tron ¢ ban kinh 3em
va tiép xuic voi dubng thing d n¥m trén dubng nao ?

Giai
Tam O cia cde dudng tron bdn a m
kinh 3em va tiép xic véi dudng \ y
thdng d nim trén hai dusng d
thdng a va a' song song véi d va /Lh
céch d 1a 3em. a w

80. Cho diém I cach dudng thing d 1a 4dem. Ve duting tron (1 ; Bem)
a) Chiing minh rang dudng tron (1) ¢6 hai giao diém véi duting thing d
b} Goi hai giao diém néi trén 1a B va C. Tinh do dai BC.
Giai
a) Ké TH 1 d tai H va IH = 4cm. Vi 4em < 8cm (d < R) nén duting tron
(I) va dutimg thing d c6 hai giao didm.
b) AIHB vuéng tai H, theo dinh

li Py-ta-go, ta cé : I
IB* = IH? + HB?
= HB® = IB? - IH? = 9 4 ¢
BC

Tacé: HB = - (dinh i dudng kinh vudng géc day cung)

nén BC = 2HB = 6 (cm).
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Cho tam gidc ABC vudng tai A va dudng cao AH Duing trdn tadm 1
juong kinh BH cdt AB tai M. buong tron tam K dudng kinh HC cét
AC tai N. Goi O 1a giao diém ctia AH va MN.
Chitng minh MN 1a tiép tuyén cda (I} tai M, tiép tuyén cua (K) tai N.
Giai
AMEHN ]2 hinh chit nhét vi c¢6 ba gac
vudng va OA = OM = OH = ON
AOMI = OHI (c.c.c)
= TMO = [HO = 90"
AONK = AOHK (cc.c)
- ONK = OHK = 90°,
. Cho tam giac ABC vudng tal A Ve duirng tron (B ; BA)
a) Bigt AB = 6em, BC = 10cm. Tinh do dai AC.
B) D 1a diém thude dutng trdn (B) sao cho CD = 8cm. Ching minh
ring CD la tiép tuyén ciia duyng tron (B)
Giai A

a) AABC vudng tai A cd
BC? = AB® + AC® (dinh li Py-ta-go}
— AC? = BC* - AB? = 10° - 6" = 64 B >~
nén AC = 8 {em).
b} AABC = ADBC (c.c.c)
— BAC = BDC = 90° D
Vay CD la tiép tuyén clia dung tron (B3
3. Cho nifa dubng tron (0) dudng kinh AB. M 1a didm thude nda dutng
tron. Qua M vé tiép tuyén d cha nira dudng tron. Ké cac tia Ax, By
song song vdi nhau, cit d lan lugt tai H, K. Ching minh ring AB la
tidp tuyén caa dudng tron dutring kinh HK
Giai
Goi 1 12 trung difm ctia HE, ké
IE L AB tai E.
Ching minh duge O1// AH
= So1a = SoHl

~ ligoa=1.omIH
5 2

ma OA = OC (ban kinh dudng tron
tam O} A E O B
nén [E=T1H

Vay AB 1a tiép tuyén cda dutng tron dutng kinh HK.
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84. Qua mét diém M & ngoai dudng tron (O ; R) ta ké cdt tuyén MAB qua
tdm O va cdt tuyén MCD. Ké tigp tuyén MT Ching minh ring :
a) MAMB = MC.MD va MT? = MA MB.
b} AMTC oo AMDT.

Giai

T
a) MA MB = (OM ~ OA)OM +0OB) = OM? - R*
MD MC = (MH - HCXMH + HD)
= MH? - HC? M A B
= MH? - OH? - (OC? - OH?) S 0
= OM” - R? D
Suy ra : MAMB = MC.MD.

Ap dung dinh li Py-ta-go trong tam gisc MTO vudng tai T c6 :
MT® + OT? = OM?.

Do d6 MT? = OM® - OT® = OM? — R?
b) AMTC @ AMDT (c.g c).
35. Cho tam gide ABC déu ndi tiép dudng tron (O ; R)

a) Néu cdch dung dudng trén (O) ti€p xuc véi cdc canh AB, BC va
cung AC cia duiing tron da cho.

= MA.MB.

b) Tinh O'A theo R n
Giai
a) Ké dutmng kinh BD cfia dusng tron (O ; R) o
va dung tiép tuyén tai D cta dutng tron o
&y, cit cac tia BAva BC lan lugt 4 E ; F. A 1 c
Phan gidc BEF cdt BD tao O' 1a tam e = .
dutng tron cdn dyung.

b) Goi M 1a giao diém cha BD va AC ta c6 :
Mp=R vayon-BR .om- B
2 3 6
AM = 2C xﬁ_{; oaz- B _oa. BT
2 9 3
£ BAt TAP NANG CAO
36. Cho tam gidc ABC ¢6 canh AB 1a dudmg kinh c8 dinh cia dubng tron

(O ; R), dinh C di chuyén trén dudrmg tron d6, AM va BN la cac dutng
trung tuyén.

a) Chilng minh réng AM? + BN? khang déi va tinh tong theo R.
b) Tim t4p hop trong tdm G cia tam gise ABC.
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Giai
a) AM® + BN® = 5R* C
b) Tap hop trong tam G ciia AABC la A
loai trir hai diém H, K thube AB H =Tx

Cho hinh thang vudng ABCD (A =B = 90"

c6 CMD = 90° voi M 12 trung diém AB. Biét

AB = 2a

Chung minh rang CD 14 tiép tuyén cia duling tron ditrng kinh AB.
Tinh tich BC, AD theo a

A D
Giai =
a) Ké OH L CD tai H, goi N 1a trung diém DC H
= MN 1& dudng trung binh hinh
thang ABCD = MN / AD. M N
vay NMD = Da
NM = DN = _1:)2_(3
B C

= AMND can tai N = M =D
Suy ra Di = D2 = MH L MA, MA la ban kinh cia (M ; MA)
= CD 1a tiép tuyén (M ; MA) 40
b) BC AD = a2.
. Cho dudng tron (O ; R) va dubng thing xy khéng giao nhau Ké
OH L xy va ldy diém A bat ki thuge xy. Tit A ké tiép tuyén AB, ké BK
L OA (K e OA) cit duting tron tai C
a) Chung minh AC 1a ti€p tuyén (O)
b} Ching minh khi A di déng day BC ludn di qua mot ¢é dinh

Giai y o
a) AACO = AABO (c.g.c)
= AC LOC,0C=R
= AC 1a ti€p tuyén (O ; R) HI I
2 2
b) OI% = %—%—:—gwr::’icodmh A °
= BC qua diém I c& dinh_} ) . 4

| BAI THI CHON HOC SINH GIOI TOAN
.. Cho tam giac ABC can tai A c6 BAC = 45° va ndi tiép trong (O ; R}

a) Chang td AO 1a phéan gidc cda BAC va ABOC vubdng can.
b) Tinh dd dai cdc canh cia AABC theo R.
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c) Néu rd cdch xdc dinh tam cla dubing tron vira tiép xuc vai hai canh
cia BOC vita ti8p xue vai dudmg tron (O).
Tinh ban kinh cia dudng tron theo R.
(Dé thi vao lop 10 truong THPT Lé Héng Phong, TP. Hé Chi Minh
nam lge 1992 - 1993)
Giai
a} Hai day AB va AC bing nhau nén
ching cach déu tim = O thudc
phan gidc BAC.
BOK = Ap + B; =241,
C’(‘)T( = 2;&2
= BOC = BOK + COK = 2(A; + Ag) = 90°
= ABOC vudng can.
b)BC= RJZ ; AB=AC=Ry2+y2. L
¢) Tiép tuyén clia (O) tai K cdt OB & E va OC tai . Buing tron (1)
tiép xic v4i hai canh cGa BOC va (O) thi cing ti€p xdic EF. Tam I

cia nd 12 giao diém cia phan gide OEF véi OK.
D205 0K, 0K e (Bor

K EK T BT HE

10. Cho tam gidc ABC cédn tai A Dung nita dudng tron cé tam O thude

doan BC, tigp xtc vdi AB, AC. Goi P 1a mot diém trén AB, Q 1a mot
diém trén AC.

BC?
Ching minh rang : PQ la ti€p tuyén cla dudng tron (0) < BPCQ = =
(DZ thi hoc sinh gidi Todn Quéc 1€, nam 1979}

Giai A
» Gia sd PQ tiép xuc (O) tai H. D& dang ching minh
6; =62; 63:—-64 va (35 =6G
= (32 + O3 +6{5 +01 + 05 +64 = 180°
= 2(0; + 05 + 04) = 180°
= O + O = 90° — 64:’:‘:: FOB = 6@5@
Vay ABOP o ACQO (g.g)
BC?

T e M e mBP‘CQ’«:OBaz ——4———-

2
« Gia sit BP.CQ = §§mﬂ Ching minh khodng cdch tir O dén AB, PQ,

AC bang nhau. Tis d6 ¢6 PQ 1a tiép tuyé&n cia (O).
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g4, TiNt CHAT COA HAL TIEP TUYEN CAT NHAU
A/ KIEN THUC VA KY NANG CAN NHO
1. N&u hai ti&p tuyén cia mot dutng tron cit nhau tai mot diém thi:
+ Pism d6 cach déu hai tigp diém. B
# Tia ké tif didm do di qua tam la tia ~
phan gidc cua goc tao béi hai tidp tuyén

« Pia kb ti tam di qua diém do 1a tia
phan gidc cia goc tao b&i hai bdn kinh
di qua céc tiép diém.

9. Pubng tron tip xic voi ba canh cia tam giac
duge goi la dubng tron ndi tidp tam gide, con
tam gigc duge goi la ngoai tigp dubing tron. Tam
cisa duting tron noi tiep tam gide 1a giao diém
cac dutng phan giac cac goc trong cia tam giace

3. Puung tron tiép xuc vai mot canh cha tam giac

va tiép xtc voi phin kéo dai cha hai canh kia A
goi 1a dubing tron bang tidp tam gidc.
Tam cua dudng tron bang tigp tam giac ABC
trong goc A la giao diém cta hai dung phéan
gidc cdc goc ngoai tai B va C hoac la giao
diém cia duong phan gide goe A vi dubng
phan gide goc ngoai tai B (hoac C)

B/ BAl TAP

{11 BAI TAP CO BAN

41. Tif didm A & ngoal duding tron (O ; R), ké hai tiép tuyén AB va AC
véi dutmg tron (B, C thude (O). Tit O ké dutng thing vudng goc vél
OB cit AC tai D.

a) Ching minh DA = DO
) Néu OA = 2R va 1 14 giao didm ciia (0) vai OA, Ching minh DI I
ti&p tuyén ctia (O).

oy

Giai B

a) Ta c6 : AB // DO (cung vudng goc voi OB)

= BAO = AOD (so le trong)

ma BAO = DAO (tinh chat

hai tiép tuyén cdt nhau}

_, AOD = DAO nén 0ADO

can taiD. Vay DA = DO. C
b) OA = 2R (gt), Ol = Rnén I 14 trung diém ctia OA

nén DI L OA Vay DI la tiép tuyén caa (O
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42. Tu diém A ngoai dudng tron (O : R) sao cho OA = 2R, ké hai tiép
tuyén AB va AC vdi dugng tron (B, C thude (Q)),
a) Chung minh tam giic ABC déu.  b) S do géc BOC 1a bao nhiéu ?
Giai
OB R 1

B.
A0 = 2 .t
a)sinBAO = 0 = % 2
nén BAD = 30°
e e A 0

Dodé BAC =2BAO =80°

(tinh chdt hai tiép tuyén cdt nhau) /
mi ABAC can tai A (AB = ACQ)

suy ra AABC déu. C

by BAC = 60°, ABO = ACO = 90° nén BOC = 120°.

3. Tir diém A ngoai duting tron (O ; R) sao cho OA = 3R, ké hai tiép
tuyén AM va AN vdi dutmg tron (M, N e (). Qua E thudc cung nho
MN, ké ti€p tuyén thi ba vdi dudng tron (O) cit AM va AN lan Tugt
tai H va K. Tinh chu vi tam gide AHK theo R.

Giai M
AAMO vudng tai M, theo dinh 1i Py-ta-go, ta cé : H
AO? = AM? + OM®
= AM? = AO? — OM? = 8R?
nén AM =22R
Theo tinh chdt cia hai tiép tuyén
cdt nhau, ta c6 AM = AN, HM = HE,
KE = KN
Ta c6 chu vi AAHK bing
AH + HK + KA = AH + HE + EK + KA = AH + HM + KN + KA
=AM + AN = 2AM = 222 R =42 R

44, Cho tam gide ABC vudng tai A. Putng tron (1) ndi tiép tam gidc ABC

tiép xic voi AB, BC, CA ldn lugt tai D, F, E.
a) Ching minh AB + AC ~ BC = 2AE.
b) Tinh dién tich tu gidec ADIE khi bist AB = 12cm, AC = 16em.

A

Giai
a) Theo tinh chat cta hai tiép tuyén
cit nhau, ta ¢o : A
AD = AE, BD = BT, CE = CF. E
Do d6 AB + AC ~ BC 1)

=(AD + DB} + (AE + EC) - (BF + FC)

= AD + AE + DB — BF + EC - FC

= AD + AE = 2AD. B F C
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b) ADIE la hinh vuéng.
RC? = AR? + AC? = 127 + 167 = 20% nén BC = 20 (em).
9AE = AB + AC-BC = 12+16*20:8(cn1)nénAEm4cm”
Sapie = AE2 = 16 (cmg)
5. Tif A ngoai (O ; R) v& tiép tuyén AB (B la tiép diém), 14y diém C = (O)
sao cho AB = AC (C khac B)
a) Chung minh AC la tigp tuyén cia (O).
b) Néu AB = R. Tinh da dai BC theo R. B

Giai <

nén ABO = ACO A

ma ABO =90° (vi AB la tiép tuyén} ‘
&
c

a) AABO = AACO (cc )

= ACO =90°

Vay AC la tiép tuyén caa (O).
b)Tacé:ABﬂBOmOC:AC=R

nén ABOC 12 hinh chif nhét va ABO = 90° = ABOC la hinh vudng.

Vay Sasoc = AB® = R? (don vi dién tich).

46. Cho duting tron (0) duong kinh AB = 2R. Qua M trén dudng tron, ké
tiép tuyén cat hai ti€p diém tai A va B cha (O) 1an lugt tai D va E vdi
DE khéng song song AB. Ve dudng tron tam K duong kinh DE. Chtng
minh AB la tiép tuyén cia (K).

Giai
Ta ¢ O, I 14n lugt 14 hai trung diém coa AB va DE nén Ol 12 dutng
trung binh cda hinh thang vubng ADEB.
Vi OI//AD//BEv‘aADJ_AB,BELAB

trung binh cia hinh thang) A

_DM+ME _ DE
B 2 )

Tir (1) va (2) suy ra AB 1a tigp tuyén cia (K).

477, Cho tam gide ABC vudng tai A, AB=Db, AC=c. Goi R va r theo thd

tyf 1a ban kinh dugng tron ngoai tiép va ndi tiép tam giac.

a) Ching minh réng:b + ¢ = 2(R + 1)

b) Tinh dién tich AABC theo Rvar

¢) Tinh khodng céch gilta céc tam dudng tron noi tiép va duorng trdn
ngoai ti€p tam gide hist b = 8em ; ¢ = Bem.

(2}

b
nén Ol L AB. (1) * E
Theo tinh chit hai tiép tuyén cAt nhau, ta M I/ﬂ
¢6 DA = DM va EM = EB. D \
Ta ¢4 : Ol = M (tinh chat dutng
2 I
U
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d) Cho BC ¢d dinh, A la diém di dong trén (O ; R) thoa tam gisc ABC
vubng tai A Ké dubng cao AH. Goi r, rp ldn lugt 13 ban kinh
dutng tron ndi tiép tam gidc AHB va tam gidec AHC. Tim vi tri cla
A dé téng r + 1y + rp dat gia tri 1dn nhat.

Giai

a) Dé dang ching minh AEIF 14 hinh vudng

Tacod: 2r = 2AE = AB + AC - BC A

=b+ec— 2R E
- b+c=2(R +r).
b} S = 2Rr + r*.
010 = J5em. BT HF 0 C
d;r+r1+rg=%(AB+AC—~BC+AH+HB—AB+AH+HC~AC)
= %n2AH=A}IsR

Ddu “=" xdy ra < A la diém chinh giita cung BC.

48, Cho tam gide ABC vudng tai A. Pudng trdn néi tidp tam gide tiép xic
vdi BC tai D. Chu’ng minh riing Sape = BD.DC.

Giai
Pat BC=a, AC=b, AB =c¢, ta ¢6 ;

4BDDC-(a+b—c)<a+c-b).,a - (b - ¢)* = 2be = 4S4p¢.
(3 BAI TAP NANG CAO

49. Goi r, Ry, Ry, R. l4n lugt 14 ban kinh duong néi tigp, ban kinh duting

tron bang ti€p trong A, ﬁ, C clia tam gide ABC. Chiung minh ring :
1 1 1 1

__:—.........i‘.._ ———
r Ru Rh Rc
Giai
IB* AP
IB" /KN = i = 22
RN T AN
Lai ¢6 AB =p-a;AB=p,
Do d6 S B2
R, p
-b r p-¢
Tuong ty ——=-R22 . T _
Ry p R, p
1 1 1 3p - 2p
Su e o =
y ra r[R o R] .
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0. Buong tron (1) ndi tidp tam gidc ABC tiép xde vdi cde canh BC, CA,

AB tai M, N, P. Goi Q 1a hinh chidu vubng goc cia M xubng NP.
a) Chiing minh QM la phan gide cha gdc BQC.
b) Goi £ 1a giao didm cua Al va PM Ching minh rang AEC = 90"
Giai
a) Goi H, T 1an lugt 1a hinh chiéu cua B, C xuéng NP
AANP can tal A nén BPH = CNT .
BP _BM _ HQ

BH _
ABPH @ ACNT ( - . HQ
B8 57 TGN CM  TQ

Vay ABHQ <2 ACTQ (c.ge) = BQH CQT
Do da QM la phan gidc BQC
b) Goi J 1a giao didm IE va BC, ta cd @

C
ETC = [AC + ICA = BAC + ACB ]
= 90° - éwB_q, [
2 i
ABC

EMC = BMP = 90° - —

Dodé EIC = EMC N T
AJIC oo AJME {(g.g)

a1 _dC
=

M JE
Nén e6 AJMI 0 AJEC (egc) = M1 = JEC.
Vay JEC = 90°

51. Cho tam gide ABC vudng tai A, dubing cao AH. Goi O, O, 1an lugt ia
tam duyng tron noi ti€p cac tam gidc ABH, ACH. Buing thing O10:
cit AB, AC tai M, N. Chdng minh ring : AM = AN

Giai

AO, ; AO; cit BC 1én lugt tai E; F. A
D& dang ching minh : BOy 1 AF
Tuong tyf CO, L AE.

Goi O la tam dudng tron noi R
tiép AABC thi O Ia tryc thm clia B B H F e
AAO,0, = AO L MN

AO viza 1a dubng phan giac, vita 13 dubng cao nén tam glac AMN can tai A
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g1 BAI THI CHON HOC SINH GIO1 TOAN
52, a) Cho tif gidc ABCD. Hai dudng tron noi ti€p tam gidc ABC vi tam
gide ADC ti€p xuce voi AC ldn lugt tai hai diém M, N. Hai dudng
trén noi tiép tam gidc BAD va tam gidac BCD tiép xue vdi BD lin
lugt tai hai diém P, Q Ching minh ring : MN = PQ.
(Dé thi chon hoe sinh gidi Tedn lop 9, TP.Ha Chi Minh, ndm hoc 1999 ~ 2000}
b) Cho tu gide 161 ABCD. Biét réng dutrng tron néi ti€p tam gidc ABC
va dubng tron ndi tiép tam gidc ACD tiép xuc nhau. Chiung minh
ring cde dubng tron noi ti€p tam gide ABD va néi tiép tam gidc
BCD ciing ti€p xic¢ nhau,
(P thi chon hoce sinh gidi Toan lop 9, tinh Thai Binh, ndm hoc 2005 - 2006)
¢) Cho tam gidc ABC. Trén canh BC lay diém D sao cho ban kinh cdc
dutrng tron néi ti€p hai tam gidc ABD va ACD bing nhau Ching
minh réng cdc dudng trdn bang tiép géc A cla hai tam gidc ABD
vl ACD cing bang nhau.
{Pé thi tuyén sinh vao lép 10 chuyén Todn, truong THPT Thuc
hanh sut pham - PHSP TP. Hé Chi Minh, nam hoc 2008 ~ 2009)

Giai 4
a) Dé dang chimg minh :
AM = AC+ AB-BC :
2
AN = AD + !;C -DC

= MN = |AM - AN| = 2|AB+DC-BC- AD|.

Lap luéin tuong ty : PQ = %wa +DC-BC - AD| = MN = PQ.

 b) Gia sd dubng tron ndi tidp tam gide ABC tigp xic véi AC § M,
dugng tron noi tiép tam gidc ACD ti€p xuc véi AC & N, dudng tron
noi tiép tam gidc ABD ti€p xic véi BD & P, dubng tron ndi tiép
trong géc BCD tigp xic véi BD d Q.

Hai dubng tron ndi tiép tam giac ABC va tam gidc ACD tigp xic nhau

>M=NewMN=0

> AB+DC-BC-AD=0PQ=0<P=Q

<> hai dutmg trdn ndi tigp tam giac ABD va tam gide BCD ti&p xiic nhau.
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¢) Dung tron (1) noi tiép tam gidec ABD tigp xie véi BC, AB lan lugt

tai N, F.

Busng trén (K) ndi tiép trong A

tam gide ACD ti&p xic vdi BC
tai P.
Pudng tron (O) bang tiép tam 1

gide A cGa tam gidc ABD tiép
xte véi BC, AB lan lugt ¢ H, G.
Buing tron (S) bang tiép goc

A cha tam gide ACD tigp xdc A| [N
trong vdi BC 4 E. G

V& dutrng kinh MN cta dubng

tron (), duyng kinh PQ cia 0

dudng tron (K)
Ti giac MNPQ 1a hinh binh hanh
Tacé IF L ABva OG LAB=IF/OG
AAOG 6 IF // OG. = -—iAi = EM-«
AO OH
MN L BC,OH Lt BC = MN/OH
Ma A, I, O thdng hang.
Dodé AIM= AT)T{; AAIM e AAQH (c.g.c).
Tit d6 A, M, H thing hang.
Chirng minh tuong tu cé A, Q. & thing hang
. . IM KG AQ AM
Chimg minh duge oH-SE - AE - AH
Ma IM = KQ
Vay OH = SE.
53. a) Cho tam giac ABC, dudng trdn (O) noi tiép

tam gidc ti€p xic vii

BC tai D. Ching minh rang tam dudng tron noéi tiép ndm trén
duérng thing qua cdc trung diém cla BC va AD.

(D)é thi hoc sinh giéi Todn ¢ Anh ndm 1977)

b) Cho tam gidec ABC ¢ dudng tron tisp xtc véi hai canh AB, AC va véi

hai duong trung tuyén BM va CN. Ching minh
(Dé thi chon hoc sinh gisi Todn Iép 9, QGudn
ndm hoc 2001 - 2002)

tam giac ABC cn.
1, TP. Hé Chi Minh,

¢) Cho duting tron (I ; ) ndi tiép tam gidc ABC (8 < 90% ké dubmg
thing qua I ct hai canh CA, CB cia tam giac theo th ty & M va

N. Xdc dinh vi tri cia MN sao cho Scuy dat gi
(Dé thi chon dbi tuyén hoc sinh giéi Todn

4 tri nhd nhéat.
lép 9, trudng THPT

chuyén Trdn Pai Nghia, TP. H6 Chi Minh, ndm hoe 2010 ~ 2011)
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Ea—
Giai

a} Goi L 1a diém déi xuing véi

D qua O tia AL cdt BC tai

T Qua T ké dubng vudng

géc AB, cit tia AO tai P.

Goi E, F 1a tiép diém cia

(0) vai AB, AC. Ta cé :

A0 OL BE OF

AP PT PI PK
ma OFE = 0F = QL
= QT = PI = PK.
Piéu nay ching t5 P 1a
tam dudng tron bang tiép
trong géc A cua AABC.
PatBC=a, AC=b, AB = ¢, ta cé
BD=p-b;CT=CK=AK~-AC=p-b
Suy ra BD = CT.
Vay néu N la trung diém BC thi N cang }a trung diém DT
ADLT ¢6 ON // LT va AADT ¢6 MN // AT = M, O, N thing hang (M
trung didm AD).
b) Duting trbn da cho ti€p xic vai AB, AC, BM, CN lan lugt 8 E, F, H, K.
Theo tinh chat cha hai tiép ti€p cdt nhau, ta 6 ; A
AE = AF, NE = NK, GK = GH, MH = MF.
Do dé : GM + AN = GN + AM.
Ma G la trong tdm tam gidc ABC

nén  GM = %BM, GN = %CN.
va AN=AB sy AC
2 7

3 3 B C
Vay c6 BM + -2-AB =CN + :—Z-AC“ (1)

Mat khdc goi r 12 ban kinh cla duyng trdn, ta chiing minh duge :
Shas = %r(AB+AM+BM);

SNAC ES %I’(AC%—AN-&-CN)

1
Ma SMAB = SNAC (= ESABQJ
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do dé AB + AM + BM = AC + AN + CN

—~  ON=+ -1§AC ~BM + —lz—AB‘ @)

Tt (1) va (2) 6 SAB + LAC = SAC + SAB
2 2 2 2 A
= AB = AC.
c) Ve MK 1 CN tai K M
MK = CMsinC
Scmn = %MK‘CN
1 .
= ECM.CN‘smC BN K C
1 1
SCMN = SICM 3 SICN s grwa 5 EICN
= IM > JCMCN =1 ’_ZEQM
2 sin C
rz.ZSCMN 21'2
Do d6 Sy 2 ~———=— < Scmn 2 ; khéng déi

sinC sinC  sin

§5. VI TRi TUTNE BO1 CUA HAI BUTNG TRON
7 KIEN THUC VA KY NANG CAN NHG

Vi iri tuong d6i ciia bai dudng 85 didm | Hé thitc gita OO
tron (O : R) va (O ;) (R > r) chung véiRvar
Hai dutrng tron cdt nhau 2 R-1r<Q0 <R+v
Hai dudng tron tifp xic nhau :
a1 T‘cingm;:n t;z;i) xd¢ nhau . 00 =R+ 1
ﬁp . neoar O0=R~r
-~ Tiép xae trong.
i dud ¢ 0 i :
Hai crng‘ tron {ahong gxao nhau 00' > R+ 1
— (0) va (O") & ngoai nhau 0 00 <R -t
— (0} dung {O)

- N&u hai dutng trbn cit nhau thi hai giao difm d6i xdng vai nhau qua
Autmg ndi tam hay dung ndi tam 1a dubing trung truc cha day chung.
- Né&u hai dutmg tron ti€p xtc nhau thi tidp diém nam trén dutmg néi tam.
. Tiép tuyén chung cta hai dutmg tron 1a dudng thing ti€p xdc véi cd
hai dutng tron dé.
Tiép tuyén chung cha hai duing tron khéng cit doan ndi tdm la tiép
tuyén chung ngodl, et doan ndi tam la tiép tuy&n chung trong.

78




{éng ty TNHH MYV DVVH Khang Vist

B/ BAI TAP

X BAI TAP CU BAN

54, Cho hai dubng tron (O ; R) va (O ; 1) ¢6 d = OO’ )a doan néi tdm. Hay
xac dinh vi tri tuong d6i cha hai dubng trdn nay theo bang sau day :

R T d R+r | R-»r Vi tri tudng ddi
dem dem 8cm
S5cm 2cm 7cm
4em lem 2cm
6cm Zem 4cm
Som Zem lem
4dcm Jem Gom
Giai
R r d R+4r|{R-r Vi tri tuong dai
4em | 3em | 8cm Tem lem | Hai dudng trdn ¢ ngoai nhau

Bem | 2em | 7em Tem 3em | Hai dubng tron ti€p xic ngoai

4cm | lem | 2em Gem dem | Hai dubng tron 6 trong nhan

Gem | Zem | dem 8cm 4em | Hai dubing tron ti€p xdc trong

Bem | Zem | lem Tem dem | Hai dung trdn & trong nhau

dem | 8em | Bem Tem lem | Hai dudng tron cdt nhau
55. Cho hai dutmg trén (O) va (O') tiép xuc trong v6i nhau tai A. Qua A
vé mit cdt tuy&n cdt hai dudng tron (0) va (0") ldn luot tai B va C.
Ching minh riing cdc tiép tuyén tai B va C song song v6i nhau.

Giai

X

Ta c6 : OBA = O'CA (= OAB)
Do d6 ABx + ABO = 90° (vi Bx Ia ti&p tuyén)

ACy + ACO’ = 90° (+i Cy 1a tigp tuyén)

= ABx=ACy

ma hai géc nay & vi tri ddng vi.
Vay Bx // Cy.

56. Cho hai dutng tron (O) va (0') cdt nhau tai A va B sao cho hai diém
O va O ciung thudec nita mat phing by AB. Bigt QA = 30cm,
O'A = 26cm, AB = 48cm. Tinh d5 dai 00
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Giai A
oi H 12 giao diém cta OO’ va AB.
a c6 : OO 1a duting trung truc eda
B nén cdc tam gidc AHO, AHO'

adng va AH = %}% = 24 (cm), theo .0 O H

inh li Pi~ta~go €6 :
HY = OA? - HA® = 30% — 247 = 324 B
»> O = 18 {em).

VE? = O'A” ~ HA? = 26° — 24° = 100 = O'H =10 (cm).

ray OO = 18 — 10 = 8 {em)

Cho hai dubng tron (O) va (O') tigp xic ngoai vai nhau tai A Qua A vé
‘yong thing cat (0) va (0) lan lugt tai B va C (BC khong song song 0183

) Chifng minh OB va O'C song song vl nhau.

)} Ve dudng kinh BD cia (O), dugng kinh CE cha (O') Chitng minh

ABCE = ACBD.

) OBA = OAB = O'AC = OCA
nén OBA = O'CA
ma hai géc nay ¢ vi tri 50
le trong

= OB /1 OC
5} Ta ¢6 BD va CE la dutng kinh nén tam giac DAB, EAC vubng, ma
OBA = O'CA=> AABD © AACE = AB.CE = ACBD.
Cho hai dutrng tron (O ; R) va (0" RY) £i6p xuc ngodi tai A Ve tiép
tuyén chung ngoai MN, M e (O) va N e (O). Tiép tuyén chung tai A
¢4t MN tai I. Ching minh rng :

a) MAN = 90° va OLO' =90°, b) MN = 2J/RR'.
Giai
a) Theo tinh chat hai tiép tuyén cAt nhay, ta ¢d :
1A = IM, IO la tia phén gide @\ I N
IA = IN, IO’ 1a tia phan gide AIN. 3

Tam gidc MAN c6 Al a
duomg trung tuy&n va
Al = —1\—&} (IM=1A=1N)

=» AMAN vudng tai A -
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Vay MAN = 90°
Do IO va IO 1a hai tia phan gidc cha hai géc ké bu AIM va AIN
= 010" = 90°.
b) Ta ¢ : AI* = AO.AO' = RR’ (hé thuc lugng trong tam gidc vuéng
= Al = JRR"
Vay MN = 2AI = 2JRR’.
59. Cho hai dudng tron (O ; R)va (0 ;1) (R > n).
a) Hay néu cdch vé tiép tuyén chung ngoat AB cda hai dudng tron (0),
(O (A e {(0), B e (O).
b) Hay néu cdch vé ti€p tuyé&n chung trong CD cia hai dudng tron (0),
(O (C € (O), D & (O
Gizi
Cidch vé tiép tuyén chung ngoai AB
— Dung dudng tron (O ; R — ).
- Dung O'H la tiép tuyén cia dudng tron (O ; R - r) (H 1a tiép didm).
~ Duyng tia OH, tia OH cdt (O ; R) tai A,
— Dung han kinh O'B sao cho A, B ndim trén cing mét nita mit phing
bér OO va O'B // OA
60. Cho hai dudng tron tdm O va tdm (' ti€p xde trong nhau tai T va
tam gidc déu ABC ndi tiép trong dudng trdn 16n (didm T thude cung
nho AB). Cédc day TA, TB, TC lan lugt c&t dudbng tron nhd tai D, E, F.
Ching minh tam gidc DEF 14 tam gide déu.
Giai
Budng thang TO'O cit (O') tai P, cdt duyng trdn (O) tai Q.
Goi bén kinh (0} 1a R, bédn kinh (0
la R'. Ta dé& dang ching minh FP 1
TC;CQ LTC = FD /CQ nén

TF_TP R @
TC TQ@ R
Tiong tu
™ TP R
DP//AQ.—T—K—T—Q—wwﬁw (2)
TE TP R
SFA/BQ L v = —— = {8
EF Q T TQ R @)
) DF R EF R
‘ (2 Do m dcho: — =
Tit (1) : (2) cho G R,(l)vaco RC-R
ED R’
2);(3)cho: —/— = —.
@)@ eho: 2 =5

Suy ra ADEF ¢ AABC {c.c.c)} = ADEF déu.
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ho hai dugng tron (0) va (O) cdt nhau tai A va B Geoi K 1a trung
' ciia 00, goi E 1a diém d6i xdng vdi A qua K. Vé cat tuyén CAD.
e {0) va D e (0"). Chitng minh ring tam gidc CED céan
Giai

., OM : KI ; O’'N cing vudng

¢ CD. Xét hinh thang OMNO
dudng thing KI ta ¢ IM = IN
AMEN can tai K
{ ¢ MK, KN ia duting trung
ah AACE ; AADE.

¢ d6 suy ra ACDE cin.

ich khdc : Chimg minh ADO'E = AEQOC (cgo)

Al TAP NANG CAO
1ho hai duting tron (O) va cit (O) cit nhau tai A va B. Ve day AC
a dudng tron (O) déng thoi la tiép tuyén cia dung tron (O). Ve day
D cia duyng tron (O') déng thai la tiép tuyén cia (0). Goi E 12 diém
5i xtng véi A qua B. Chdng minh rang bon diém A, C, D, B cing
wde mot dutng tron

Giai
oi I 1a trung didm 00, dung K = S(A)
» OAO'K la hinh binh hanh.
& dang thdy OK 1L CA
,» OK la duting trung tryc ciia AC
» KA = KC.
wong ty KA = KD
'acéKBiAEtaiB,ABmBE(gt)
» KB dudng trung tryc cda AR = KA = KE
iuy!'aKAﬁKE“—"-’KC=KD\
Cho hai dutng tron (0) va (O') ndm ngoai nhau. V@ céc tiép tuyén
hung ngoai AB va CD, vé tigp tuyén chung trong EF (4, C, I thudc
wong tron tam O ; B, D, F thude dusng tron tam O). Goi giao diém
{ia EF voi AB, CD theo thi tyla M va N. Chung minh ring :

) MN = AB va ME = NF. b) ME vuéng géc BF.
Giai
1) AB = MA + MB = ME + MF
CD = NE + NF
Laico: AB=CD

— ME + MF + NE + NF = 2AB
m(ME+NE)+(MF+NF)=2AB
= 9MN = 2AB = MN = AB.
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Ta c6: 2ME + EF = AB
2NF + BF = CD }
= ME = NF.
b} Gei H 1a giao diém cha AE va BF, AMAFE cén, AMBF can nén
BAH + ABH = MAE + MBF
_ 180° - AME  180° - BMF _ 360° - (AME + BMF)
2 2 2
_ 360° - 180°
- 2

= 90°

Suy ra : AE L BF.
64. Cho dudng tron (O) va day AB. Ve ti€p tuyén Ax. T B ha BC L Ax.
Tinh AB bigt AB+ BC=ava OA=R.

Giai x
bat AB = x. Goi M trung diém AB B — C
= AMAO o ACBA iy -
AB BC _AB+BC
A0 MA AR+ MA A
= 2% vayx®+ 2Rx-2aR=0 0
R R~a——}2E

x = VR? + 2aR - R (x > 0).

[ BAI THI CHON HOC SINH G101 TOAN

65. Cho dudng trdn (O ; R) dung dubng trdn (0’ ; R’) sao cho O thude
dugng tron (O ; R'). DAy AB cha dudng trdn (O ; R) di dong va tigp
xuc véi dudng tron (O ; R') tai C. Xdc dinh vi tri cha diy AB dé
AC? + BC? dat gia tri 16n nhat.
(Dé thi chon hoc sinh gidi Todn lép 9, Qudn 1, TP. H8 Chi Minh, ndm
hoc 2004 - 2005}

Giai
Ké OH L ABtai H; OK L O'C tai K, ta ¢6
2 2
AC? + BC? = (@ +HC] ’ [-’i‘i-ﬁc)
2 2 A
2
- ‘3-215-.+ 9HC?

= 2(R® - OH%) + 2(R* - O'HY
~ (R’ - OH)Y

= 2R? - 40H? + 4OH.R’

= 2R* + R'? - (20H ~ R")? < 2R? + R2
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Déu =" xay ra < OH = %— va AB 1a tisp tuyén chung ngoai cha (O3 R)

va (O ; E»»)
2

3. Cho ba dudng tron ¢d ban kinh Ry, R, R tigp xdc ngoal 1an nhau déi
mét va tidp xic véi mdt dung thing trong dé R 1a bdn kinh c6 db dai
ohé nhat. Tim gis tri nhd nhét cia RiRs theo do dai R cho trude.

(Pé thi chon hoc sinh giéi Todn ldp 9, TP. Hé Chi Minh, ndm hoc
1993 - 1594)
Giai

- 1 1 1
D& dang ching minh ! —= = —=== + ==
R JR, JR.

R;R.min < max < max.
1 1

1 i
RRo */RiRZ
Ma —m= + !

N PR 1 1 1
\/ﬁl_ \/—I?{; khong 4ol nén _\[f{T 7 max <> m—\/,é_—:— = ——\/,ﬁ_;_
es R, = Ry = 4R. Vay BqR, dat gié tri nho nhat 1a 16R*
On TAP CHUONG U
l. Cho dudng trdn (O) dumg kinh BC = 2R. Goi A la diém trén dutng (). Tia
phan gidce gée BAC cAt BC tai D va cdt dudng tron (O) tai M.
a) Chitng minh ring MB = MC va tinh MB theo R.
b) Goi E, F 12 hinh chidu cha D trén AB, AC Ty giac AEDF c6 dang
dac bigt gi ? Visao?
¢) Cho géc ABC = 60°. Tinh DB, DC theo B.
d) Goi r 1 ban kinh duding tron ndi tiép tam gidc ABC Ching minh
rhingR+r2 J25 (S 1a dién tich tam gidc ABC)
Giai A
a) K& dutng kinh AA' D
5OM = BOA’ - MOA' = 2BAO - 2MAO F
- ABAO - MAD) = 2A1 = 90° 1
= ABMC vudng cén tai M.
MB = RV2. D
b) AEDT 14 hinh vudng.
¢)BD = R(J3~ 1); CD = R(3 ~ 3).
4)co AB+AC-BC
2 M

CRern B0, ABYADSRO_ABYAC , FBAC - V. -

Ar

“_“roa

.
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. Cho dudng tron (O ; r) ndi tiép tam gide ABC, tiép xue v6i BC, AC, AB

tan lugt tai M, N, P. Goi P 14 nita chu vi tam gide ABC.
... APY BM? Nt
Bi&t 7 T 3
BP BC NA

= p. Tinh cdc gée A, B, C elia tam gide ABC.

Giai
Ap dung bat ding thic Cé-si cho hai s§ duong, ta cé :
Ap? AP? AP?

BP

AP? AP?
BP > ,/—m—,‘Bszi .
P)+ >4 o AP. (1)

4
= A0 BP.oBPso
BP3 (B

+BP 22— BP =22
Bp3 BP?

4 4
Li lugn tuong ty : BM3 +3MC 2 4BM () CNB +3NA = 4CN. (3)
MC NA

T (1) ;(2) va (3) cho ta :
APY BM* CoN*
+ + s
BP? MC® CN
4 4 4
= A B L ON L BPLMCsNA-p.
BP MC NA
Diu"s"xdyraes A=B=0C =g0°.
- Cho tam gide déu ABC canh a. Hai diém M, N lin lugt di déng trén
hai canh AB, AC sao cho %4«%;1. Dat AM = x, AN =y,
a) Chung minh ring MN? = x® + y% - xy, MN = 2 - x ~ y.
b} Chimg minh ring MN ludn tigp xue véi duding tron néi tiép tam
gide ABC.

+ 3BP + MC + NA) > 4(AP + MB + CN)

Giai
MrI:ig-x:NH“Y“E
2 2
Ta ¢6 : MN® = MH® + NH? = + y2— xy
AM AN x v
Ve S B AN
MB NC a-x a-y

= 3xy = 2a(x + y} ~ a®
MNQ:(x+y)2-—3xy=(x+y—a)2m>MNza-—x—y‘.
b) Ké IPJ.ABtaiP;IK.LACtaiK

= P, K I4n lugt 12 trung diém cda AB, AC = AP = AK = %

MP+NK=AP—AM+AI{—ANma—x—y:MN‘
185
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Dung KD = MP = APIM = AKID (c.e.c) = IM = ID
Suy ra : AMNI = ADNI (ccc) = 1Q = IK

Vay MN L IQ tai Q, 1Q 1a ban kinh cia () = MN la tigp tuyén cia (O}
_Cho dusng tron (O ; R) duimg kinh AC. Trén doan thing OC 13y diém
B va vé dubng tron (0') cé duong kinh BC. Goi M 1a trung diém cda
AB, qua M ké day cung vubng goc vai AB cit dudmg tron (O} tat D va

E N&i CD cét dutng tron (0 tal 1

a) Td giac DAEB la hinh gi 7 Vi sao ?

b} Chitng minh : MI = MD va MI la tiép tuyén cia dutng tron (0.
¢) Goi H 1& hinh chiéu etia I trén BC. Chitng minh CH MB = BH.MC.

Giai D
a) ADBE hinh thot. \
b) D& dang thay E, B, I théng hang .
ADIE vubng tai I cé IM la dugng
trung tuyén = MI = MD. A -
M O HO,

MID + OIC = MD1 + ICO’" = 90°

e MIO" = 90° = MI L OTtai L, Olia
ban kinh dubng tron (O} = MI 1a
tiép tuyén (O). B

¢) Chitng minh IB ; IC la dutng phén gidc trong, phan gidc ngoai tai
dinh 1 ciia AMIH. Tit d6 cé diéu phéi ching minkh.

5. Cho tam giac ABC (AB < AC) c6 dudng trung tuyén AM. Buing tron
.(0)) ndi tiep AABM tiép xtc vdi cdc canh BM, MA, AB ldn lugt tai D,
E, F. Duing tron (0,) nodi tiep AACM tigp xic vdi cdc canh CM, MA,

AC lan luot tai I, d, K. Chiing minh rang :
a) MO, // DE va MO, // 1J.
b) MILMD = 0;D.0,l.
o AR = AB+AM-BM EJ:é_(L'éﬁ.‘i_
d) 1J, DE, 0,0, cdt nhau tai mot diém.
) Giai
a) Ap dung tinh chdt hai {i&p tuyén cét nhau, ta cb
DE 1 OM, MO; L OM (hai tia phan gidc cia hai géc k& bin)
=» MO, / DE.
Lap luan tuong ty : MO, i1,
b) Xét ADMO; va AlO,M c6 : D = 1 =90°; PMO, = MOl (cung
phu véi IMOy ).
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= ADMO; 0 AIO:M (g g).

0,D MD

=12 . 22 1MMD = 0,D.0,
M T 10, e

B b M I C

C)MEWVQEJ:%WA_B

Ap dung tinh chat hai tiép tuyén cdt nhau, ta 6 : AE = AF,
BF = BD va EM = MD.
vay . JAE = AM-EM = AM - MD
AF = AB - BF = AB - BD
= AE + AF = AB + AM — (MD + BD)

::>2AE=AB+AM—BM:>AEEW.

AM + AC -~ MC
7 .

Suy ra: EJ = |AJ ~ AE| =%|AM+AC—MC-««{AB+AM-MB)|

Lap luan tuong tu, ta cé : AJ =

%IAC—AB? (do MB = MC (gt))

_ AC-AB

= =5

d) Goi O Ia giao diém DE va 1J, ta cAn ching minh O;; O ; O, thing hang.
Hoi H 12 giao diém cia O,M va DE, N 12 gizo difm cia O.M 1a 1.

MD OM
Vi MO AlO.M (p. ablebeud b S
1 ADMO,; ©» AIO;M (g.g) = 0,1~ O,M

- O,M* MD? _ MHOM - OM_MH _ON
0,M* 0,12 O;NOM — O,M  O,N  O,N

Do d6 A0;MO; «» AONO; (c.g.c). Vay O,0,M = OO,N.

Nén Oy; O ; O, thdng hang.

Vay cdc dugng thing 1J, DE va 0,0, cit nhau tai mot didm.

{do AC > AB).
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Chueng M. GOC VGI PUGNG TRON

§1. G0C § TAM. SO DO CUNG LIEN HE @I A CUNG VA BAY
A/ KIEN THUC VA KY NANG CANNHG
1. Gée 6 dinh tring v tdm dudng tron duge goi 1a goc & tAm.

5. 56 do ciia cung nhd bang sb do eiia gée & tAm chin cung daé.
+ S& do cla cung lon bing hiéu gilfa 360° va 6 do cia cung nhd (co
chung hai muit véi cung 1an).
+ 86 do cua nira dubmg tron bing 180°.
Cha ¢ :
— Cung nhd cé s6 do nho hon 180"
— Cung 16n c6 56 do ldn hon 180°.
. Khi hai mat cda cung triung nhau, ta ¢ “cung khong” véi 56 do O
va cung ca dubng tron cé 55 do 360°.
3. Trong mdt dudmg tron hay trong hai duting tron béng nhau !
— Hai cung duge goi la bing nhau néu chiing ¢6 s& do biang nhau.
— Trong hai cung, cung nao ¢d s§ do 1én hon duge goi 14 cung lén hon
4. Néu C 1a mot diém n3m trén cung AB thi : A C
sd@ = sdAC + sd(,ﬁg
5. Véi hai cung nhd trong mdt dutmg tron
hay trong hai dung tron bang nhau :
— Hai cung bing nhau cang hai ddy bing nhau

- Hai day bing nhau cang hai cung bing nhau B b
6. V4i hai cung nhd trong modt duong tron M
hay trong hai dudng tron ba hau :
y trong na: ng tro ng nhau AB

— Cung lén hon cang day Ién hon.
— Day 1¢n hon cang cung 16n hon.

7. Butng kinh di qua diém chinh gilta
ciia mot cung thi di qua trung diém
cha day cang cung ay. N
Pudng kinh di qua trung diém cha mot day khong di qua tadm thi di
qua diém chinh gilta ctia cung Cing day 4y,

8. Buyng kinh di qua diém chinh giita cia mdt cung thi vudng goc v
day cung dy v nguge lal

9. Trong mdt dudng trdn, hai cung bj chdn gitta hai day cung song s0ng
thi bing nhau. -
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Cang ty TNHH MTV DVVR Khang Vidt

/—’—'_—
8/ pAI TAP ]
(@ BAI TAP CO BAN
1, Cho dutng tron (O ; R) va ddy cung AB = RV2 . Tinh s6 do cia hai
“ cung AB
Giai
Ta c6 AB® = 2R?
0A* + OB® = R* + R® = 2R?

= AB? = OA® + OB® = AAOB vuéng tai O = AOB = 90"

Do d6 sdAB = sd AOB = 90°

sd AB 5, = 360° — sd AB = 360° ~ 90° = 270°
3. Cho dudmg tron (O ) R) va day cung MN = RV3 . Tinh s6 do ciia hai

cung MN.

Giai

Ké OH . MN tai H.

= HM = HN (dinh li vé duyng kinh vuéng géc day cung)

Do dé6 HM = HN = MN = E\@»

2 2
R3
MH

P \/‘;‘3“
6 cos MO = —oor = w2 o N2
Ta cé cos MO R 5

Nén AMO = 30° = MON = 120°
sdMN = sd MON = 120°
sd MN 5, = 360° — sd MN = 360° ~ 120° = 240°.

. Trén dutng tron (O ; R) 1dy ba diém A, B, C sao cho day cung AB = R,

BC = RV2 va tia BO nim gitta hai tia BA va BC Tinh s6 do cac
cung nho AB, BC va AC

3

Giai

AAOB déu = AOB = 60°

ABOC vubng cén tai O = BOC = 90°

sd AB = sd AOB = 60°

sdBC = sdBOC = 120°

sdAC =sd AB + sdBC = 60° + 120° = 180°.
-Hai tiép tuyén tai B va C cia dudng tron (O ; R) cit nhau tai A. Bist

OA = R\2 Tinh s& do cia cung BC.

s
.. \ w
(o]
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Giai
—— OB R 12
sinOAB = —— = ——p= = —= & —57
' 0A R 2
e 5:&-}3 = 45°,
AABO vudng cén tai B nén BOA = 45"
- BOC =90°

sdBC = sdBOC = 90°,
. Cho tam gide ABC can tai A ndi tiép dudng trom (O ; R) o B = 30° So
sanh cic cung nho AB, AC va BC
Glaz

Ta o6 AABC can tai A (gt) = B

AABC c6 A+B+C = 180°
hayA+3o" 30° = 180% Nén A = 120°
AABC o B = C<A(v130°--30°<120°
— AC= AB <BC= AC= AB < BC.

6. Trén day cung AB cla dubng tron (0) 14y hai diém H va K sao cho
AH = HK = KB Ve ban kinh OD qua H va ban kinh OC qua K
Cht.rng minh ring

a) AD = BC b) AD <D
Giai
a) AAOB can tai O = OAH = OBK.
Do dé6 AOAH = AOBK {c.g.c)
- AOH = BOK = AD = BC.
b) Vé ducng kinh AR cia dunng tron {O).
XOH - OEK , HOK = OKE

va AOEK c6 OK < O = fIOK > AOH = De > AD.
7. Cho tam gidc ABC cén tai A véi goc A nhon. Pudng tron (O) ¢6 dutmg
kinh BC cit AB va AC 1an lugt tai M va N. Chu’ng minh ring :
a} BN = CM b} CN = BM. A
Giai
a) Ta ¢6 BC 1a dudng kinh cda dubng trén (O3
nén BMC = BNC = 90°

1]

ABNC = ACMB (canh huyén - géc nhon) M N
= BN = CM.

b) Ta cb BN CM (chUng minh trén) -
nén sd BN = «dCM B 0 C
_ safM + sdMN = sdCN + saMN hay saBM = sd dCN .

190

A s
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8. Cho dubng tron (O ; R). Ve hai day cung AB = Rv/2 va AD = R sao cho
tia AO nim giita hai tia AB va AD. Vé day BC song song véi AD.
a} T gide ABCD la hinh gi ? Vi sao ?
b) Tiép tuyén tai B va tai C cia (O) cdt nhau tai M. Ching minh ring
tam giac MBC déu.

Giai
a) AOAD déu = OAD = 60°%
AAOB vuéng can tai O = AOB = 90°
sdBD = sdAB + sd AD
va sd AC = sdDC « sd AB
ma AB = DC (vi BD / AC)
= sdBD = sdAC = BD = AC = BD = AC.
BC? AC

opf = AD C 90°, MB = MC.

M

b) BOC = 120° ; OBM =

(I} BAI TAP NANG CAOQ
9. Cho nua dutng tron duding kinh AB = 2 cm, dung ddy CD song song
AB (C thudc cung AD) Tinh dd dai cdc canh cta hinh thang ABCD.
biét chu vi cia né bing 5 cm.
Giai C7uD
Do CD // AB = AC = BD = AC = BD
Pat AC=%= CDh=3-2x
AKAC = AHBD (canh huyén - géc nhon) A

= AK = HB = OK = OH = HB = AK = 2%

il B!
K O H B

1

Laic6 :BD* =HBAB =2x~ 1= x*= 2x — 1
Viy AC =BD = CD = 1 (cm).

10. Cho nifa dutng tron tdm (O) dudng kinh 20 em, C 1a diém chinh giita
cia nda dubng tron. Ly diém H thude OA sao cho OH = 6 cm.
Dubng vubng géc voi OA tai H cdt nifa dubing tron tai D. V& day AR
song song véi CD. Goi K 1a hinh chigu cta F trén AB.

Tinh dién tich AAEK,

Giai
DC // AE => AD = CE = O = Op,
OC //EK nén Oz = £ (sole trong)
= 61 = E
Vay AHOD = AKEO,
{canh huyén - géc nhon)
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Béi dufing hot Sinh gidi Tean § - Nhidu Tdc gid
= OK = DH va EK = OH = 6 {cm)
Ma DH® = AH HB = 4.16 = 64 = DH = OK = 8 cm
AKEK - (10 + 8).6 = 54 (cm?).
2 2
11. Goi M 1a diém chinh gifa cung AB cha dudng tron (O ; R). Ké day
MC cit day AB tai D
a) Dung dudng tron tam I di qua C va tiép xic véi AB tai D
b} Chitng minh (I} tiép xuc trong vdi dudmg tron (O).
Giati
a) Dung dudng thing a vubng goc véi AB tai D, ©
Dung dudng thing b 1a trung trye cua CD
Goi 1 1a giao diém cla ava b = (I ;1D
la dudng trdn cdn dung Ching minh

(danh cho ban doc). Aw B
b) PCO = M ;ﬁl=1ﬁ

MA = MB = OM L ABma ID L AB = DI/ OM M
= Dy = M; = DCI=DCO = C, 1, O thing hang
OI = R - r = (I) va (O) ti€p xuc trong tai C,
12. Cho tam giac DEF c6 D = 75° va dugng FH biang canh DE. Tinh s8
do géc DEF M D 7
Giai
Dung M la diém d6i xdng vdi F qua DE.
Dung dudng tron ngoal tiép AMDF. B
FDM = 2.75% = 150°, ta chitng minh duge
sd MDF = 300° = sd MDF = 60°
Do MF = 2HF = DE. D’
Goi O la tam dubing tidn ngoai ti€p tam gide MDF = O e DE.
Lai c6 : OM = OF ; MOF = 60" = AOMF déu
— OD = MF = DE = E = O Viy DEF =30°
(1 BA! THI CHON HQC SINH GIG! TOAN
18. a) Lay canh BC cia tam gidc ABC lam dudng kinh, vé nda dung
tron & midn ngoai cla tam gidc. Trén nia dudng trdon nay ldy hai
diém X, L chia nita dudng trdon thanh ba cung bing nhau :
BK = KL = L.C. Chung minh riing cdc dutng thing AKX va AL chia
doan thing BC thanh ba phin bing nhau
(Pé thi chon hoc bdng ciia Qudn 9, thding 11, nam 2001 - 2002)
b) Cho trude mot géc bang 19°, Hay dung compa dé v& mét gée bang 1%
(D¢ thi vé dich todn cdp IT — Lign X6).

Sap =
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Giai A
a) sdLC = 60° = COL = 60°
= ACOL déu = OCL = 80°
AABE o ALCE (g.g)
BE AB BC
=282 PY 5 L BE-oCE
~TE TCOC = g/ D/ 0o \E \_

BC = BE + EC = 3CE. L{ luan tuong tu
BC = 3BD = BD = DE = EC.

b) Ve mdt dudng tron c6 tdm trimg vai
dinh cta gée da cho. Sau d6 dung trén
dudng trdn lién ti€p 19 cung biing nhau, m&i cung déu bing 19° ta
s& duge : 10°19 = 361° = goc 1° (= 361° - 8607).

g2. e6¢ nNO1 TIEP A

A/ KIEN THUC VA KY NANG CAN NHG
1. Géc ndi tiép l1a gic ¢ dinh nim trén
dubng tron va hai canh chita hai day cung
cia dubng tron dsé.
2. Trong mét dudng trdon, s do clia gée ndi
tiép bing nira s6 do ctia cung bi chén. B c
3. Trong mdt dudrng tron :
~ Céc goc ngi tiép biing nhau chdn edc cung bing nhau.
— Céc goe nbi tiép cing chdn mdt cung hoace chén edc cung béng nhau
thi bing nhau.
~ Géc ndi tiép (nhd hon hodc bing 90°% c6 s6 do bing nda s8¢ do cda
gée & tdm cing chin mot cung.
~ Géc ndi tiép chin nita dudng tron la gée vudng.
B/ BAI TAP
£0 BA! TAP COBAN
14, Cho dudng trdn (0), I 12 diém nim trong dudng tron (O). Qua I vé
hai day cung AB va CD cla dudng trdn (0). Chung minh ring :

K L

Qe

IA.IB = IC.ID
Giai
Xét AICA va AIBD c6 : AIC = BID (d6: dinh)
ICA=1BD (hai géc ndi tiép
cing chén cung AD) 0 B
Do d6 AICA o AIBD (g.g)
1A IC
Ih =15 = IAIB=ICID. L
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Cho hai dudng tron (0O) va (O') cét nhau tai A va B. V@ cde duiing

kinh AC, AD (C e (O) va D e (0"). Ching minh réng ba diém C, B,
D thing bang.

Giai
Ta c6 ABC = ABD = 90° (g6c néi
ti&p chén nira dudng trom)
nén ABC + ABD = 180°
Vay ba diém C, B, D thdng hang.

. Cho tam gidc ABC cé ba géc nhon ndi tiép trong dubng tron {Q), MN

a)
b}

a)

1a day cung cha dudmg tromn (O) song song véi BC (M, N nim trén
cung nhé BC vad M nim giita B, N).
Chiing minh tif gide BMNC 14 hinh thang can.
AM cdt BC tai E Ching minh ring : AB.AC = AN AE.
Giai A
Ta c6 BC // MN (gt)
nén t gisdc BMNC 1a hinh thang

BM = CN (vi BC // MN)

= BMN = CNM o
— BON = CBM (hé qué gée ndi tidp) N C
Vay tir gidc BMNC 1a hinh thang can. M

b} Xét AABE va AANC, ta c6:

BARE = NAC (hai g6c n6i tiép chin hai cung bang nhau).
BARE = ANC (hai g6c ndi tiép cling chin cung AC)
Do d6 AABE ¢ AANC (g.g)

AB AE

ulimg o AC = AN AE.
= AN A = AB AC

. Cho tam gidc ABC nhon néi ti€p duong tron (O). Vé dutng kinh AD.

a

a) ABD = 90° (g6c n6i tiép chin nda dudmg tron)
b} Ta ¢6 OM // BD (gt)

4

Pudng thing qua O va song song vdi BD cidt cung AB & M. Ching
minh ring :
) ABD = 90° b) CM la tia phén gidc gic ACB.
Giai

Mz AB L BD (ABD = 90%
Nan OM 1 AB

= AM = MB
= ACM = BCM (hé qua goc ndi tiép) B C
Do d6 CM la tia phén gidc ciia goc ACB. é’n




Ceng ty TNHYE MTY BVWH Knang vist
18. Cho tam gidc ABC nai tigp duimg tron (0). Va dung cao Al clia tam
gidgc ABC va duing kinh AD cfa dutmg tron (0), Cheing minh ring :
AB AC = AHAD A
Giai
ACD = 90° (g6e ndi tiép chin nia duttng tron)
AABH ¢ AADC (g.g)

19. Cho hai duong tron (0) va (O) cdt nhau tai hai diém phan Dist 4 va
B (O va O thube hai nda mst phdng d8i nhau by AB). Mgt cat
tuyén di dong qua A cit (O) tai C va cdt (0 tai D sao cho A nim
gita C va D. Ching minh réng

a) BC.OO' = AQ.CD b) 88 do géc CBD khéng déi.
Giai

2) sd ACE = sd A00" %sdf{z}?ﬁ

I

sd ADB = sd A0 -é-sd AnB

= ABCD o AAQQ (g2
b) CBD = OAD'.
3 BAI TAP NANG CAO
20. Tu difm M & ngoai dudng tron (O : R), v& cat tuydn MAB (A nim
gita M, B). Cdc ti€p tuyén tai A va B cla (O) cdt dutng thdng qua
M vudng géc véi OM lin lugt tai C va D,
Chiing minh ring : M 1a trung diém CD,

Giai
OAC = OMC = 90° = O, AMEC cliing thuéc mot dudng tron
=> OCA = OMA (hai géc nbi ti&p cimg chin OA ) C

Tuong ty OMB = ODB

= OCA = ODB = ABDO  AACO (g.g)
0D OB
=l '66'_6“_[.: mlWOD-——OC
Vay AOCD can tai O, nén duting
cao OM ciing 12 dudng trung tuyen,
21. Cho dudng tron (O ; R) duiing kinh AB. Hai
ddy AD va BC cit nhau tai E nim trong
dubrng tron (0).

Ching minh ring AE.AD + BE.BC = 4R®
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Giai
Ta cd: AR AD = AR(AE + ED)
= AE*> + AR ED
= AE? + BE.CE
BE.BC = BE? + BE.CE.
= AE AD + BE.BC
= AE® + BE? 4+ 9BE.CE = AC? + CE® + RBE? + 2BE.CE
= AC? + (BE + CE)® = AC® + BC? = 4R*,
“ho di€m M & trén duong tron (0) dudng kinh AB. Pubng tron tam
M ti&p xtic AB tai H cit (O) tai E, F. Doan thing EF cit MH tai L

Chiing minh ring IM = TH. )
Giai
A% ~ MH? = 10% — OM? I
= OH® + IH? - (OH? + MHY) AUB

= IM® = IH? = IM = IH.

“ho dudng tron tam O, vé hai tiép tuyén MA va MB (A, B la t%é'p
di€m), C 12 mot didm trén duding tron tdm M bdn kinh MA va nam
trong (O). Cac tia AC, AB cit (0) l4n lugt tai P va Q. Ching minh
PQ la dusng kinh cta (O).

Giai

MC = 2ABC (géc nodi tiép va gbc & tam chin AC)

OQ = 2ABQ (géc noi tidp, goc § tam chin AQ)

AMC = A0Q.

ang v BMC = BOP

OQ = POB + A0GQ + A0B
= AMC + BMC + AOB
= AMB + AOB = 180°

'ho tam gidc ABC nbi tigp dudng trim (O ; R). Goi dudng tron {I ;113

dudng trdn ndi tiép tam gidc ABC, H la tiép diém cha AB vai du'&img

tron (1), D 1a giao didm ciia Al véi dudng tron (0), DK 12 dutmg kinh

clia duding tron (O). Goi d 1a do dai cha OL Chdng minh ring :
AAHI v AKCD b) DI = DB = DC

1A.ID = R? - g? d) d® = R* - 2Rr (dinh 1y Euler).




Cang ty THH MTV DVVH Khang Vigt

Giai K
a) AAHI e AKCD (g g) M A
b) BID = TAB + TBA (1)
BDI = DBC + CBI = IAC + GBI (2)
Ti (1), (2) cho BID=EBDI = 0
ADBI ¢in tai D = DB = DI = DC. n
¢) Qua I ké dudng thdng vudng géc
v6i OI cdt (0) tai M, N BN
Ta ¢6 : ID.IA = ML.NI = MI% = OM? - 107 5
- R2 . d2
d) AAHI 2 AKCD = ALCD = HLKD = IDIA = 2Rr
Vay 2Rr = R* - d*.
25. Cho tam gide ABC déu ni ti€p duding tron (O ; R). Goi M 1a mét
di€m bat ky thudc cung nhé BC. Goi D 1a giao diém caa MA va BC,
a} Ching minh : MA = MB + MC
. . MD MD
b) Chung minh : B + Yol 1
¢) Tinh téng MA®? + MB® + MC? theo R
d) Xde dinh vi tri cia didm M dé
wggq« ELE + ZOIO(ﬁlﬁ- + ﬁ) dat gid tri nhé nhat.
Giai

e

a) Dung E € MA : MB = ME = AMBE déu
AAEB = ACMB (cge) = MC = AE. Viy MA = AE + ME = MC + MB.
BD AB MDD BD
b) AABD e ACMD (g. Y _ab  MD_BD
) “ ®8= N5 W = M - AB
MD DC MD MD DC+BD BRC
Tu’ v — = —— o = =1
N o ETAB T CM ' MB- AR " AB
c) Ke AK | MR ; AH | MC
MA® = AH® + MH? ; MB® = (KM - KB)? = BK? - 2KM KB + KB?
MC* = (MH + MC)? = MH? + MC? + 2MH.MC
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Suy ra : MA? + MB® + MC? = AH? + 3MH? + 2HC?
= 9HA? + 2HC? = 2AC% = 6R° (Vi AH® = 3MH?).

20 11 1 1 20 1 1 )
) o 0f e 4 = 2.—-——-+2021[m——+~—-—
VT I (MB+MC} MA MB | MC

_ 20 8084 _ 4052

2R"ZR R
BAI THI CHON HOC SINH G101 TOAN
Cho dudng tron dudong kinh AB va mét diém C & ngoai dubng tron.
Hay dung mdt dugng thing qua C va vudng goec voi AB ma chi duge
ding thude thing. (Dé thi vo dich todn cdp II - Lién X0)
Giai C

N&i AC cdt dutng tron (O) tai D z

\N&i CB cét dutng tron (O) tai B A 0 B
- AFE va BD la hai dudng cao cla AABC.

Soi H 1a giao diém cha AE va BD M

= CH la dudng thing cin dung. H
a) Cho tam gidc ABC c6 ba géc nhon, diém I n&m trong tam gide. Gol

%, vy, z l4n lugt 12 khodng céch ti I dén cic canh BC, AC, AB. Cho
bit BC=a;AC=b;AB=c

a? + b% +c”
a-~- -

2R

(R 1a ban kinh dubng tron ngoai tigp AABC).

(Pé thi chon hoc sinh giéi Todn ldp 9, Quén 9, TP. H6 Chi Minh,
ndm hoc 2002 — 2003)

b) Cho tam gidc ABC nhon ndi tigp dutmg tron (O), AH 1a dubng cao Goi D
HB DB AB

12 giao diém cha AO vai BC. Ch(mg minh réng ﬁa«r D6 = 2‘.1—{&—
(Pé thi chon hoc sinh gidi Todn ldp 9, Quan 1, (Vong 2), Tp. Hé
Chi Minh, ndm hoc 2010 - 2011)

Giai

Chdng minh ring : Vx + Jy ++47 =

a) Ta ¢6 : 25 = ax + by + cz.
2
1 1 1
(V5 + +J;)2=(M_,Ja;z+m. by+—-m.J5‘é) A
W TR R
1 1 1 ah + bc + ac
s (Frprifem o BT Z
- aZ + b2 + ¢ Qabe a? + b2 +c? *
< . = . B C
abce 4R 2R




£0ng ty TNHH MTV DVVH Khang Vid!

b) V& AE la duding kinh cia dubng tron (0). A
DA W
HC AC EB
DB AB EB o
£} DC - AC EC (2) )
Tir (1) va (2) 4p dung bat ding thic Co-si cho hai s§ B W C
HB DB AB(EC EB] Lo AB %

duong, ta o8 =+ 55 =26 |58 T 56 )2 2 AG

§3. BOC TAO BOI TIA TIEP TUYEN VA DAY CUNG

A/ KIEN THUC VA KY NANG CAN NHO

1. S do clia géc tao bdi tia tidp tuysn va day cung bing nifa sd do caa
cung bi chin.

2. Trong mt dudng tron, géc tao bdi tia tisp tuy&n va day eung va pée
ndi tiép cing chin mot cung thi bing nhau.

B/ BAI TAP

(0 BAI TAP CO BAN

28. Cho diém A nim ngoai dubng trdon (0). Ve ti€p tuyén AB va cat

tuyén ADC khéong qua O (D n¥im giva A va C).

2
Chiing minh ring : ﬁl()) ];gz B -

Giai />~ C
Xét AABD va AACB c6 BAD chung A D

ABD = ACB (hé qua g6c tao bdi tia

ti€p tuy&n va day cung)

Do d6 AABD © AACB (g.g)
L AD_AD _BD _ AB AD_ED BD . AD _BD®
AC AB ~CB AC' AB CB'CB' ™ AC BC?

29. Cho diém A ngoai dudng tron (0). V& tidp tuyén AB vi cat tuyén
ADC khéng qua O (D ndm gia A va C). Vé BE 1a duing phan gidc
cha tam gidec BDC. Chiing minh ring tam gi4c ABE can.

Giai B
MBE = MBD + DBE P AN
SEB = EGE + CBE A AN\
MBD = ECB (he quéd gée tao bdi tia tuyén *0
véi day cung) = MEB = MEB.
Do d6 tam gidc ABE can tai A.
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am gidc ABC ndi tiép trong dutng tron (0). Vé tia Ax sao cho
nam gida hai tia AC va Ax, xAB = ACB . Chang minh ring Ax
21€p tuyén clia dudng tron (0),
Giai

vy 1a tigp tuyén cda dung trdn (0)
A%, Ay cing thudc néa mat phing
uwia AR,
‘AB = ACB (hé qud gée tao bai tia
Sn va day cung).
i = ACB (gt) = yAB - 3AB.

i tia Ax, Ay tring nhau Vay Ax 1a tiép tuyén cha dutng tron (O}

I duong tron (O ; R) va (O ; R (R > R) cét nhau tai A va B
uy€n cia (O) tai B cit (O) tai C. Tiép tuyén caa (0) tai B cdt
i I3, CA cat (O) tai E(E = A) Chiing minh réng :

2 C R
2 by CADA - aR? o BCE _CA BC _R
= CB ) CADA = AB® ¢) BD° " DA d) 55 R

Giai
A oo ACEB (g.g).
LA e BDA (g.g).
= AB?; BD®= DA®; AB®- CADA
C e AO'BD.

gisdc ABC, phan gidc AD. V& dwng tron tim O qua A va
= v&i BC tai D cidt cse canh AB va AC ldn lugt ¢ & va I
minh ring:
B b) AB.BE = BD?
> AABD d) AD? = AC.AE.
Giai A
> ABDA (g.g). ‘
DB . E
> AADC (g.g).
ANG CAO B D C
© tron (I) ti€p xdac vai hai canh Ox va Oy ciia géc xOy tai A
A ké tia song song véi OB cit (I) tai C. Poan thdng OC
r tron (I) tai E. Hai dutng thing AE va OB cit nhau tai K.
irzh : a) AKOE o AKAO b) K 1a trung diém OB.

34

36.
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Gias B
a) AKOE e» AKAQ (g g)
= OK*® = KE.AK K
b} AKBE e» AKAB (z.g). ’ o
= KB® = AK KE.
Suy ra : OK*® = BK® = OK = BK
Vay K 1a trung diém OB, A
34. Cho hai dusng tron (O RV va (O RY (R > R') cét nhau taj A, B,
Tiép tuyén cia (O) tai B cdt (O) tai C va tiép tuyén cia (O) tai B
cdt (O') tai D Chung minh :
2 BC?  AC BC R
a)AB* = ACAD b 5D an O T
Giai
a) AABC «» AADRB (gg) = AB? = ACAD
AB BC AB* B(C?
b) — =2 . 42 BCT
AD  BD T Ap? " Bpl
AB® ACAD AC _ BC? ac

e = ——— .
AD*  AD® AD _ BD? - AD

BC R

OBC o« AQ'BD (g ——

¢} AOBC o» (gg)zoBD "

Trong hinh vubng ABCD, vé nita dubng tron dutng kinh AD va va

cung AC ma tam 1a D. N&i D vei diém P bat ki tren cung AC, DP

cit nida dudng tron dutng kinh AD tai K. Chiing minh ring PK
bing khoadng cach tir P dan canh AB.

5.

Giai A I B
Keé PI vudng géc véi AB ~
Kéo daj AK c4t duting tron tam D tai B P
DK | AE = AP = PR K
BAE 1a g6c tao bdi tia tiep tuyén
va diy chin XE‘, AP di qua diém E
chinh gita AR D c

= AP phan gidc BAE — PK = Pl
. Cho duting tron (0), day cung AB va dutng kinh AD. Va ti€p tuyén

Bx v6i dutmg tron tai B. Tir A ké AC vudng géc Bx. Ching minh AB
1a phan gide cia gée DAC,



Ai duBng hee sinh gidi Todn 9 — Nhidu Tac gid

ADB = ABx

(cimg chin AB)

= Ay = Ag

(ciing phu hai géc bing nhau).

7. Tam gidc ABC ndi tigp dutmg tron (0) c6 CH 12
dutmg cao, M va N 1a hinh chigu cia dinh C ldn
lugt trén cédc tidp tuyén tai A va B cha dutng
tron. Tam gidc ABC phai thod min difu kién gi
dé CM + CN =2CH ?

Giai
CH _AC
CN  BC’
CH BC
CM  AC’

AACH o2 ABCN =

ABCH o AACM =

CH?®
CN.CM
CM + CN = 2JCM.CN = 2CH.
8. Cho tam gidc ABC ndi tidp dubng trdan (O ; R). Qua dinh B ké dudng
thing song song vdi tifp tuyén tai A cha dudng trdn, dudng nay cit
AC tai M.
a) Ching minh hé thic AB? = AC.AM.
b) Chiing té ring dudng thing AB la tiép tuyén cla duing tron di qua
B,Cva M

Suy ra =1 = CH? = CN.CM.

Giai
a) ACB = BAx = ABM
=> AABM <« AACB (g.g) = AB? = AM.AC.
b) Goi K 1a tdm dudng tron ngoai tiép ABMC.,
Ké KH | BM

- BKH=%BKM — ACH - BKH = ABM.

Ta c6 : ABM + HBK = BKH + HBK = 90° = AB 1 BK, BK la bén
kinh cha dudng trdn ngoai tiép ABMC = AB 1a ti€p tuyén cla
dutrng tron ngoai tiép ABMC.

9. Cho hai dubng trdn (O;) va (Oy), dutng trdn ndy di qua tdm cia
dutrng tron kia. Qua mot giao diém cGa hai dudng tron ké mot cét
tuyén cit hai dudng trdn tai C vk D. Tinh géc hop bdi hai tiép
tuyén vdi hal dutng trdon tai C va D.

02
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Giai A
AAO,0, déu, ACE = %AOIB = V3 = 60°
Tuong ty ADB = 60° = AACD ddu, o,
CED = 180° - (ECD + EDC ) D
= 180° — (CAB + DAR)
= 180° ~ 60° = 1200, C 5

[0 BAI THI CHON HOC SINH GI3i TOAN

40. a) Tir diém 1 & ngoai duting trdn (O) vé hai ti€p tuyén IA ; IB dén {0).
Goi M 12 trung diém ciia IB, AM cit (O) tai A va K. Chitng minh ring
AB? = 2AK AM va dutimg tron ngoai tigp tam gide IKB tiép xiic véi AR,
(D¢ thi chon hoc sinh &idi Todn lép 9, TP. HE Chi Minh, nam hoe
1882 ~ 1993)

b} Cho hinh thoi ABCD ¢6 B = 60°. Mot dudng thidng qua D khéng cit
hinh thoi nhung et dudng thing AB, BC tai E, F. AF cdt CE tai M.
Ching minh riing AD ti€p xuc dudmg trdn quaD, M, F.

(D thi chon hoc sinh gidi Todn lop 9, TP. HE Chi Minh, nam hoc
1898 — 1999) A
Giii

a) Dung C 1a diém 4a; Xung cia A qua M.

Ta ¢6 : ABK = KAl = ACB I

= AABC © AAKB (g.g).

= AB® = AK AC = 2AK AM

MB? = MI* = MK.AM B

= AMIK o> AMATY {c.g.c).

= KIB = TAC = ABR B o

= AB 14 ti€p tuyén cia dudng tron ngoai tigp ABKI

b) AEAD < ADCF (g.g)

L FA_AD _EA ac
CD CF AC CF

= AAEC e ACAF (c.g.c).
- AGE - CFA ] D
Suy ra AACM o AAFC (g.g) = AD® = AC?® = AM.AF.
Vay AD tiép xic véi dung tron ngoai tidp ADMP.

41. Cho ba diém c& dinh A, B, C thdng hang theo thy tu d6. Mot dutrng
tron (0) thay d8i luén di qua hai diém B va C. Va c4c tiép tuyén
AD, AE véi duding tron (0) (D, E 1a cdc ti€p didm).
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a) Ching minh rang : AD? = ABAC. Tir dé suy ra D thudc mot dubng
¢t dinh.

b) Chitng minh ring dugng thing DE ludn di qua mot diém cd dinh.

¢} Goi MN 1a dubmg kinh coa dudng tron (0) vudng goc véi BC. Goi K 14
giao diém cha AM voi duding tron (0). Chitng minh rang AB, DE, KN
dbng quy.

(Dé thi chon doi tuyén hoc sinh gidt Todn lép 9, Qudn 1 (Vong 2),

Tp. Hé Chi Minh, ndm hoc 2010 - 2011)

Giai
AD _AB .
ADB o AACD (gg) = 20 = 25 = AD? = AB.AC
a) AADE @ ®8) = X5 2D ~

AD = JABAC, khong d48i D e (A; VABAC)
b) Ve OH L AC tai H DE cit AC, A0 lan lugt tai L, F DN

Al AH = AF AO = AD’ = ABAC = 1 CGM
(Vi A, B, C, H ¢d dinh) A
¢) Goi I' la giao difm clia AB va

KN Chitng minh duge Al' = Al

=1I=1

OLW
@]

§4. 0 €6 DiNn § BEN TRONG DUGNG TRON
goc c6 pinH § BEN NGOAI DUONG TRON
A/ KIEN THUC VA KY NANG CAN NHG
_ S8 do cha gbc co dinh & bén trong dubng tron béng nia téng s6 do
hai cung bi chdn.
— S& do ciia goc c6 dinh & bén ngoai dutng trdn bing nia hiéu s6 do
hai cung bi chin.
B/ BAI TAP
(0 BAI TAP CU BAN
42. Trén dudng tron (O ; R} 18y cée day cung lién tiép nhau AB = BC = CD
= DE = R. Tia CB va EA cdt nhau tai M. CA cit BE tai I Tinh s6 do
cac cung AB, BC, CD, DE. T d6 suy ra s6 do cha céc goc BME, CIE.

Giai
AAOB déu = sd AB = 60° 3 C
Ta ¢6 AB = BC = CD = DE = R (gt}
Suyrasd@ = sdBC = sdCD = sdDE = 60°. A D
Va sdCDE = sdCD +sdDE = 120°
BME 1 goc b dinh & ngoki dubng tron E

204

43,

44.

45. ¢

T




Chng ty TNHH MTY BYYH Khang vig

Do d6 BME = %(sd CDE - sdAB) = éuzo” - 60% = 30°.

CIE 1a g6c ¢6 dinh & trong dudng tron
. e 1 p—— -—— 1 8 0 o
do ds CIE = E(SdCDE +sdAB) = 5(120 + 60%) = 907,
48, Cho du¥ng tron (O) va haij day cung song song AB, CD (B, D cling

thudc nda mit phing by AC). Goi M 1a giao diém cha AD va BC.
Chiing minh ring BMD = AGC.

cxs A
Giai B

Ta ¢6 AB / CD = AC = BD ‘

BMD 1a gée ¢6 dinh & trong dudrng tron

Do dé BMD = %

1
)
AOC la géc & tam, do dé AOC = 5dAC . Vay BMD - AOC.
4. Cho tam gide ABC ngi tigp dudmg trdn (O ; R). Piém D di ddng trén cung
AC. Goi M la giao didm eda AC va BD, N Iz giao di€m ca AD va BC.
a) Ching minh ring : AMB + ANB = 2ACE. ‘
b) Gid sif AB = AC. Chung minh ring : AD AN khéng déi.
Giai
a) AMB 13 goc ¢ dinh & trong duling tron A
Do d6 sd AME = —;«(sd@ +5dD0).

ANB 12 géc ¢6 dinh & ngoai dubng tron \ b

Do d6 54 ANB = 2 (sdAB - sd50). 5 N

(sdBD + sd AC) c "
—— — —— D
(sd AC + sdAC)=3sdAC.

ot

Suy ra AMB + ANB = sdAR
sd ACB = %sd@ (goc ndi ticp)
Viy AMB + ANB = 2ACE

AD AC 2
b) AACD o AANC (g.g). Do dé ACTEAN S AD.AN = AC®
- Cho tam gidc ABC can tai A, nji ti€p dudng tron (0). M 1a diém trén
cung AB. Goi I 1a giao diém ciia AM va tia CB. Ching minh ring ;
AB? = AM.AL
Gidi

Ta c6 ATB = %(sdAc ~sdBM) (goc ¢6 dinh & bén ngoai dusng tron)
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Va ABM = %sdm (g6c noi tEp) N

Ma AB = AC (AABC can tai A) = AB = AC
msdﬁ—sdﬁl_\& =sde—sd§lﬁ = sdm
Do d6 AID = ABM va AIB la g6e chung

= AAIB < AABM L 5
nen AL _ 8B ap?oamaL \_/

AB AM
16. Cho tam gidc ABC néi tiép duting tron (O; R). Goi D, E, F 14an lugt la
trung diém ciia cdc cung AB, BC, CA. CD cét BF tai I, DE cidt AB
tai H, FE cit AC tai K. Ching minh rang :

a) A, 1, E thang hang ) EIB = EBI ¢) HB = HL.
Giai

a) I 14 tam dudng tron ndi tiép AABC.
b) sdETB = %(sd@ + sdBE)

sd EBI = }é«sdﬁ’ = %{de/‘_@‘ + sdﬁ'ﬁ) )

¢) AEBI ¢6 EH 12 dutng phén gide
= EH 1a dudng trung truc ciia BL
13 BAI TAP NANG CAO
17, Tam gidc ABC vudng tai A ndi tiép dutng trdn tam O, bdn kinh
5 em. Tidp tuyén véi nlta dubing trdn tai C cdt tia phén giac cha goc
B tai K BD cdt AC tai D va BD = 4 em. Tinh @0 dai BK
Giai
Goi M 1 giao diém cia DK va (0O)
sdKDC = %(sdiﬁ + sdﬁa) = %(sd@ + sdA/_I\TI) = %sdﬁaﬁ .

sdBKC = é—(sdﬁa - sdh/ia) = %sdﬁ—ﬁ A

— KDE = BEC => ACKD cén tai C. MIK
Pat DM = MK = x, ta duge :

BC?= BMBK & (x + 4)(2x + 4) = 25

mxas‘[éhe(dox>0} B ¢

2

Vay BK = 3/6 — 2 (cm).
48. Hai day cung AB va CD cda dubng tron (O) kéo dai cit nhau tai E
ngoai dutng tron. Pudng thing ké tit B song song vdi AD cAt dudng
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théng BC tai F. T F dung tiép tuyén F
FG véi dutng tron (G 1a tiép diém).
Chung minh :

a) sd EFC = %(sd?B+sd6ﬁ)

b} FG = FE.

Giai
AFCE < AFEB (g.g) = FE® = FC.FB.
Lai ¢6 FG* = FC.FB = FE? = FG? = FE = FG.

49. Cho tam gidc ABC néi ti€p dudng tron (0), cde di€m M, N, P 1a diém
chinh giffa ciia cdc cung AB ; BC ; CA. Goi D Ia giao diém cfia MN va
AB, E la giao diém cGa PN va AC. Chung minh DE / BC

Giai
Goi I 14 giac diém cta BP va CM
Goi = A, I, N thidng hang
PIC = PCT = PI = PC
NIC = NCI = NI = NC.
Vay NP la dudng trung truc IC.
>IE=IC=§; = ; C1 =Gy
= Iy =C2 = IE /BC
Tuong tu ID // BC = D, I, E thing hang = DE // BC.

0. Cho tam gidc ABC ndi tigp dutmg tron (O ; R). Goi I 1a tam cha dutng
tron ndi tidp tam gidc. M, N, P theo thu tu 4 tdm cha cdc dudng tron
bang tigp trong cde géc A, B, C. Goi K Ia didm ddi xung véi I qua Q.
Chitng minh ring K 12 tam cia dudng tron ngoai tigp tam gide MNP.

Giai
Goi D va H 14n lugt 1 giao dim cGa IC va AT véi (0)]
Ta c6: A, I, M théng hang, P, I, C thing hing = D Iz di8m chinh gitta ciia
AB ; H I diém chinh gita ciia 0B .
ICM = 90°
HIG - -é«-(sdﬁ +sdf0) ;

N

Gl - —;-(sdfﬁ“:) +sdBH) = HI = HC.

Ta c¢6 HMC = HCM

= HC = HM = HI

= H 14 trung diém IM

= HO la dudng trung binh AIMK

|
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:"»HO:——KQM—ﬂI{M:ZR..

Tugng tu KN = KP = 2R = K la tdm dung tron ngoai tidp AMNP
&1. Cho hai dutmg kinh AB, CD vubng gbc cha duong tron (O) va M 1a diém
thude ban kinh OA K& day DE qua M, tiép tuyén tai E cit AB tai F.
a) Ching minh tam gidc FME cén va MF? = FAFB.
b) FD cit dutng tron (O) tai N Chifng minh FM tiép xtc véi dutng
tron ngoai tiép tam gide MDN. c
Giai
|

a) FEM = %EOD . FME = g(sdﬂ + saBD)

- Loafp - EOD. AN 5 B
2 2 N
= FEM = FME — AMFE céan. 1
b) FE? = FAFB = FM* )

Suy ra AFNM ¢ AFMD (c.g.c) = M: =Dy
= FM la tiép tuyén dudng tron ngoai tiép AMDN.

52. Cho dubng tron (0), day cung AB. Trén hai cung AB lan lugt 18y céc
diém M va N. Hai tia AM va NB cit nhau tai C, hai tia AN va MB cit
nhau tai D. Cho bigt ACN = ADM . Ching minh AB vudng géc CD.

Giai

—— — — R ——— — C
sd ACN = }é-(sdAN — sdBM) ; sd ADM = %(sdAM - sdBN)

— sd AN + sdBN = sdAM + sdBM M

Do d6 sdANB = sdAMB = 180°

= AB 1& dudng kinh. A .

Vay B true tam cia AACD =» AB L CD. b&
£0 BA! THI CHON HOC SINH G101 TOAN N D
53. a) Cho tam gidc ABC ndi ti8p dubng tron (O ; R). Pubing phén gidc

trong va ngodi cha goc A cdt dutng thing BC l4n lugt tai D va E.

Cho bigt AD = AE ; AB = 1,4 ; AC = 4,8, tinh bdn kinh R.

(D8 thi chon hoc bong Todn ldp 9 - Qudn 9, TP. Hé Chi Minh, nam

hoc 2005 - 2006)

b) Cho tam gidc ABC can tai A ndi ti€p dudng tron (0). Gei P 1a diém
chinh giita cGa cung nhé AC. Hai dudng thdng AP va BC cét nhau
tai M. Chifng minh rang:

1) ABP = AMB
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54,

2) MA MP = BA BM.
(Dé thi tuyén sinh vao lop 10 chuyén Todn, THPT chuyén TP. H3 Chi

Minh, ngm hoc 2010 - 2011)
Giai
a) Goi M la giao difm cda tia AD va
dudng tron (0). V& dudng kinh AF,
AADE vudng cdn = ADB = 45°.
sdAB+sdMC = 90° Lai cb
sd ABF = 180° nén sd MB + sdCF
= 90° =  [MB=MO
= AB=CF = CF=AB=14
AACF vubng tai Ccéd : AF? = ACP+ CF? =25 = R =

= 2,5 (cm).

b) 1) ABP w%sﬁ@ =%(sdﬁ?3msd13"é) - %(saﬁ‘smsdl’?’"@)xAMB
A
2) ACAM can tai C = AC = CM

MA MC P
AMAC o» AMBP = MA _ MC
< = MB - MP
— MAMP = MC.MB
Vay MA MP = BABM. B = M

Cho tam gidc ABC néi tiép dutmg tron (0) va I 13 didm nim trong tam
gide ABC. Céc dung thing Al, BI, CI cit duing tron (O) lan lugt tai A,
B, C' (khéc A, B, C). Day cung B'C’ ciit cac canh AB, AC tuong (ng tai cic
diém M, N. Day cung A'C' cit c4c canh BC, AB tuong dng tai cde didm P,
Q Day cung A'B’ ¢t cac canh BC, CA tuong ting tai cic difm F,E.
a) Gid st AM = AN ; BP = BQ ; CE = CF xay ra déng th¥i. Ching
minh réng I 13 tdAm dudng tron ndi tiép tam gide ABC.
b} Gid st AM = AN = BP = BQ = CE = CF. Chung minh rdng sdu
diém M, N, P, Q, E, F cing nim trén mét dutrmg tron.
(D¢ thi vao lép 10 khéi chuyén Todn - Tin, Bai hoc Quéc gia Ha
Néi, ndm 2006)
Giai
a) AM = AN = AMN = ANM
. AP+ 50 - A0+ B
Tuong ty BP = BQ
= sdAC +sdBA = sdBC + saCA
CE = CF = sdBA" + sdCB’ = sdCA’ + sdAD'
Suy ra: BA' - CA' = AA’ du¥ng phén gidc BAC.
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Tugng tu : BB’ dubng phén gidce ABC = I tam dubng tron ndi tiép.
b} Tir gia thigt suy ra AA', BB/, CC' la

cde dutrng phan gide cha AABC.

AM = AN, Al la tia phén gidc MAN

nén AI 13 dudng trung tryc MN.

Do AR = €8 nén ACE = COB

ma Al | B'C’' = B'C' trung truc IA

= IM = AM = AN = IN

Tuong ty IP = BP = BQ = 1Q

VéIE:CE:CF:IF

Suy ra diéu phai chdng minh.

§5. CUNG CHUA GOC
/ KIEN THUC VA KY NANG CAN NHG
Vi1 doan thing AB va gic o (0° « o < 180% cho trude thi quy tich cha céce
diém M thod man AMB = a 1 hai cung chifa gbc a dung trén doan AB.
Chit § :
— Hai cung chifa géc o néi trén 12 hai cung tron dgi xing vai nhau qua AB
~ Hai diém A, B thudc quy tich.
_ Khi a = 90° Quy tich c4c diém nhin doan thing AB cho truge dudi
mat goc vudbng 1a dudng tron dudng kinh AB.
. Céch vé cung chira géc a
- V& dubmng trung trye d cha doan thing AB.

— V& tia Ax tao vGi AB mdt goc o

— Ve dutng thing Ay vudng goc vii Ax,

goi O la giao diém cla Ay véi d.

— V& cung AmB, tam O, ban kinh OA sac
cho cung nay thude nifa mat phing by
AB khong chia tia Ax, AmB duge vé
nhy trén 1 mét cung chifa géc .

/ BAITAP

( BAI TAP CO BAN

. Cho nifa dudng tron (O ; R) dudng kinh AB. M, N di déng trén nia
dung tron sao cho M nim trén cung AN va MN =R. Goi I 1 giao diém
ciia AM va BN, K 1a giao didm clia AN vd BM. Chiing minh rang :

10




Cong ty TNHH MTV DVVH Khang Vigt

a} Diém I thuge mot dung 8 dinh. b) Pidm K thutc mét dudng i dinh.
Giai i
a) AOMN déu =» MON = g0°
ATB = %(saA’_ﬁ — 5dfN) = 60°
(g6c ¢6 dinh & bén ngoai dudng tron)

T M
AKE - %(sdAB +salMN) = 120°

{gbc 6 dinh & bén trong duding tron). A B
Do dé : o
Diém I thude cung chita géc 60° dung trén doan AB.
Biém K thudc cung chia gée 120° dung trén doan AB.
56. Cho BC la day cung ¢§ dinh caa dubng tron (0). A 1a diém di déng trén
cung lén BC. Phén gide géc BAC cit cung BC tat D. Goi M 12 hinh chigu
cha B trén AD. Chitng minh ring diém M thude mat dutmg cd dinh.

Giai A
v - U i
Ta ¢6 DAC = EsdDC (gbéc ndi tigp)
Ma BAD = DAC (vi AD la tia phan gisc BAG) A
Nén DB = DC = D cd dinh va BMD = 90° g C
Vay diém M thude cung chia goc 90° dung trén '
doan BD (cung nim bén trong duing tron (O)). D
57. Dyng tam gide ABC biét AC = 5 cm, BC = 6 cm, A = 50°.
Giai

— Dung doan thing BC = 6 cm ;

- Dung cung chita géc 50° trén doan BC ;

~ Dung dudmg trdn (C ; 5 cm).

A l1a giao diém cia dutng trdn (C ; 5 cm) va cung chia gée 50° dung
trén doan BC.

58. Cho tam gidc ABC ddu noi tidp dutng tron (0). D 12 diém di dong
trén cung BC. Trén AD 14y di€ém M sao cho DB = DM. Chitng minh
ring diém M thuje mst dung cg dinh. A

Giai
Ta c6 BDA = BCA (hai gée ndi
tié€p ciing chén cung AB)

BCA = 60° (AABC déu) 1
= BDM = 60° nén ABDM déu. B w. C
Do d6 BMD = 60° nén BMA = 120° D

Vay diém M thude cung chia géc 120° dung trén doan AB.
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5. Cho tam gidc ABC nhon noi tiép dudng tron (O) (AB < AC) Hat tiép
tuydn tai A va B cit nhau tai D. Tir D ké mét cat tuyén song song vdi
AC cit BC tai E va cit dutmg tron (O) tai M, N (M nim gita D va N).
Chiing minh ring bén diém O, E, B, D cing thube mot duting tron.

Giai
Ta 6 AC // DN (gt) A
= ACB = DEB (1).
DA, DB la cédc tiép tuyén cia (O}
= OD la tia phan gidc géec AOB 0

- DOB:%EE)‘E

U, [ N — BN\ E c
ma ACB = ~2—AOB . Do dé ACB =DOB (2}

N

Tir (1) va (2) suy ra DEB = DOB,
Vay O, E, B, D cung thudc mdt duting tron
1 BAl TAP NANG CAO
), Cho tam gidc ABC ¢6 AB = AC, géc B va C la cdc goc nhon. Ké duimg
cao AH, trung tuyén AM trong dé BAH = MAC. Tinh géc BAC.
Giai
Goi E 1a trung diém ciia AB = ME 1a dung trung binh AABC
= ME // AC ; Ao = Mi1; A1 = A2
AARH cin tai B =» Ay =FHy= M1 =H;
M, H 12 hai dinh ké cha t& gidc AEHM 2
= A, E, H, M thudc mdt dubng tron. E
Lai cé: AHM = AEM = 90°
= AB 1 ME = AB 1 AC.
Vay BAC = 90°.
L. Cho nita dutng tron duting kinh AB va mdt diém C di dong trén nia
dutrng tron. Dung ra phia ngodi tam gidc ABC hinh vudng BCDE.
Tim quy tich :

B H M Cc

a) Céc dinh D. b) Tam I eda hinh vudng.
Giai x
a) ABCD vudng cAn = ADB = 45°
Quy tich cta D 1& cung chia gace
45" dung trén doan AB, duge gidi D
han bdi tia ti8p tuyén Ax. C
b) Goi F 1a giac difm cia EC véi E
) SL.BUAR) | 5EE = 45, 0
S, - 4ar® A B
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Gong 1y TNHH MTV DVVH Khang Viet

ma ACF nai tiép = AF = 90°

hay I" 1a diém chinh gita AB.

Vay quy tich I ]a nia dudng tron dutng kinh BF.

62. Cho tam gidc ABC noi tifp trong dubng tron, ¢6 BC 5 dinh. Tim quy

tich trong tdm G cda tam gide ABC khi A chuyén dong trén cung BC,

Gidi
Phin thuin
Ké GI// AB; GK // AC. Goi M trung diém BC. Ta cé:

MG MI 1

2 Ml L MB=saMI

MA  MB 3

MGV, 1 A
— B D MC - BMK

MA VvV, T3

BC = MB + MC = 3IK
Suy ra: I, K ¢d dinh va IK = %9

BAC = a (khéng d8i). Lai ¢6 BAC = [GK = a,
G thube cung chita géc a chita goc o dung trén IK
Phin dao (danh cho ban doe).

63. Cho hinh thang ABCD (AB / CD). Goi O la giao diém hai duing
chéo. Trén tia OA 14y diém M sao cho OM = OB, trén tia OB lay
diém N sao cho ON = OA. Ching minh ACN = BDM.

Giai A

AOMN = AOBA (c.g.c) T X
O

o

= OMN = OBA
OBA = ODC (so le trong)
= OMN = ODC.

D C
Vay M, D ciing thude cung chua gée dung trén NC

Suy ra ACN = BDM.
64. Dung tam gidc ABC biét ban kinh dudng trdn ngoai ti€p 1a R, b4n
kinh dutng tron ndi tidplarva € = a.
Giai G
AOB = 2¢; ATB =90°+ &
2 I W20 y

— Dung AOAB ¢an c6 OA= OB =R
va AOB = 2a

A B
— Dung cung chita gée 90° + g" trén AB. v
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i duBng hoe sinh gidi Toan 9 — Nhify Tde gid

o Dung xy // AB va cich AB mot khodng bang r, xy cit cung viia
dung tai 1.

~ Thmg ABC = 2ABL. Canh BC cha géc vita dung cit dung tron (O;
R) tai C = AABC la tam gidc cdn dung.

Ching minh {(danh cho ban doc).

5. Pudng phén gide géc BAD clia hinh binh hanh ABCD cét canh BC va
dutng thdng CD lan lugt tai M, N Ching minh réng tdm dudng tron
ngoat tiép tam gidc CMN thude dudng trbn ngoai tiép tam gide BCD.

Giai
Goi O 1a tam dudng tron ngoai tiép ACMN.
Tacé: A = Az = M = BA = BM= CD = BM. N
Ma A =W; Ag = Mo
= M1 = MNC hay MC = NC. B 1
Laico: OCD = BCD + OCM 2" M
A
2

= OCM + +

2o | )

(OC 1 MN)

BAD

BMO = 180" —OMC = 180" - OCM =90° + . Vay OCD = BMO.

AOMB = AOCD (geg) = OBM = ODC = 0O, C, B, D thude cing
dudmng tron.

j. Cho tam giac ABC néi tiép dudmg tron (O). Piém M thudc canh BC.
Céc dudng trung tryc ciia cac doan MB, CM theo thd tu cdt AB, AC
14n lugt tai C', B'. Goi A’ 12 diém 4481 xdng v6i M qua B'C’. Ching
minh ring t¥ gide AA'BC ndi tiép.

Giai
Do C'B’ 1a trung truc cia MA' nén
GAB = CMB = 180° - TMB - BMC
=180°-~ B-C = A=FBAC
= AAB'C' ndi tiép
_, ATK - ABR' - BOA = KBC
AB'=BM=BC= ; = BOA". Dodo ABA" = ACA"=» ABCA' ni tiép.




Cong ty TNHH MTV DWVH Khang Vigt

(0 BAl THI CHON HOC SINH GIOI TOAN
67, a) Cho dudng tron tdm O dudng kinh AB, mét diém M chuyén dong
trén dutng tron, ké MH vubng géc AB. Tim tdp hop cdc tim dudng
tron néi tiép tam gidc OMH.
(Dé thi chon hoc sinh gidi Todn cdp II, TP. Ha Noi, ndm hoe 1971 — 1972)
b) Cho tam gide ABC (A di dong, B va C c6 dinh, c6 hai duong phan
gide BE va CF cét nhau ¢ D va BE.CF = 2BDCD. Ching minh
diém A Iuén thudc mot dutmg 8 dinh.
(Dé thi chon hoc sinh gidi Todn Iép 9, Quén Tén Binh, Tp. HS Chi
Minh ndm hoc 2010 — 2011)
Giai
a) Goi I 1a tam dudng tron noi tiép AOMH.
Ta c6 : OIM = 180° — (TOM + IMO).
MOH + OMH
2

= 1809 = 135°

AOIM = AOIA (c.g.c) = OIA = OIM = 135°
I chay trén cung chua géc 135° dung
trén doan OA.

b) bt BC = a, AC = b, AB = c¢. Ap dung tinh chat duing phén giac,
chitng minh duge: BECF = 2BD.CD < .. < a® = b® + ¢ & AABC
vudng tai A Ma BC cg dinh. Vay A thube dudng trdn dudng kinh BC.

68. Dung tam gidc ABC néu bigt canh BC vA c4c dutmg cao, phén gise, trung
tuy&n xust phat tir dinh A chia géc BAC thanh bén gée bing nhau.
(Dé thi chon hoc sink giéi Todn cap II, TP. Ha Néi, nam hoc 1979 — 1980)
Giai
Bai todn dua vé dung tam gidc vubng bist canh huyén BC va mot gée
0
nhon bing 9% = 22,5°
86. T GIAC NOI TIEP
A/ KIEN THUC VA KY¥ NANG CAN NHG
L. Dinh nghia : Mét td gidc c6 bén dinh n¥m trén mot dudng tron duge
goi 12 tif gide noi ti€p dudng trdn (goi tdt 1a b gide ndi tidp),
2. Dinh ly : Trong mot tif gide ni tidp tdng s& do hai goe ddi nhau bing 180°.
Chit § : MOt tif gide ngi ti€p c6 géc trong bing gée d6i ngoai.
3. Ddu hiéu nhén bi&t tif gide noi tiep :

— T\ gide c6 t6ng hai gée dai nhau bing 180°,

— T gide c6 gbc ngodi tai mt dinh bhng géc trong tai dinh dai cda
dinh d6. -
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& dudng hoc sinh gidt Tadn § -~ Nhiu Tie gid

— T gidc cé hai dinh ké nhau cung nhin canh chida hai dinh con lai
dudi mbt goc o
— Ty gigc ¢6 dinh cdch déu mdt diém.

o Chii § : Hinh thang ndi ti8p duge dudng tron 12 hinh thang can va
nguge lai.
8/ BAI TAP
D BAI TA? CO BAN
89. Cho tam gidae ABC can tai A ngi tiép dutng tron dutng kinh AL Goi
E 1& trung diém AB, K la trung di€m OI Chuing minh t& gide AEKC
la td gidc ndi tiép.
Giai
AEAC © AKOC
BAC EA OK 1

EAC = ROC = —=,
(E 0 2 ' AC OC 2

— AEC = AKC, E, X, hai dinh ké
chia t gide = AEKC ndi tiép.

70. Cho dudng tron (O) ngoai tiép tam gide ABC, tit diém M trén dubng
tron (O) (M khéc A, B, C) vé cdc doan thdng MD, ME, MF 1an lugt
vubng géc voi ce dudng thing AB, BC, CA.

a) Ching minh D, E, F thing hang.

b) Pao lai : Néu chan dudng vudng goc D, E, F va tit M dén céce dubng
thing AB, BC, CA thang hang thi M c6 thude dudng tron ngoal
tiép tam gidc ABC khing ?

. BC _ AB AC
Chua Py
c) ng minh : STE =MD MF Xéc dinh vi tri cia M dé tong
]ﬁ% D I?GCF)‘ dat gi4 tri nhd nhat.

Giai
a) Chung minh duge cde ti gidc MDBE : MEFC ngi ti€p, suy ra :
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Céng ty TNHH MTV DVVYH Khang Vigt

BED = BMD ; GEF = CMF | A
Do ABMC noi tiép = D, E, F thing hang.

b) Pédo lai : BED = CEF = BMD = CMF
= MBD = MCF = ABMC ngi tiép.

¢} cotMBD = cotACM = %:%;
Al CE B
cotDAM = co mMD ME D ’
AT BE } M
uong ty : ——m = o
Tuong & S = E
- AB AC_AD-BD  AF+FC_AD CF CF AP
MD MP MD MF — MD MF MF MF
_CE BE _BC

" MEME  ME
Xet L= 23, AC BC _2BC
MD MEF MC ME
L nhé nhat <> ME lon nhat = M = 1 (IB = I0).

71. a) Cho dudng trén (0) va day cung MN. Goi I 1a trung diém cia day
cung dé. Qua I ta ké hai ddy cung khéc 1a AB, CD. Né6i AD va BC,
hai day nay ldn lugt cdt MN tai P va Q.

Ching minh : IP = 1Q.

b} Cho hinh thang ABCD (AB / CD) néi tigp duge trong duding trbn
(0). Day XY thay déi cit AD tai P va BC tai Q sao cho XP = QY.
Ngo&i ra XY con cdt dudng trung binh MN ciia hinh thang ABCD
tai I. Chiing minh : IP = IQ.

Giai
a) K& OK 1 BC = KC = %9
OH 1 AD = AH = %’3.
Ching minh duge cde ti gide IQKO, IOHP
néi tidp = [0Q = TKG ; fOP = [HP.
Lai c6 AICB «» ATAD (g.g) = ACIK w AAIH (c.g.c)

= IKQ = THP = I0Q = IOP A B
Vay OI vira la dung cao vira la phan gi4c Y
= 1P = IQ.

b) AQYO = APXO (c.g.c) = OP = 0gQ X Tp 0

= AOPQ ean tai O

OM L AD ; ON L BC : AD = BC D\_/C




BAt dudng hee sinh giti Todn 8§ - Nhify Tac gid

— OM = ON = AOMN cén tai O.

AOMP = AONQ (canh huyén - canh géc vubng)

- HOP - NOQ=> MON = POQ.

AOMN o AOPQ = IMO = PO

— tf gidc MIOP ndi tisp = P10 = OMP =90" = IP = 1Q

79. Cho duting thing (d) nim ngoai dudng trbn tam O. Goi A la chan dudmg
vubng goc ha tir O xudng (d). Trén (d) 14y hai diém B, C sao cho AB =
AC. Qua B va C vé hai cat tuyén tuy ¥, 1an lugt cit dutmg tron tai cdc
diém M, N va P, Q tuong ing Gei 5, R 14n lugt 13 cde giao diém cha cdc
dung thng MQ va NP véi (d). Chiing minh AR = AS.

Giai
K& NN' L OA ; N' e (0). N'C cdt (O) tai M"
Hay ching minh BN = CN', NBC = N'CB
BNN' + N'QS = 180° = BNN' + 8CN'
= N'Q5 = 5CN'
= 8, N', Q, C ciing thudc mdt dudng tron
- 8N'C = 8QC = BNR
= ABNR = ACN'S {c.g.¢}
= (S = BR, ma AB = AC 3 BAC R
= AS = AR,

73. Cho tam gidc ABC vudng tai A, ¢c6 AB ¢b dinh va C 1a diém chuyén
déng. Puing tron néi tiép tam gidc ABC ti&p xtc véi canh AC va CB
tai M va N. Chang minh : MN ludn di qua mébt didm ¢ dinh.

Giai
Goi O 12 thm dubing tron ndi tiép AABG, H 1a giao diém cha AO va MN.
¥ét ba kha nang : AC < AB < AC > ABva AC = AB
C4 ba truvng hop déu c6 H, O, P, N thude mot duing tron = B,P, O H,
N ehing thude mdt duding tron dubmg kinh OB = ABH vudng tai H.
= MN di qua H cé dinh.
74. Cho hinh vudng ABCD. Trén canh BC ldy diém E sao cho

BE = 3’9‘9“ Trén tia ddi cia tia CD ldy diém F sao cho CF = %9

Goi M la giao difm cda AE va BF. Ching minh nam didm A, B, G,
D, M cung thude mét dudng tron.
Giai
Goi G 1a giao diém clia AB va CM
H 1a giao diém cda CD va AM
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AABE o AHCE A .
= HC = 2AB = 2BC G

FH:%BC 5

AMAB  AMHF

mMB:%MF.‘ D c T H
BG // CF : g;}:%:g = BE = B@

AABE = ACBG (cge) = BAE=BCG = ABMC nsi tidp = didu
phdi ching minh.

75. Cho hinh thang ABCD (AD / BC). Goi O 1a giao diém cia AC va BD.
Trén cédc doan thing OA va OD lin lugt 18y cdc diém M, N sao cho
BMD = ANC. Chitng minh bén diém B, N, M, C ndm trén ciing mbt
dudng tron,

Giai
Goi E la giao diém ctia BD véi dudng trdn ngoai tiép AMBC. Can
chitng minh F = N.
CME = EDA (= CBD)
= MEDA nbi tigp
= MAE = MDE
AMBD < AECA (g.g)
= BMD=AEC = E = N, D

76. Cho nita dung tron tam O dutmg kinh AB = 2R Goi C 1a trung diém
cta doan thing OA, tia Cx vudng gée vdi dutng thdng AB, Cx cit nia
dutng tron (0) tai I Ldy K 13 mot didm bat Ig n&m trén doan thing CI
(K khéc C va I), tia AK cit niia duting tron da cho tai M. Tiép tuy&n véi

nifa duting tron tam O tai M edt Cx tai N, tia BM cit Cx tai D.

a) Ching minh bén diém 4, C, M, D ciing thudc mét duting tron.

b) Ching minh tam gisgec MNK can,

¢) Tinh Sapp khi K 13 trung di€m cia doan thing CI.

d) Ching minh rhng khi K di dbng trén doan
thing CI thi tam chia duting tron ngoai tiép tam
gidc AKD nim trén mot duong théng cd dinh.

X

Giai
c)10=w,CK=B~\[§—':~»CD=RJ§
2 1 =
Sasp = R3 E A c o B



Bé: dudag oo sinh gidi Todn 9 ~ Nhiby Tde gid

d) Dung E thude tia 461 tia AB : A = R
= difm E ¢6 dinh ; ADEB can tai D
— DEA = DBA = AKC = EAKD ndi tiép.

— Tam dubng tron ngoai tiép AAKD nim trén trung tryc AR,
77. Cho hai duong tron (O ; R) va (O ; R) cdt nhau tai hai didm Ava B

V& cat tuydn EBF cdt hai dung tron tai Eva F (ABE = 90"

a) Ching minh ring : AE = AF.

b) V& cat tuyén CBD vudng géc véi AB (C, B thudc (O) va D, F thuje
(0"). Goi P la giao diém ciia CE va FD. Chiing minh td gidc AEPF
va ACPD ndi tiép.

¢) Goi I 12 trung diém EF. Ching minb tam gidc EPF cén va ba diém
1, A, P thing hang

d) Khi EF quay quanh B thi Iva P di chuyén trén cdce dudmg tron cd
dinh nao. Visao ?

Giai
b} T gidc AEPF noi tiép
= EPF + EAF = 180°
Ay =By = By = As = EAF = CAD
— TPT + CAD = EPF + EAF = 180°
= PCAI ndi tigp
c) PEF = PFE — AEPF can
Al L EF ; PI L EF = A, I, P thiing hang
d) I e duting tron dudng kinh AB; P e dudng tron ngoali tiép AACD.
1 BAI TAP NANG CAO
78. Cho duimg tron (0) dudng kinh AB. Tu A keé hai tia cit tiép tuyén
eiia (0) tai B E va F va ¢t (0) ¢ C va D. Ching minh i giac
CDET nbi tiép.

B
Giai
Xét trudng hgp : tia AB ndm gifa C
hai tia AC va AD.
Ta cé By = D1 = E1 = CDFE ndi tiép. A 0 \iNg
N
D

Trugng hop hai tia AC; AD ciung
thudc nita mat phing bo la dudmng

thing AB, chiing minh tuong t. F

79. Cho hinh binh hanh ABCD (ABC > 90%, goi O la giao diém ciia hal
dung chéo. Goi A', B, C' lan lugt 12 hinh chiéu eta D trén BC, AC
va AB. Chdng minh ring diém O nim trén dudng tron ngoai tiép
tam gidc A'B'C".
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Giai
. Ty gide BC'DA' nai tiép
' = GOA" = 2CDA"
" €DA" = BAD (ciing bt ABC)
= COA" = 2BAD (1)

CBA’ =180° - (ABC + AB'C)
= (90° - ADC") + (90° - CDA")
= BAD + BCD = 2BAD (2)
= C'OA" = CBC = C'OB'A’ noi tigp.
80. Cho mdt tif gide noi tidp trong duting tron (C). Dung bon dubing tron
khac (C) v&i ban kinh tuy ¥, mé; duting tron cé mot day cung la mbt
canh tf gide. Chimg minh rang bén giao diém cia cac dutng tron dé
khéc bdn dinh cia tif gidge cho truge tao thanh mét tv gide noi tigép.
Giai

1 = ABF ; i, < ADH ;

{ = CBF

G2 = CDH

= HEF = HGF = B+D = 18¢°
= EFGH néi tisp.

e N ]

BAI THI CHON HOC SINH G131 TOAN
81. Cho tir gide ABCD néi ti€p dutng tron (O ; R) ¢6 CD = AD + BC
(BC > AD). Chung minh ring hai tia phan gidc cia hai gée DAB va
ABC cit nhau tai mot diém thude canh CD,
(Bé thi chon hoc sinh gidt Todn lop 9 - TP. HE Chi Minh, ném hoc
2004 - 2005)

Giai B
Tia phan gidc DAB o4t canh CD tai E.

Ly F e CD: DF = AD. A
0 wA _
Ta ¢6 CF = BC = 180 -BCD . [
2 DY T E

gide ABCD ndi tigp trén
DAB + BCD = ABC + CDA = 180°
= BFC = E‘gﬁ, ma FAB = -11214-’3 = BFC = EAB = ABEF ngi tigp
Tir d6 ching minh duge BE la tia phin gide ABC.
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82. Cho tam gidc ABC, goi M la trung di8m BC, dubng phan gidc ngoal
ciia A cdt BC tai D. Pudng tron ngoai ti6p tam gidac ADM cit AB tai
F va cdt tia doi cha tia AC tai F, N 1 trung diém cda EF. Ching
minh ring MN song song véi AD.

(Pé thi chon hoc sinh gisi Todn lép 9, Tinh Thanh Héa, ndm hge
2007 - 2008)

Giai
Dyng hinh binh hanh BFCP, ta cd
VPR = AFM = AEM = EBMP nji tiép
= BEF = FMD. D
Laico FMD = DAF (cung chin D)
— BEP - DAF = DAB = AD/EP
MN 1a duding trung binh cda AFEP
= MN // EP.
Titr 46 suy ra : MN / AD.
Nhan xét : K&t qua bai todn vin ding ca trong trudng hop AD la
phédn gidc trong hode ngoai caa BAC va duong trdon ngoai tiép AAMD
cit dutng thing AC cda AABC.

§7. BUUNG TRON NGOAI TIEP. BUSNE TRON NOI TIEP. DO DAI BUUNE TROW,
CUNG TRON.DIEN TiCH it TROR, HINH QUAT TRON
A/ KIEN THUC VA KY NANG CAN NHG
1. Dudng tron ngoai ti€p. Pudng tron ndi tiép
a) Pinh nghia
Butng tron di qua tat ca cac dinh mdt da gide duge goi 1a dulng
tron ngoai tiép da gidc va da gide duge goi 12 da gide ndi tigp duge
trong duling tron.
o Pudng tron tiép xdc voi tat ca cac canh cia mot da gide duge goi
12 dubng tron nbi ti€p trong da gidc va da giac duge goi la da
gise ngoai ti€p dudng trdn.

N
\

N/
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b) Dinh If : Bat k¥ da giac déu nao cing ¢6 mét va chi mot duong
tron ngoai tiép, c6 mot va chi mét dudng trdn ndi tidp.
Trong da gidc déu, tAm cla dudng tron ngoai tiép tring v6i tam
cia dudng trdn ndi tiép va duge goi 1a tam cta da gide déu.

2. Cong thnfe tinh 46 dai dudng tron : “Dé dai duding tron” (con goi
la “chu vi hinh tron”) duge ky hidu 1a C. P dai cda m&t dudng tron
bdn kinh R 12 ¢ = 2zR.

Néu goi d 1a dudmng kinh duting trdn (d = 2R) thi C = nd.
7 (doc 1a “pi”) 1a ki hidu cda s5 vé & 3,141592654..., thuting lay n =~ 3,14.

3. Cong thite tinhk dé dai cung tron

Trén dutg tron ban Iinh R, d6 dai 1 cia mét cung n 1a 1 = =

4. Cong thic tinh dién tich hinh trén
Dién tich S cia mét hinh trdn ban kinh R 12 5 = zR%
6. Dién tich hinh quat trén : Hinh quat tron
la mdt phan hinh trdn giéi han bdi mot
cung tron va hai ban kinh di qua hai mat
cda cung d6. Dién tich hinh guat tron ban
7R%n IR
a0 "W S= 5
(I 1a dg dai cung n® etia hinh quat tron).
B/ BAI TAP
0 BAI TAP CO BAN
83. Cho dutrng tron (O ; R) va ddy cung AB = R/2, hai ti€p tuy&n véi
dubng tron tai A va B cit nhay tai C, CO cit cung nhé AB taj I
a) Ching minh t¢ gidec AOBC 12 hinh vudng.
b) Tinh AI theo R, tir d6 suy ra d dai cla bat gidc déu nai tiép trong
dutng tron (O ; R).

kinh R, cung n®1a : 8 =

Giai ) B
b) Goi H 1a tam hinh vudng. AAOH vudng
can tpi H o6 AH = O = AB _ B2

2 " g
2 A
A12=AH2+1H2+%+<R-~2—‘/§)2 o

=(2 - J2)R?

= Al=R+2-./2

—_ o
A0l = 45° = sd Al bing 45° = 3? » nén Al = RV2~v2 14 cank

cla bét gidc déu ndi tigp (O; R). -
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84. 2) Cho tam gidc ABC ndi ti€p trong (O ; R) cd AB = RV2,BC = R-3
(C nim cing phia vdi A so vdi b 1a dudng thang chira OB) Tinh AH.
b) Tinh canh va trung doan ciia mot hinh 12 canh déu ndi tiép trong
dudrng tron (O ; R}

Giai
a)Pit AH=CH=x, BH=y{x>y > 0)
%, vy la nghiém cia hé :

{x+y=R\/§ x+y=RJ3

9 it 2
x% + y? = 2R® Xy =~

Tir d6 x, vy 1a nghiém cia phuong trinh t* -~ RJ3t+ - = 0

m)AHzX:.ﬁ'&M. s}

b} AAOK 1a nifa tam gidc déu, AK = E OK = M

KBmOB—OKm%(Z—Jg)
AB = RJ2-43 :::'OH:%\/2+J§.

85. a) Cho dutng tron (O ; R) va (O' ; %J ti&p xic trong tai A. Tia Ot cit

duong tron (O) va (09 lan lugt tai B, C. Ching minh ring hai cung
AB vi AC thude hai dudng tron (O) va (O') ¢6 dd dai bang nhau
b) Cho dudng tron (O) cung AB = 120°. Céc tigp tuyén voi dudng tron
tai A v B cdt nhau tai C. Goi (I) }a dung tron ti€p xdc vdi cdce
doan thing AC, CB va cung AB cla dubmg trdn tai M. So sdnh chu
vi ctia dudng tron (1) véi dé dai cung AB ciia duing trdn (O).
Giai
a) AB cla (O) bi truong bai gée & tam O 6 s6 do « c6 dp dai l; = %u
AC caa (O) bi truong bdi goc
& tam O ¢6 56 do 2¢ cd db dai
I = n.‘mg—(2a) : 180
nRa

= :l
180
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b} Ta tinh duge AOC = 120° = ADC = 60°
= 0C = 20A=8R = CM = R,
ATHC vubng tai H, HIC = 60°
= IC = 2IH = 2r
R=CM=Cl+IM=2r+r=3r

R
oDr= =

3 C H A
IFB = Eg-ﬁ va chu vi dubng tron (D12 : C = 2ar = %R;mlﬁ

86. a) Cho hai dudng trdon déng tam. Biét khodng cdch ngén nhit giia
hai di€m thude hai dutng trdn bing 1 m. Tinh higu cde chu vi cda
hai dubng tron.

b) 8o sdnh dién tich hinh trdn v6i dién tich hinh vudng c6 cing chu
vi, dién tich nao 1én hon ?
Giai
a})XétAe(O;r);Be(O;R,R>r
AB>20OB=R-r,dominAB=R~71=1
Hiéu cde chu vi efia hai duding tron
2nR - 2nr = 2n{R - 1) = 2% (m). =] B
b) Goi a 14 d§ dai canh hinh vudng, dién tich ,
hinh vudng S; = a?. Chu vi hinh vudng vi
hinh tron déu bing 4a, b&n kinh dudng

tron
2 2
R= ?_E=_?_§'1‘_ :Diéntichhinhtrbnzsgzn(—zi) zii>a2m81.
2n = i b

87. Cho O la trung diém cda doan thing AB = 2R. V& v& m¢t phia AB
cdc nifa dutng tron dutng kinh tha ty OA, OB va AB. Vs duting
tron t&m I ti€p xic v6i ba nita dutrng tron trén.

a) Tinh bdn kinh dudng tron 1.
b) Tinh dién tich phéin nifa hinh tron dudng kinh AB, nim ngoai hinh
trdn tdm (I) va ndm ngoai hai nita hinh tron dudng kinh OA va OB.
' Giai
a) Goi M, N lan lugt 1a trung diém cha
OA, OB, x ]a bdn kinh cfia dubng tron (I)
; IN? = OF + ON?

2 2
= (R-x)"+ %wz(—g+x)
R
= Ko 'é". A M 8] N B
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7R2 (::RE ﬁRz} 5 p2

b) 5 e

- + = e T

20 9 4 36

88. Cho tam gidc ABC déu canh bing a Nda dubng tron dutrmng kinh BC
cit AB va AC lan lugt tai D va B,

a) Tinh s6 do va 4o dai cung DE
b) Chitng minh DE 14 dudng trung binh cha tam gidc ABC. Tinh chuvi

va dién tich cia hinh thang BDEC. A
Giai
DF = 60° - - ra
a) DE =60 ’lf)—f) = P .
\ 5a D E
b) Chu vi hinh thang bang -
SepEc = ~»%—(130 + DE)DH = %‘g@a? BH O C

89. a) (Hink bdu duc) Trén doan AB = 3R liy céc diém C, D sao cho
AC = CD = BD = R. V& cdc dung tron (C ; R), (D ; R). Ching cit
nhau tai E va F. K& cdc dudmg kinh ECM, EDN, FCM', FDN' L&y
B, F lam tam vé& c4c cung MN va M'N' ta duge hinh bao quanh
hinh bau duc. Tinh d¢ dai dubng bao guanh hinh biu duc nay.

b) (Hinh lugi liém) Cho dutng tron (O ; R) ¢6 hai duvng kinh AB va
CD vudng g6¢ véi nhau Lay AD 1a dung kinh, D lam tam, dung
cung tron cit CD tai M. Chdng minh ring dién tich hinh 1uGi liém
AMBC bing dién tich ciia tam gidc ABD.

Giai
R 2nR
a) lm, = Té“é*lzoﬂ—-éw = lﬁ;ﬁﬁ
2R 2nR
l— = —— 60 = ——.
MN 180 3

DPg dai hinh bdu dye :
[=9 2rR L2 2zR _ gnR
3 3 3

b) Dién tich hinh ludi liém 1a :
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90. a) (Hinh hoa thi) Trong hinh vubng canh a nguti ta dung bon nia
dubng tron ¢é dudng kinh 13 bén canh hinh vudng. Tinh dién tich
hinh hoa thj bén cdnh theo a.

b) (Hinh trang khuy&t) Cho tam gide ABC vubng tai A, c6 AB = ¢, AC=h.
Vé nda dusng trdn duting kinh BC va dj qua A, dbng thdi & mién
ngoai clia tam gide vudng, vé hai nita duling tron cb duéng kinh 14n
lugt 12 AB va AC. Ching minh ring dién tich hinh nim ngoai hinh
tron dung kinh BC bing dién tich cia tam gidc ABC.

Giai
2 2 2
na a a
S = e = Suon = Jo T =g -2)

2
=> dién tich hinh hoa thi § = 8.8,,, = %w(n ~9).

2
b) Dién tich nita hinh tron dubng kinh AC : S, = 221?“ dudrng kinh AB

2 2 2
RS, = Eg_, dudng kinh BC 1a S, = 1&,831),

= Dién tich ¢dn tim 8§ = S:+ 8z + Sapc — Sa = Sanc.
£ BA1 TAP NANG CAQ
91. Cho ngit gidc déy ABCDE, AD va BE cit phau tai I. Chung minh D12

= ALAD. o

Giai / \
A’—E’ = A’_ﬁ = ﬁ1 = ﬁl D T B
= AAIE o AAED (g.g) = AE? = AT AD b
Ching minh Bz = I} = ADEI can tai D. 2 "\
= DI = DE = EA. Vay DI’ = ATAD. ETT

82, a) (Bai todn chia dudng tron cia Na-p6-18-6ng). Cho duttrng tron
(O ; R). Hay chia dudng tron ra bén phdn d8u nhau ma chi duge si
dung compa.

b) (Bai todn néi tieng ciia Na-pé-lé-6ng). Chi diing compa hay xdc
dinh lai tdm cda mot dutrng trén cho trude.
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Giai
a) ~ Lay A e (0), dung céc diém B, C,
D, E, F chia dudng tron thanh sdu
cung biing nhau. )
— Dung (A; AC) va (D; BD) cdt nhau tai G.
~ Dung (A; OG) cit (O) tai M, N.
Bén diém A, M, D, N chia (O) thanh
bén phéan bing nhau.
Phin ching minh danh cho ban doc.
b) Lay A e (0); dung dudng tdm (4; 1)
¢t (O) tai B, C. Dung D e (O); A,
B, D thang hang.
Dung (A; AD) va (D; AD) ching cat

nhau tai E.
Dung (E; EA) cit (O) tai F. Tiép

tuc dung (4; FB); (B; FB) ching cat
nhau O = O 1a tadm cdn dung.
Phén ching minh danh cho ban doc. D
93. Trén doan thing AB = a ldy diém C. Dat AC = x. Va trén nda mit
phéng by 14 dudng thing AB hai nlta dutng trdn c6 dutng kinh lan
lugt 1a AB, AC, con trén nda mat dsi thi vé nda dudng tron cé dung
kinh BC.
a) Tinh dién tich S cta hinh gidi han bdi ba nia duimg tron trén.
b) Tinh x d& S bang dién tich nda hinh trdn dusng kinh AC.
Giai

w
]

a}B = —g[a2 ~x? +@a-%%1 = *Ea(a—X)

b) Ta ¢ : 3;:at(a—:‘c) s %xz

o %+ 2ax - 2% =0
e x=a(y3 - 1)} (dox>0)
Vay x = a(+/3 ~ 1) thi S bing dién tich nita hinh tron dutmg kinh AC.
€0 BAI THI CHON HQC SINH G101 TOAN
94, Cho tam gide ABC déu c6 tdm O canh 3 cm. V& dudng trdon tdm O
bén kinh 1 cm. Tinh dién tich phédn tam gidc ndm ngoai hinh tron.
(Pé thi chon déi tuyén Todn (vong 3) — Huyén Thi Bic, TP. Hé Chi
Minh, ndém hoc 1998 — 1999)
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Giai
Goi AH la dubng cao cia AABC déu cb canh AB. Ta ¢6 AH =
AE;\@ = i?'_‘é/._:i = AH = g Tuong ty CE = 1 (cm) = ODCE la hinh
thoi canh 1 cm va DOE = 60°

= Sonce = 28ppc = _\/2_5 {em?).

s _m1%60 _n
quptODE —_3"“_6 0 6 -

Dién tich tam gide cong CDE :

S = 2%(3\/5 - T} = %(3\/5—— m) (em?).

95. Cho tam gidac ABC déu c6 canh bing 2a Goi (I) 14 dubng tron ndi
tiép trong tam gidc. Tinh dién tich phén chung cda hinh trdon (I) va
hinh tron tam A béan kinh a.

(Pé thi chon déi tuyén Todn (véong 3) — Quén I, TP. Hoé Chi Mirh,
ndm hoc 1897 — 1998)

Giai
Dién tich S, cita hinh quat ADnE 13: 5, = ff%,
= dién tich vién phan DnE la
[, \/_a
S=8~Sppg = —~a" - On—-3
) 1 ADE = & 4 12 NEDY
Tuong tu, didn tich hinh vién phén

DmE c6 bén kinh ID = IE = %{E va

S 2
sdDmE =120°1a S; = %(4:«:-3\/5).

2
Suy ra dién tich e¢dn im S = S, + Sy = f‘lig-(sn - 63).

6N TAP CHUGNG I

1. Cho tam gidec ABC nhon (AB < AC) ndi ti€p dudng trdn (O}, AD 1a
dutrng kinh ciia dudng tron (0). Tiép tuyén tai D eda (O) cdt tia BC tai
M. Puting thing MO cit AB, AC lan lugt tai E va F.

a) Ching minh MD? = MC MB.
b) Goi H la trung diém BC. Chiing minh tif giic MDHO ndi tigp dubmg tron.
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¢) Qua B vé dubng thing song song vdi MO, dudng thing nay cit
dutrng thing AD tai P. Ching minh P thudc duting tron ngoai tiép
tam gidc BHD. '

d) Ching minh O 13 trung diém EF.

Giai

¢) EMB = MBP (so le trong, BP // ME)
EMB = FIDO (hai géc néi tiép cing
chdn OH)
= MBP = HDO
=» t¥ gide BHPD ndi tiép.

d) Goi K 1a giao diém dutmg BP va AC.
Ta dé dang ching minh HP // AC

OE OF . . .
BP - PK’ ma BP = PK (HP la dudng trung binh ABCK)
= QF = OF. )

2. Cho diém A & bén ngoai dudmg trdon (0) V& hai tiép tuyén AB, AC vdi
(0) (B, C la cAc tiép diém) va cit tuyén ADE (D, E € (O) vA D nkm
gitta A, E)

a) Ching minh AB® = AD AR,

b} Puyng thing AO cdt BC tai H. Ching minh D, H, O, E ciing thudc
mot dudng tron.

¢) Tt I v& ddy DK song song vdi BC (K # D} Chung minh K, H, E
thing hang.

d) Tir D vé duong thing song song vdi BE cdt AB tai F va BC tai G.
Ching minh D 12 trung diém cda doan FG.

Giai
¢) Cluiing minh OHE = AHK = K, H, E th&ng hang
HFD/BE: 228D (g B
BE AE

DG _DN F |
DG/BE: g =1 @ . ._

HBE, HA 14 phan gidc trong, phén A
giac ngoai tai dinh H clha ADHE
AD DN
gn o = = | tlf (1), (2) cho FD = DG.
nén 5 = NE (1), (2) cho FD = DG C

3. T mot didm A bén ngodi dudng tron (0). V& hai tiép tuyén AB, AC
vgi (O) (B, C la céc tigp difm), BD 1a dudng kinh clia dudng tron (0),
AD cit (0) tai E -
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a) Chitng minh AB? = AD AE.
b) K& dutng kinh EK cda (0), KC cit DE tai 1. Ching minh I ]a trung
difm cha DE.
e) Goi H la giao di€m cita OA v6i BC, Ching minh SD la ti€p tuyén
caa (O).
d} Goi S 1a giao diém cha hai tia Ol vd BC. Ching minh SD 13 tiép
tuyén cla (0).
Giai
b) T gide AOIC ndi tiep = AIO = ACO = 90°
C) AH AO = ABZ = AE,AD A
= AAHE < AADO (e.g o)
= AHE = ADO
= Tif gidc EHOD ndi tiép.
Ti ddy suy ra HC la phan gidc EHD.
d) R* = OH.OA = OLOS = OD? = SD la ti&p tuy&n (O).
. Tir mét dieém A bén ngoai duing trdn (Q). Vé hai tidp tuyén AB, AC
v&i (0) (B, C 1a céc tigp diém).
a) Ching minh AO vuéng gée BC tai H.
b) V& dutng kinh CD cfia (0), AD cét (O) tai M (M = D). Chitng minh
tif gidc AMHC ndi tigp.
¢) BM cdt AO tai N. Chung minh N 1a trung diém AH.
d} Goi I va K 1a céc giao diém clia AO vdi (0),

. 1
Chi:f h 1 —
ng min

¢) Chitng minh dé dang B D
AN? = MN.BN = NH? = AN = NH.
1 1 AT+ AKX
d) —+— = il
Al AK AL AK A
_OA~-R+0OA+R

21
=
o

=.20A 2 1 C

. Cho tam gidc ABC nhon (AB < AC) ndi tiép duvng trdon (O ; R). C4c

dutrng cao AD, BE, CF cit nhau tai H.

a} Chitng minh : EH.BD = ED.HF,

b) Ching minh OA vudng géc EF,

¢) Pudng thing EF cit dudng tron (0) § M va N (F nim gita E va M).
Chitng minh AM I ti€p tuyn cla dubng trdn ngoai tidp tam gidc MDH.

d) Gia s EF = R. Tinh s8 do gée BAC. '
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Giai
b) Dung tiép tuyén xy véi (O) tai A
BCA = BAx cang chdn AB
BCA = AFE (do tii giac BFEC néi tigp)

- BAx = AFE => xy / EF, ma OA L xy.
= QA L EF.

) AAMF o AABM (g.g) = AM® = AF AB
Lai c6 AF.AB = AH.AD = AM® = AH AD
Suy ra : AM la tiép tuyén dudng tron ngoai tiép tam gidc MHD.

AE EF R = sinA cosA = —i;

d) cosA = S = FE = SRainA

= sinA = cosA = sin(90° - A) Vay A = 45"
6. Trén nita dugng tron tam (O ; R), dudmg kinh AB, 14y hai diém M, E
theo thd t¢ A, M, E, B. Hai nita dudng thang AM va BE cit nhau
tai C, AE va BM cét nhau tai D.
a) Chang minh tf gidc MCDE ndi tiép va CD vudng géc véi AB.
b) Goi H 1a giac diém cha CD va AB.
Ching minh ring BE.BC = BH.BA.
¢) Chitng minh ring cdc tiép tuyén tai M va B cha dudng tron (O) cét
nhau tai mdt diém I thuge CD.
d) Cho BAM = 45°, BAL = 30°. Tinh dién tich tam gidc ABC theo R
Giai
¢) Goi I 1a giao difm cla tiép tuyén cha (O) tai M v4i CD; ta d& dang
chitng minh I 12 trung diém CD. Ti d6 suy ra JE L OE, OE = R
= IR la ti8p tuyén (0) tai M. C
d) AAFIC vubng can tai H. Pat CH = AH = x.

Ta cé:cotEBAﬂgﬂ%=cot60°::> HB = -\—/-_éxu
HC 3
AB:AH+HB::>2sz+m§—x | =
A O H B
o x=(3- V3R Vay S = AB"?CH=<3~J:§)R2“

7. Cho dudmg tron (O) ndi tiép tam gide ABC ti&p xac véi cde canh BG,
CA, AB theo thi ty tai D, E, F. Dudng vudng géc vai OC & O cit
hai canh CA, CB ldn lugt tai 1, J. Mét didm P di dong trén cung
nhd DE khong chita difm F. Tiép tuyén tai P cla duting troan {(O)
¢4t hai canh CA.CB 14n lugt tai M, N.

a) Géc MON = o (const), hiy xdc dinh ¢ theo céc goc cha tam gidc ABC.
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b) Chimg minh ba tam gidc IMO, OMN va JON déng dang.
Suy ra IM.JM = OI* = OJ* (*).
¢) Pao lai, néu M, N 1a hai di€m trén CE, CD thod mé&n (*) thi MN
tip xuic véi dubng tron tdm O.

Giai
a) MON = %DOE - é(moﬂ _ ACB) = go? - ACB
c

b} Ching minh : AIMO @ AOMN o AJON
= IM.JN = OLOJ = OI* = 0J* (#)

¢) Pao lai, M € CE, N e CD thda (*)
thi OI = OJ va IM. JN = OL.0J =
IM JO

IM_JO 76 - KO3

10 JN

=% AIMO o3 AJON (cgc)

= OMI = NOJ. A F B
Suy ra : MON + K0OJ = MOJ = OMI + MIO = NOJ + MIO

= FION = FT0 = 90° - 222

Qua M dung tifp tuydn thid hai (khic ME) véi dudmg tron (O) cit CD tai
Ny = FON: = 90° - 222 = FON, = MON
= N = N,; = MN tigp xiic (O).

8. Cho dudng trdn (O ; R), diém A cé dinh trén dudng tron, vé tiép tuyén
Ax véi (0). Didm M thy ¥ trén Ax, vé tiép tuyén thid hai MB véi
dudng tron (O). Goi I 1a trung diém MA, K 14 giao diém cta BI véi
dutmg tron (O), MK cit dudng tron (O) tai C.

a) Ching minh ring tam gidc MIK dong dang vdi tam gidc BIM va
BC song song v6i MA. M
b) Tim vi tri cfia M d€ AMBC 12 hinh binh hanh.
¢} Ching minh réing khi M di déng trén Ax
thi true tdm H cda tam gide MAB ludn
n#m trén mdt dudng tron ¢d dinh.
Giai
a) Ta c6 1A* = MI* = IKIB
= AMIK < ABIM (c.g.c) = IMK = IBM.
Lai ¢6 1BM = BCK (cing chin BK)
= IMK = BCK = BC // MA.
b} T gidc AMBC 14 hinh binh hianh
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& AMB = ACB = MBA <« AMAB déu
<> AMBC hinh thoi ¢6 ACB = 60°« AABC déu.
Ti‘IdésuyraMeAx:AMmR\/g..

c) H = (A RY

9. Tir di€m A & ngoai dudng trdon (O ; R) dung céc tigp tuyén AB, AC va

c4t tuyén ADE (D, E thude (O) va D nam gita A, E). PBuing thing
qua D vudng géc voi OB cit BC, BE lan lugt tai H va K. Ve Ol
vubng gée voi AE tai L.

a) Ching minh ring t gidc OIBC néi tigép duge dudng tron.

b) Chitrng minh ring IA 14 tia phén gide gée BIC.

¢) Goi S la giao diém ciia BC va AD. Ching minh ring : AD AR = AC?

a2 1,1
AS AD AE
d) Chiing minh t& gide IHDC ndi tiép duge dulng tron va DH = HK.
Giai

¢) Goi F 12 giao diém ciia DK va OB
Tac6: HDI=BOI = BCI
=t gidc ITHDC ndi tiép.
AACS o AAIC (g g) A
= AC2 = AS.AT
AD + AE = 2A1 va AD.AE = AS.AT( = ACY

1 1 2A1 2

= — i =
AD AE  ASAI AS

d) Ching minh DI = BED = IH // KE.

10. Cho duimg tron (O ; R) va day cung AB, goi M la diém chuyén dong
trén cung 16n AB, H 13 hinh chiu cia M trén AB, E va F 1an lugt
12 hinh chigu cia H trén MA, MB.

a) Ching minh ring : duong thdng d qua M vudng géc vdi BF di qua
mét diém cd dinh.

b) Trén AH lay di€m I bat ki, Tia Al BI cit MB, MA l4an lugt tai N,
C. V& dudng thing qua I song song v6i AB cdt HC, HN lan lugt tai
P va @. Ching minh : IP = 1Q.

¢) Goi D la giac dim ciia duyng thing d va AB. Ching mmh ring
MA® HA DA
MB? HB DB’

Giai
a) d qua diém 6 dinh O.
b) Puting thing PQ ¢t MA, MB tai C', B’

284




Cong ty TNHH MTV DVVH Khang Vist

IP _HB IC" AH IB' AB

. T b Y P ennen ° M
IC AB'IB HB ' I1Q AH
R N
= E-E—Q-E =1 = IP = IQ.
I IR 1Q o .
AD _Spyp _ DLMA v, Q
?\na _ Suan _ HEMA A
HB  Syup HF.MB H B
_, AD Ha MA® DI HE
BD HB MB? DK HF d
HE MH
EH v AMKD 22 -2 v AMID o AMFH
AM gg)= KD = MD va {g.2).
-, ID _MD
HF MH

ID HE _MH MD DA HA MA®
Do d6 . =1 = e
HF DK MD MH DB HB MB2
Il. Cho tam gidc ABC c6 ba gdc nhon ndi ti€p dudng tron (O ; R). Cic
dutng cao AD, BE, CF cit nhau tai H. K& duting kinh AK, goi M 1
trung diém BC.
a} Ching minh hai tam gidc ADB va ACK déng dang rdi suy ra
Sanc = ABBC.CA "
4R
b} Puting thdng vubng goc véi HM tai H cit AB, AC 14n lust tai P, Q.
Chitng minh ring tam gidc KPQ can.
¢) Gid sit BAC = 60°. Goi I 1a tam dubng trdn noi tiép tam gide ABC.
Chitng minh cdc diém B, H, I, O, C thudc mdt nda dudng tron va
tinh AB® + AC* — 2AH AD theo R. A
HA HB HB HC HC > J3.
BC AC AB
Giai
b} Chitng minh APR = HQE
= AKPQ cén tai K.
¢) AB? + AC* - 2AH AD = 3R?,

d)Pat BC=a AC=b;AB =c¢, B : C
AH:X',BH::y;CH:Z, K
Ching minh : 2+ Y2, X2 oy o §+%+E > 3
a c

ab  be
(Ddu "= x3y ra < AABC déu).

d) Ching minh rdng —
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Chuong IV.  HINH TRY — HINH NON — HINH CAU
§1. HiltH TRU. DIEN TiCH XUMG QUANH Vi THE TicH GOA HiNH TRU
A/ KIEN THUC VA KY NANG CAN NHG

i. Hinh tru : Khi quay hinh chif nhét ABCD mét vong quanh canh CD
¢6 dinh, ta duge mot hinh try.

A

D
0 £5C
B

~ DA va CB quét nén hai day ciia hinh try, tde 1a hai hinh tron tdm C
va D bing nhau nAm trén hai mét phing song song

- Canh AB quét nén mit xung quanh etia hinh try, méi vi tri clia AB
duge goi 13 mot dung sinh. Do dai duting sinh goi 12 chidu cao cla
hinh tru, DC goi 1 truc ciia hinh tru.

2. C4t hinh tru bdi mot mit phing

s Khi cdt hinh tru bdi mdt mat phing song Zé:
song v6i ddy, thi phdn mat phing nam o
trong hinh try (mat cdt) 12 mat hinh tron ]

\-‘— L.

| ).
. U

bing mdt hinh tron déy.

o Khi cit hinh tru b&i mdt mat phang song £
song vdi truc DC thi mét cdt 13 mdt hinh ﬁ
chi¥ nhat. 5
3. Tinh dién tich xung quanh cta hinh tru L ® ’)__:/
Hinh try c6 ban kinh ddy R va chiéucao h 6

Syq = 2nrh
Sip = Sq + 2Sagy = 2nRh + 2nR?
4. Thé tich hinh tru V = Sh = n.r’h
(S 12 dién tich hinh trdn ddy, h 12 chidu cao)
B/ BAI TAP
£ BAI TAP CO BAN
1. Dién tich xung quanh eGa mot hinh try la 24z em?, dién tich toan phén
12 421 cm®. Tinh ban kinh ca dutmg tron ddy, chieu cao hinh try.
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Giai

284 = Syp — Sxq = 2nR’ = 181 = R = 3 (cm)

Ban kinh dutrng trén ddy 1a 3 em.

Sy 24n

21{;1{ = ﬁ' =4 (cm)

2. Cho hinh chit nhat ABCD bi&t chu vi bdng 56 cm va duiing chéo bing
20 cm. Tinh dién tich xung quanh v& thé tich hinh tru sinh ra khi
quay hinh chi nhat mét vdng quanh canh AB va canh AD.

Giai A B

Chiéu cao hinh try 1A : h =

Dait AB=x;AD=yx>y>0)
Ta cé hé phuong trinh :
{X+y=28 {mymza
&>
x? +y2 = 400 xy = 192
e x=16;y =12 {(x >y}
— Khi hinh chir nhat quay mét vong quanh canh AD.
Seq = 8847 cm® ; V = 8072x cm®.
- Khi hinh chif nhat quay mot vbng quanh canh AB,
Syq = 3841 cm? ; V = 2304n cm®.
3. Cho hai hinh chi¥ nhat ABCD vi MNPQ c6 cdc canh AB = 3 cm,
BC = 4 cm, MN = 12 e¢m, NP = 2 ¢cm. Cho hinh thd nhdt quay mot
vong quanh canh AB v& hinh thif hai quay mdt véng quanh canh MN.

Tinh dién tich toan phdn va thé tich cia hai hinh tru sinh ra Cé
nhin xét gi?

I C

Giai
Hinh try tha nhdt cé S; = 567 (em?) ; V, = 48n (emd).
Hinh tru the hai ¢6 S; = 567 (cm?) ; Va = 487 (cm®).
Nhén xét S; = Sz ; Vg = Vgn




84i dudng tigc sinh gidt Todn 9 ~ Nhida Tdc id

{03 BAI TAP NANG CAO
4, Mét hinh tru 6 thé tich khéng d&i. Tinh chidu cao hinh tru theo bdn
kinh ddy dé dién tich todn phan hinh try nhd nhat.
Giai
Goihva R 1A chidu cao va ban kinh ddy cta hinh try d& cho. Dién
tich toan phdn hinh try 12 : 8 = 2n(Rh + R

Chiéu cao hinh tru la:h = ~V—2
7R
v 2 v Vv 9
5] :8 = —_— = 2| e —
uy ra QK[HR+R] 2[2R+2R+KR )

v v ) 2
co3d5m R = s?}yz««m.

2
@+V3R® g2 2 9.
4 nR
Vay h = 2R thi hinh try c6 dién tich toan phén nhd nhét khi thé tich
khong déi.

Diu "=" xdy ra < E\% =nR? o h=

5, Trong cdc hinh try cé dién tich xung quanh cong véi dién tich mft ddy
bing gi4 tri khong ddi 2ra”, tim hinh tru c6 thé tich 1dn nhit.
Giai
Goi x, v 1 bén kinh ddy va chiéu cao cia binh try, dién tich xung
guanh cong dién tich mot day 1a 5.
Ta cé : S = nx® + 2xyn = 2na® hay x* + 2xy = 2a°
Laict: V= Xy
Ap dung bit déng thae Co-si vdi ba 56 dugng : Xy, Xy va X’ ta cb

3
X+ xy+xy 2 3xty* = Vs ZJ{Zﬂa .
o m n a6
Dau "= Xdy ra<» X =y = ——
3
Vay gid tri 16n nhit cha V bing 2‘[‘2"3 (taix =y = i?}
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A/ KIEN THUC VA KY NANG CAN NHG
1.

. Hinh nén cut : Khi ¢4t hinh nén bdi

Cong ty TNHH MTV DVVH Khang Vigt

§2. HiNH NON — HINH NON CYT
DIEN TiCH XUNG QUANH THE TICH HINH NON, HINH NON CUT

Hinh non

¥hi quay tam gidc vudng ABC mét

vong quanh canh géc vubng AC c§

dinh thi duge mdt hinh ndn.

— Canh AB tao nén ddy hinh nén
12 hinh tron tAm A Canh BC
quét nén m#t xung quanh cha
hinh nén va céc vi tri cia nd khi
quay goi la dudmg sinh.

- € 1a dinh hinh nén, CA I3 truc, CA = h }a chiéu cao ; BCD 1a géc ¢
dinh cda hinh nén (véi BD 1a dudng kinh cda dudng tron tdm A).
Nhan xét : Thigt didn qua dinh cla hinh nén 12 tam gidc can chia
hai du¥rng sinh. Thidt dién vudng géc v6i truc 13 hinh tron.

. Dién tich xung guanh

Hinh non cé bdn kinh ddy la R, dutng sinh 1a [ thi :
Dign tich xung quanh : 8, = =Rl
Dién tich toan phén : 8, = Syq + Sagy = nRI + R?

Thé tich: V = .;.nth (h : dg dai diemg cao)

mot miat phdng song song vdi ddy thi
phidn mit phdng nim trong hinh nén 12
mdt hinh trdn. Phan hinh nén n3m giita
mit phdng néi trén va mit ddy duge goi
1&2 mdt hinh noén cut.

. Dién tich xung quanh va thé tich cda hinh nén cut

Hinh nén cut ¢6 Ry, Ry 12 cde ban kinh ddy, ! dudimg sinh, h chiéu cao.
Dién tich xung quanh & : S, = n(R; + Ra).{

Th tich : V = %nh(Rf +RI+R.R,)

B/ BAI TAP
(0 BAI TAP CO BAN
6.

Khai trién bé mat xung quanh hinh nén doc theo dudng sinh ta duge
hinh quat tron 6 géc & tAm 90° v ban kinh 40 cm. Tinh dién tich
xung quanh va thé tich hinh nén.
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n.{40)2.90
360
Do 46 béan kinh dubng tran ddy r = 10 cm
Chiédu cao hinh nén :
h? = 40% — 10* = 1500
= h = 10/15 ¢m

Syq = = 400 (em?)

B
Thé tich hinh nén : V = %mloo._mﬁf’» - lc_:_g(;%ﬁw_gﬁ (em®)

7. Cho hinh nén cut véi ban kinh hai ddy bing 2010 cm, 6030 cm, dutng sinh
bing 8040 cm. Tinh dién tich xung quanh va thé tich hinh non cut.

Giai
bat a = 2010
Sq=mR + 1) = 16na’
OH=a

HB = 2a, AH = 2a+/3 .
V= 326‘,20103\/5 {em®).

8. Cho hinh thang ABCD ¢6 A = D =90%, AD = 3 cm, AB = 2CD va dién tich
hinh thang bing 27 cm® Tinh dién tich xung quanh va thé tich hinh nén
cut tao thanh khi quay hinh thang mdt vong quanh canh AD

Giai
CD = 6 cm,
AB = 12 cm,
BC = 345 cm.

Sy = 76 + 12).35 = 54 VB (em?) ;
V = 252r (cm®).

9. Cho hinh nén cut ¢6 ban kinh hai ddy 14 3 em va 1 cm. Mot mat
phing song song v6i ddy chia hinh nén cut thanh hai phin cé thé
tich bing nhau, Tinh ban kinh ca thiét dién.

Giai
Coi x 12 ban kinh cha thiét dién, hy, hy 12 chidu
cao hai hinh nén cut sinh ra

Ta ¢ wléwnh;(x’? +14+x)= wlé-T{hg(XZ + 9 + 3x)

ml}L=x2~s«3x+9

hy x*4+x+1
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Cong ty TNHH MTV OVWH Khang Vit
AA'MK o AKNA = AM _ME _h, x-1

x* +8x+9 _ X
x21x+1 3-

£I¥ BAI TAP NANG CAO
10. Cho tam gide ABC vubng tai A. Goi V;, Vy, Vi 14n lugt 13 thé tich cda
nhitng hinh duge tao thanh khi quay tam gidc ABC mét vong quanh
cde canh BC, AB va AC. Chiing minh ring % I
vi o ovi v

Suy ra:

Giai
PatBC=a, AB=¢c, AC=b}
1 1 9b%+c®)  9a? 1

Suyra: e b — = = —_.

Vi Vi nZbiet n’blet VP

11, Cho hinh nén cé thiét dién qua truc 14 tam gidc déu canh 2a.

a) Tinh thé tich va dién tich xung quanh hinh nén.
b) Thigt dién qua dinh hinh nén va cdch tdm cda ddy hinh nén mét

khodng bing .;_ Tinh dién tich thist dién.

Giai
a) Thiét dién qua tryc 1a tam gidc déu canh 2a,
nén hinhnéncé h = aJ&T,R=a,l=2a.
Y
3
b) Goi I 1a trung diém AB, OH L SI
= mp{SAB) L mp{SOI) = OH 1 (SAB)

2
s Bxq = 2ma”

nénOH:E.
2
111 =82 L ge. 36 g, 222
01> OH? o08? 11 11
2
Vay 8 = Lapsr-122Y2

§3. HiNK CAU, DIEN TicH MAT CAu VA THE TicH HinK cAu
A/ KIEN THUC VA KY NANG CAN NHG
1. Hinh ciu : Khi quay nifa hinh trdn
tdm O, bdn kinh R mét vdng quanh
dudng kinh AB ¢§ dinh thi duge mét
hinh ciu.

biém O dugc goi 1a tdm va R 12 bdn kinh hinh ciu.
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Nia duting tron trong phép quay ndi trén tao nén mot méat cau.
Nhiing diém trén mat cdu cdch tdm O mot khodng bang R.
2, Cit mdt hinh cdu b&#i mét mit phing :
Khi cit hinh ciu bdi mat phing (o) thi phdn cia (a) bi gidi han bai
hinh cdu 12 mdt hinh tron ¢6 tam 1 chan dudng vudng géc ha tir tam
hinh cdu xu6ng mat phing dé.
3. Dién tich mat ciu :
Cong thite tinh dién tich mat cAu: S = 47R* hay 8 = =nd*
{R : ban kinh ; d : dubng kinh)
4, Thé tich hinh ciu :

Hinh cdu ban kinh R c6 thé tich : V = fé»fzﬁa

B/ BAITAP
£0 8AI TAP CU BAN
12. Mot mat cAu o6 dién tich 452,16 cm®, mat chu thi hai co ban kinh bang
% bén kinh cha mat ciu thif nhat Tinh dién tich cha mat cau thit hai.
Giai
Goi Ry, S; vd Rs, S, 14n lugt 12 bdn kinh, dién tich cla mit cdu tha
nhét va thd hai, Ta cé :

2 \2

5  AnRy [TR_LJ =9 =8, = %sl = 50,24 (cm?).

R

3 M

18. Cho tam gide ABC déu canh 9 cm va dutng cao AH Tinh thé tich
hinh cdu tao thanh khi quay nita duling tron ngoai tiép tam gidc mot
vbng quanh AH va tinh dién tich mat cu tao thanh khi quay nda
duding tron ndi tiép quanh AH.

Giai

AABC déu canh a thi dudng cao
AH = %‘@ —R= %AH:BJE

Thé tich hinh ciu :
V= f’*gn(s J3Y = 1083 7 (cm®).

Ban kinh dudng tron ndi tiép trong tam gide déu : r =

Dién tich mat cdu S = 27x (cm?).
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14. Mot hinh tru c6 thé tich 423,9 em® va ¢6 ban kinh dubng tron day
béng }5— chiéu cao hinh tru. Tinh thé tich cda hinh cdu ¢6 bén kinh

bing bdn kinh d4y cta hinh try néi trén.
Giai
#R%h = 423,9 = R = 3 (cm) (14y = ~ 3,14)
Thé tich V = 113,04 (cm?).
15. Ching minh réng :
a) Nhimmg thist dién cach déu tam hinh cdu & nhitg hinh trdn bing nhau.
b) Nhimg thiét digén khéng cach déu tam la nhimg hinh trdn khéng bang
nhau va thi#t dién nao gin tam hon thi c6 hinh trdn Ién hon,
Giai
a} Hai thigt dién cdch déu tam nén OH = OK
ma AH = VR? - OH? :

KB = YR? - OK? = AH = BK
Vay hai hinh trdn bang nhau.
b) OH < OK = AH > BK.

16. Trén mit cdu ¢6 bén kinh 17 cm cho ba diém A, B, C. Nguvi ta xdc
dinh duge d9 dai cha cdc doan thing AB = 18 e¢m, BC = 24 cm,
AC = 30 em. Tinh khodng céch tif tAm mét cdu dén mat phing (ABC).

Giai
Goi OH 1a khodng cdch tir tdm hinh cdu dén
mp{ABC)
HA = HB = HC = H la tdm dubng trén (ABC)
Chiing minh AABC vubng tai B,
OH® = OA® - AH® = 17° — 15” = 64
= OH = 8 {cm).

3 BAI TAP NANG CAO

17. Cho hinh cdu bén kinh R ¢é hinh tru néi ti€p. Tinh thé tich V cha hinh
tru theo R va x véi x 12 khodng céch tif tdm hinh cdu d&n d4y hinh tru
Xac dinh x dé dign tich xung quanh hinh tru dat gi4 tri lén nhat.

Giai
Pidy cha hinh try 14 thigt dién cfa hinh cdu nén cd ban kinh.
T= m ,R>x>0
Thé tich hinh tru : V = rnr.2x = 2mx(R? - x°)
Dién tich xung quanh ca hinh tru 14

Siq = 2rr.2x = 4nxVR? ~ x2
= 47r\/x2(R2 -%%) (0 <x< R)




Bi duBing hoc sinb gisi Tedn & — Nhiéu Tdc gid

Ap dung déng thdc Co-si cho hai s6 dugng, ta ¢6
2 g 2 4
X2(RE —_ xa) < [_}.{___:P_.R..m:_x_) zz »»RZ— => qu = 21’[R2

2

Diu“="xdyra o x =R -x’ o> x= Eziw-

18. Cho hinh cdu ban kinh R, mdt hinh nén chidu cao x ndi tidp trong

hinh cdu, Véi gid tri ndo cda x thi dign tich xung quanh hinh nén dat
gid tri 16n nhat ?

Giai
Goi S la dinh hinh nén, 8' la didm xuyén tam d6i véi S, SA 1a dudng
sinh, SI dudng cac, O 1 tdm hinh cau.
AT = SI81 = x(2R — x)
2Rx

Byq = AL AS = mx JZR®R - %) .
Sy dat gid tri 1én nhét
& v = (2R — x) dat gia tri 1on nhit

Vigt lai y = _Jé—xux(élﬂ — 92%)

c6x+x+ (4R - 2x) = 4R
Nan tich ba s6 16n nhét khi chéng bang nhau.

x=4R«~2x¢:>x:5—R—.

fn TAP CHUONG 1V
1. V& hai tam gidc vubng can ; tam gidc BAC vudng tai A va tam gidc
ADC vudng & D, sao cho hai tam gidc d6 nim hai bén cba canh chung
AC. Bigt AB = a.
a) Tinh BC, AD va BD theo a.
b) Goi I 1a giao didm ciia AC va BD, tinh IA, IB, IC va ID theo a.
¢) Tinh theo a dién tich xung quanh cda hinh sinth ra khi cho t gidc
ABCD quay quanh truc BC.

Giai
A D
a)Bcza\/‘z‘;AD—~£\/; fﬁ
I
b) AD / BC : IA..-— 10._“3_ 45
m..\/—am »-‘-[—1—9“ 8 ~ 0 €

3
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¢) Dién tich hinh sinh ra gdm dién tich toan phan S; cda hinh nén
sinh ra b&i AAOB cong véi dién tich chung quanh S, cha hinh try
sinh ra bdi canh AD

= 8= sg+sz=,-——~(\/§+3)

. Trong dubmng tron (O; R) cho hai dudng kinh AB va CD vubng gde véi
nhau. Ké day AM cét CD tai N.
a) Tinh AM AN theo R.
b) Tim s6 do géc MAB sao cho MN = MB.
¢) Néu ON = MN, tinh ti s dién tich tam gidc OAM va tif gisc ONMB.
Tinh thé tich cha hinh sinh ra khi cho t gide ONMB quay mdt vong
quanh AB.

Giai C
. 131 M

a) AM AN = 2R N
b) NM = MB = ANMB vudng cin

VMINB = 2MAB = 45° = MAB =22°30". A 5 B
¢) MH = OH = R;/_

Samup _ RMH MH

Saon D ON OM

MH _AH _ 2+ JZ s
Lai c6 AAHM oo AAON = —— = AMB J2
we > ON-OA -~ 2 " Baon T

., Sam_ _ 3 -, Saom _ V2

Synos Smunop 2
. Cho hinh chif nhat ABCD, néu quay hinh ch@ nhéat nay quanh AB &
dinh thi duge mét hinh c6 thé tich 288x cm®. Con néu quay hinh chit
nhat quanh canh BC c§ dinh thi duge hinh cé dién tich xung guanh
967 cm”. Tinh kich thuge hinh chit nhat.

Giai

Pat AB=x;BC=y(donvicm;x,y>0)

Ta ¢6 : nxy” = 288x va 2nxy = 96n. Suyra: x=8em; y = 6 cm,
. M6t qua béng hinh cdu dat trong mot hop hinh idp phuong, cdc mat
ctia hinh lap phuong déu tigp xic véi hinh cdu. Goi V) 1a thé tich cda
phén & ngoai hinh cdu nhung & trong hinh lap phuong, Vz 12 thé tich
hinh cdu. So sdnh V; v& V,.
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Giai
Goi a la canh hinh 1ap phuong va V 1a thé tich cda nd, thi bdn kinh
hinh cdu lét -

a =

Ma V1=V—ngVg>V1.
5. Hai mit phing song song c4dch nhau moét khodng d cAt mét hinh cdu
duge hai thigt dién 1a hai dudng tron ¢ bdn kinh 1, 12
(r; = r»). Tinh ban kinh hinh cdu theo ry, ry
Giai
Goi x 1a bdn kinh mit cdu, ta ¢6 :

OC= Jx®-1f ;0C = Jx% -}

= CC = x° -1} -i-\/xzmrzz = d.

M

X = %Jﬁidzrzz + (% rf ).

. Cho hinh nén dinh 8, ddy 13 hinh trdn t4m O, mét hinh cdu tdm I ndi
tigp hinh nén nay. Goi 8;, S; 14n lugt 14 dién tich ton phAn cia hinh
nén va dién tich mat cdu, Vi, Vo 1a thé tich cla ching. Ching minh

V5 Vi

réng.v—;——é;-vé%-22 3

Giai
Goi !, h, R va r l4n luot 1a 46 dai
cia dudng sinh, dulng cac, ban
kinh dd4y cda hinh nén vi ban
kinh mat cdu néi tidp.
Dién tich toan phén va thé tich
clia hinh nén ldn lugt 12 8, ; V, :
Dién tich mat cdu va thé tich hinh cdu ldn lugt 14 S, ; Va:

V, R’%m .S, RU+R)

Suy ra —*+ ;
Vy T o4r? Bg 41‘2

e
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Pat 2o = SAO = h = Rtan2q, r = Rtana
\'A 1 1 1
. 7 ) P
Vo  2tan®af{l —tan“a) 2 [

tan? o + 1 ~ tan> a]z
2
7. Trong nira dudng tron, ngudi ta vé ddy cung CD song song vii dudng
kinh AB va dd dai bing canh cha tam gidc déu ndi ti€p trong dudng
tron dudrng kinh AB = 2R
a) Tinh dién tich hinh thang ABCD.
b) Tinh thé tich hinh sinh ra khi quay hinh thang mft vong quanh
canh AB.
Giai
a) CD = RV3 ; OH = %_ s Supop = ZEYBRE

b) Khi quay hinh thang ABCD quanh
AB canh CD sinh ra hinh tru ¢
ban kinh OH va chiéu cao CD

an

V, = n.OH*CD =

Hai canh AD va BC smh ra hai hinh nén bing nhau ¢6 bdn kinh
day R = OH va chiducaoh = AK=0A-OK = g—sz?«R.

3
Vy=2 %nOH?AK - Méi-‘@"

Thé tich hinh cdn tim V= V; + Vp = ——(1 J3).

8. Cho tam gide ABC can ddy AC vi tam gxéc ADC can d4y AC, biét
= b (B, D ndm trong nia mat phing by AC). Biét ACB = o,
ACD =B (a> B).
Gid sir AD cd dinh, cho hinh ABCDA quay mét vong quanh BD.
Tinh thé tich cta hinh khdng gian duge tao thanh.
Giai
1_b% b
Ve Enuawﬂm(tana. — tanp).
9. Cho hinh thang can ABB;A, (A;B, / AB), A;AB =BBA = o, AA; = 3,
AAB =90° Goi O, O; 14n lugt 1a trung diém clia AB, A;B;.
Khi hinh thang A;AQO; quay mét vdng quanh 0,0 cf dinh, ta duge
hinh nén cut c6 ddy 14n lugt 1a cdc hinh tron (O ; OA) va (O; ; OiAy).
Tinh dién tich xung quanh cda hinh nén cut tao thanh.
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Giai
AB=9R= >
Cos o
OA=R= 2
2cosa

e s 7
—COSGJ‘.

- OB aJ = ra’.tana sina.

A101-‘=‘-I"=A0*‘"AC=&(
2coso

Sxq =ma(R + 1) = nag(zcos "
0N TAP cud1 MAM
./ DAl 8O
. Giai cdc phuong trinh sau :
a)x? - 28~ 2/2)x + 17— 1242 =0
X 2.2 ~ 6+\/-2- 3

b) x* - 25x° + 60x — 36 = 0 ¢
* X R B )x+1 1-x x2?.1

4]

d) V3x® +6x+7 + VExZ +10x + 14 = 4 — 2x — x2
)30 ~x+ D =(x+ Vx~1)
Giai
a) Phugng trinh c¢6 nghiém kép x; = x; = 3 - 22,
b) x* - 25x* + 60x ~ 36 = 0 @ x' - (5x - 6)2 = 0
s> (x* - 5x + 6)(x* + 5x ~6)=0. Vay S = -6 ;1;2; 3},
¢} Didu kién @ x = +1
Phuong trinh tré thanh : x* + 2V2 — 1)x - 6 + 2 = 0
Vay S=1{J2 ;1-3.2}.
d) V3x2 4+ 6x+7 + V6x +10x+14 = \/S(x+1)2+4 + \/5(x+1)2+9 z5
3 2x4+d=—(x+17+5<5
Vay 8 = (~1}.
3~ x+ D=+ Vx-1P e 2x+ Jx-1)x-2J/x-1)=0(x21)
S (VxZ1 -1 =0 x=2
. Giai ede hé phuong trinh sau :

4 5 5
” =2
—_ — = ‘i’ —1 2 b +3 2

a) (x-y) +8x~-y)=4 b) X4y Xy
2x + 3y =12 3 . 1 _7
Xx+y-1 2x-y+3 5

48

-



Cong ly TNHH MIV DVVH Khang Vigt

x2+xy+y2=25 4 —t QX Yy =2
2 9 x+2y-3
)y +yz+zt =49
2 _4axszy-1
22 rzx+x? =121 %+ 2y -3 X ay =
X ry?=2
)
x2+xy+y2—y=0
Giai
a)(x;y)=(3;2)va(0;4)
b)Pidukién :x+y=#1;2x—y# -3
x+y-1 2x~y+3
5
4X -5Y = —
Hé trd thanh : 72‘V3y(x;y)=(w¥;}g)ﬂ
BX+Y = 8

¢) Tit hai phuong trinh dau suyra: x° < 25, 2% < 49 = x| <5, |zl <7
= %2 < |xz] < 85.Do 86 : 2% + xz + x* < 109
Hé da cho va nghiém.

A ;9 =(1;2)

) Viét phuong trinh dang : ¥+ (x - Dy + ¥ =0

A20er-lex< =

]

Laivié"tdudidang:x2+yx+y2—y=0,AanOSys%.

1 %E - ﬁ?_ < 2. Hé vd nghiém.

Vayx* +yv¥ 2 — + =
WX HY Eor Ty T or

3. Riit gon biéu thic sau: A = Jmex2_4 + \/x+\/x2—4 viixz 2
Giai
Nhin xét A> 0

A=2x + 22 ~(x?—4) =2x+4=>A= J2x14.

4. (3iai cac phuong trinh sau :

2x? 12x - 8
4) —ee——— = X + 9 b)d2x+4—2J2~x=——-—-—-
(8 — /9 +2x)° Jox? + 16

€) V2 +3 + Vx+1 =3x + 2v2x% +5x+3 ~ 16
d) Jx(x +1) + fx(x+2) = Jxx+8).
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Béi duang hoc sinh gidi Toin 9 - Nhidu Tac gid

. Cho biéu thic A = (

Giai
a) Biéu kién:xz—g :x 20,
2x%(3 + V9 + 2x)%
[9 -9 + 2x)

(3 + J9+2x ) =2x + 18
b) Pidu kidn 1 -2sx<2

=x+9

Phuong trinh cé dang :

Phuong trinh ¢6 dang : \/%2111142(3; X)x = j;gz _ i;
- x° +

- 2(3x - 2) . ABx-2)
Vex+4+242-x Jox? 116

c)Pata= V2x+3 ;b= +x+1 (PK:x2-1)

Phuong trinh cé dang:a + b= a®+ b*+ 2ab - 20

es{a+b)f—-(a+b)~20=0ca+b=5(,b20)..
d) Binh phuong ca hai v& din d&n phuong trinh hé qua. Sau d6 kiém tra lai
2x—-\f;+ %%+ % M2x—2} 1

Jx x-JYx+1 Jx+l) x-Jx+1

a) Rut gon A,
2Vx
X+x+1
Giai
x+x+1

®-~x+1

b) Xét biduthic B=A . Tim x dé biéu thitc B ¢6 gia tri nguyén.

a) PEKXP :x>0: A=

2%
x—-J}—c+1

V&yO<B$2:>B:1hayB=2(doBeZ)xe{

Jx + 2 ﬁ~2]_(x+1_ )

+ : 1

x-2dx+1 1=-x x~1

a) Rat gon P. Tim gié tri cta biéu thie P bist [2Vx - 1] =3

b) Tim cdc gid tri nguyén cia x dé biéu thie P nhén gid tri nguyén,
Giai

3x

Jx -1

lgdx ~1l =8 x=4 Licdé:P=6.

bYP =3+ Jil, Jx 10,2, 4] = x < [0, 4, 16}

b)B = ,B>0;x-Vx+1>+x >B<2

7+3J8 _1}
2 1

Cho biéu thiic P = (

a) PIEXP :x20,x#1,P=
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Céng ly TNHH MTV BVVH Khaag Vidt

Cho ham s8 y = x° ¢6 db thi 1a (P) va hai diém A, B thude (P) e
xp=—1vaxg=2
a) Vist phuong trinh dudng thang AB.
b) V& dé thi (P) va tim toa d6 diém M thube cung AB ca ds thi (M)
sao cho tam gidc MAB c6 dién tich 16n nhat.
Giai
a) (AB):y=x+ 2
b) X6t M e (P) véi M(m ; m?)
~1<ms2 GoiC,D, N lan lugt 1a
hinh chigu cGa A, B, M trén Ox
NC=|m+1|=m+1,ND=|2-m|l=2-m,CD=3
Sams = Sapcp — (Sanmnc + Spomn)
(1+4) [(mQ +Dm+D  (@+mie- m)]

=3
2 2 2
3( 1)2 27 27
=—im-=] b == 8 =
2 2 g8 8

Ddu “=” x4y ra <> m = % e [-1;2]

. Cho phuong trinh (8n x) : (m + x* -~ 2(m — 1)x + m — 3 = 0, vdi
m = -1 {1}
a) Chung minh phuong trinh (1) ludn ludn c6 hai nghiém phén biét.
b) Goi x;, X» 12 nghidm ca (1), tim m d& x;xz > 0 va x; = 2%
Giai
a) m # —1 nén phuong trinh d4 cho la phuong trinh bée hai
Tacé:a+b+ec=m+1l—2m-1)+m- 3 =0 = phuong trinh c6

-3

hai nghiém x = 1 hode x = o T #= 1.

b)m = 7 hay m = -5,

. Cho phugng trinh (n x) : (m + Dx* - 2m ~ 1Dx +m =~ 2 = 0 (1)

a) Xdc dinh m dé phuong trinh ¢6 hai nghiém phén biét.

b) X4c dinh m d8 phuong trinh c6 mét nghiém bing 2 va tinh nghiém
con lai.

¢) X4c dinh m d& phuong trinh 6 hai nghidm x,, x théa man : 1.r. .Z.
Xy Xg
Giai

a) Phuong trinh c¢6 hai nghigm phén bigt

m+1=0 m=-1

o= o
A'>0 m < 3.
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B6i dudng hge sinh giol Todn 9 - Nhifu Tic gid

b) x = 2 14 nghiém phuong trinh
em+iIM-dm-D+m-2=0&m=-6

o as 15 4
LUCdOXl-ﬁ-Xgﬂ?:)xz:E

c) Phuong trinh ¢6 nghidm x;, x» thod L + 1 - 7
X Xy 4

Az0m=21lm=?2

B/ HINH HOC
16. Cho duing tron (O; R), dutng thing d khéng qua O cit dudng tron
tai hai di€ém A, B. T mdt diém C trén d (C ndm ngoai duéng tron),
ké hai ti€p tuydn CM, CN vai dutmg tron (M, N e {(O). Goi H 1a
trung diém efia AB, dubng thing OH cdt tia CN tai K.
a) Ching minh bén diém C, O, H, N thudc mét dubng tron.
b) Ching minh : KN.KC = KH.KO.
¢) Boan thing CO cét (O) tai T, ching minh I cdch déu CM, CN va MN.
d) Mat dutrng théng di qua O va song song vdi MN cdt cdc tia CM, CN
ldn lugt tai E v& F. X4c dinh vi tri ca C trén d sao cho dién tich
tam gidc CEF 1a nhd nhat.
Giai
a) OH di qua trung diém H cia diy AB khéng qua tdm = OH L AB
OHC = ONC = 90° = 0O, H, C, N cing thudc mdt dubng tron.
s EN HK ‘
b} cosHEKC = oK -~ R = KN.KC = HK OK
¢) Ching minh I 1a tdm dudmg tron ndi tiép E
ACMN= I cdch déu CM, CN va MN. B M
d) D& dang ching minh ACEF cin H
tai C nén dudng cao CO cing Ia
dudng trung tuyén. o c

Segp = %OC..EF = %00(20}3)
OC.0E = OM.CE N

= OM(ME + MC) > 20M VMECM z F

= 20MVOM? = 20M? = 2R,
11. Cho tam gidc ABC nhon néi ti€p dutrng tron (O; R) cdc tiép tuyén tai

B va C véi dudng trdn (O) cdt nhau tai E, AE cdt dudng tron (Q) tai
D (khdc diém A). .
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Ceng ty TNHE MTV DVVH Khang Vigl

a) Ching minh ring tu gidc OBEC noi tiép.

B) Tit B ké dudng thing d song song véi tiép tuyén tai A cua dudng
tron (O) d cdt cdc duvng thing AB, AC lan lugt tai P, Q Ching
minh : AB AP = AD.AR

¢) Goi M la trung diém doan thdng BC. Ching minh : EP = EQ va gbc
PAR biing g6c MAC.

; s BC?

d) Ching minh ring : AM.MD = 5

Giai

a) OBE = OCE = 90°
= Tu gide OBEC ndi tiép.

b) AADB o« AAPE (g.g)

- AB AP = AD AE.
BAx=B1 =B, _—_
eyTacd:§ = APE = B2
BAx = APE
— ABEP can tai E = BE = PE.
Tuong tu AECQ cén tai E. = CE = EQ,
ma EB = EC, do dé EP = EQ.

AABC v AAQP c6 : BAC (chung), ACB = APQ (= BAx).

Do dé AABC «» AAQP (g g)
AC BC MC e ST

d) Goi N 12 giao diém cia tia AM véi (O)

. MB MA BC?
BAM o5 ANMC (g. = MAMN = MB. = e
A {g.g) = NN = MG = MC 1
D& dang chidng minh : AMBD = AMCN (c.g.¢) > MD = MN

2
Vay ?ig_ = MAMN = MAMD.
12. Cho tam gidc ABC nhon ndi ti€p dudng trdn (O ; R). Céc dubng cao
AD, BM, CN cét nhau tai H. Goi K 12 trung diém cia AH.

a) Ching minh tf gidc BNMC noi ti€p va K 12 tdm duting trdn ngogi
tiép tam gide MNH

b) Goi L 1a diém 481 xing cta H qua BC. Ching minh AMLAC =
AN.AB va diém L thude dudng tron (O).

¢) Goi I 1a giao diém AH va MN. Chdng minh MB la tia phén gidc géc
NMD va IH.AD = ALDH. -

d) Chitng minh I 12 tryc tAm tam gide BKC.
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BAi dwag hoc sinh gidi Toan 9 - Nhidu Tie gid

Giai
a) BNC = BMC = 90° = Tif giac BNMC ndi tiép.
T gidc ANHM noi tidp dudng tron duling
kinh AH c6 tam 12 trung diém AH = K 1
tdm dutng trdon ngoai ti€p AHMN.

H va L d8i xing nhau qua BC.
=» CBL = CBH, ma CBH = LAC (cung phu BCA)= CBL =LAC=
Tt gide ABLC ndi tiép = L & (Q).

c) AMN = ABC = CMD = NMB = BMD (ciing phy véi hai géc bing
nhau) = MB la tia phan gisge NMB. .
Lai ¢6 AM 1L MB = MA la dubng phéan gidc ngoai tai dinh M cla
AIMD. Ap dung tinh chét phan gidc trong va ngoai doi véi AIDM, ta cd:

IH IM AT

IH _IM _ Al 1w ap - ALHD.
HD  MD _ AD

d) T gide ABLC nai tiép = CLI = CBA (1)
Ti gide BCMN noi tiép =» AMN = ABC (2)

Tir (1) ;(2) cho : CLI = AMI = Tt gidc CLIM nai tiép
= MCI = MLI (3)

MK 12 dubmg trung tuyén {ng vdi canh huyén trong AAMH vudng tai M
= KMH = KHM = BHL = BLE = t gidc BKML ngi tigp.

Goi E 14 giao diédm CI va BK.

Ta c6 KBM = KLM = ICM = ti giac BCME ndi tigp.

Suy ra : BEC = BMC = 90° = CI L BK

Ma K1 L BC ; nén 112 true tam cta AKBC.

13. Cho duong tron tam O dudng kinh AB = 2R va E 1a diém b4t ki trén
dudng tron dé (E khdc A va B). Puing phén gidc géc AEB cit doan
th3ng AB tai F v cit dwing tron (O) tai diém th hai K khac A
a) Ching minh ring AKAF « AKEA.

b) Goi I 1a giao diém cia dudng trung truc doan EF véi OE. Chidng
minh ring dutng tron (I, IE) tiép xdc véi dudng tron (O) tai E va
tiép xdc vdi dubng thing AB tai F.

¢) Goi M va N lan lugt 14 giao didm th( hai cda AE, BE véi duting tron
(I; IE). Chitng minh rang MN // AB.

d) Goi P 1a giao diém ciia NF va AK ; Q 1a giao diém cha MF va BK
Tim gis tri nhé nhat cia chu vi tam gide KPQ theo R khi E chuyén
déng trén dudng tron (0).
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Cong ty TNHH MTV BVVH Khang Vit

a) AKAF «» AKEA (g.g)
b} Ta ¢6 E, I, O thidng hang.
Do d6 duyng tron (1 ; IE) tiép xic trong
voi dubng tron (O) tai E. AIEF ed
IE = IF (= r) = AIEF cdn tai I =
iEF = IFC.
Ching minh fudng ty AOEK can tai O
= OER = OKE.
Ta c6 IFE = OKE (= IEF) = IF / OK Ma OK L AB (AK = BK)
Nén IF 1 AB. Vay dutmg tron (I ; IE) ti€p xtc v&i dubng thng AB tai F.
¢) Ta cé IF £ MN, IF | AB = MN // AB.
d) Ta c6 : MFE = MNE = ABE = EKA = MF / AK.
Ching minh tuong tu cing c¢6 NF / BK. Do dé ti gidc KPFQ la
hinh binh hanh.
Ma AKQ = 90° (géc ndi tiép chdn nira dudmg trdn). Suy ra KPFQ
13 hinh chit nhat = K@ = PF, PQ = KF.
Ta cé : APAF vudng cin tai P = PF = AP,
Do dé KP + KQ = KP + PF = KP + AP = KA, khéng ddi.
KF = KO. Vay KF 2 R, khéng ddi.

4. Cho C 1 mot didm nim trén doan thing AB (C # A ; C = B). Trén
cing mét nita mat phéng 6 by 1a dutng thang AB, ké hai tia Ax va By
cing vubng goc véi AB. Trén tia Ax 18y diém I(I = A), tia vudng géc vii
CI tai C cdt tia By tai K Dutng tron dubing kinh IC cét IK tai P.

a) Chung minh :
i) Tt gide CPKB ndi tiép duge dudng tron. Xdc dinh tdm cha dudng
tron 46.
i) AI.BK = AC.CB.
iii) Tam gidc APB vubdng.
b} Cho A, B, I ¢& dinh. Tim vi tri cda di€ém C sao cho dién tich td gidc
ABKI dat gid tri 16n nhat. ‘

Giai
a) i) CPI = 90° (g6c noi tiép chin y
nita dubng tron) I
= CP L IK = CPR = 90
Ta c6 CPK = CBK = 90° 0 K
Vay ti gidc CPKB ndi ti€p duge
duting tron, tdm cla dudng trdn la
trung diém cta CK. A C B
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B&i dufing hoe sinh gidi Todn 9 - Nhifu Tac gid

b)

15.a)}

b)

. . AC Al
1) AACT oo ABCK (g.g) = T =Ch
= AL.BK = AC.CB.
iii) APAB o ACIK (g.g) = APB =ICK
Ma ICK = 90°(CL L CK)
Nén APB = 90% Vay AAOB vudng tai P
Ax L AB, By L AB = Ax / By = Tu gigc ABKI 14 hinh thang.
Ma IAB = 90°% Nén ABKI la hinh thang vudng.

Do d6 Sap = (Al + BK)AB

)
2
Theo bt ding thitc Co—si c6 AC.CB < ﬁégz—cBL

ACCB < AB*
Al 4 A1
Cho dutng tron (0O) dudng kinh AB. T mot diém C thude dudng
tron (O) ké CH vudng géc AB (C khdc A va B ; H thudc AB). Duing
tron tdm C béan kinh CH cit dudng tron (O) tai I} va E. Chiing
minh DE di qua trung diém cta CH.

Cho ABC la tam gidc déu cé canh biing 1. Trén canh AC ldy cdc
diém D, E sao cho ABD = CBE = 20°. Goi M la trung diém ciia BE
va N la diém trén canh BC sao cho BN = BM. Tinh tdng dién tich
hai tam gidc BCE va BEN,

Giai

Do vay BK = , khéng déi.

a} V& dutng kinh CM cia dubng tron (O).
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Ta c6 CEM = 90° (gbc ndi tiép chédn nita dudng tron).

Goi N, I 14n lugt 1a giao diém cta DE véi CH, CM. (0) va (C) cit
nhau tai D, E.

= OC la dutyng trung truc cha doan thing DE.

= OC 4 DE

ACEM vudng tai E, EI 14 duimg cao. C B

=> CL.CM = CE* @ % \

Xét ACIN va ACHO ¢6 ICN (chung)},

CIN = CHO (= 90% AlTH © B

Do dé ACIN e» ACHO (g.g) \ /
CI CN

= CH = o = CN.CH = CLCO (2) M




Coing ty TNHEH MTV DVVH Khang Vist

Ma CH = CE (= ban kinh dutng tron (C)) (3) va écm = CO (=R) (4)

Ti (1), (2), (3) va {4) ta c6 2CN = CH = N 12 trung diém cda doan
théang CH.
Vay DE di qua trung diém cda CH.

b) Ta c6 AABC déu va ABD = CBE = 20° (gt)
Suy ra DBE = 20°
Xét ABAD va ABCE c6 BAD = BCE (= 60%, BA = BC
(AABC déu), ABD = CBE (= 20%
Do d6 ABAD = ABCE (g.c.g)
= BD = BE. Va SBAD = SBCE~ D
Viy ABDE can tai B.
ABMN c¢6 BM = BN (gt) = ABMN cén tai B. B
MBN = DBE (= 20°% = ABMN < ABDE

Spnin ( BM )2 1 1 .
e L LR —_— mo— —h S = ———-S o
Sone BD 4 BMN = 7SBDE B N

o]

. 1
Ta co SBEN B ZSBMN = ESBDE

1 1
= SBDE + SBEN = E(SBA_E} + SBCE -+ SEDE) = —Z—SABC

AB*V3 = -—\/E = Speor + Spen = "@M {dvdt}.
4 4 8
16. Cho doan thing AB = 2R. Trén cing nifa mat phing by 13 dudng
thing AB, ta v& nifa dutmg tron (C) tam O dubng kinh AB vi hai tigp tuyén
Ax, By véi (C). Mot dutrng thing (d) thay déi cit Ax, By lan lugt tai cée
difm M, N (M= A, N = B). Goi I 1 giao diém cha AN va BM.
a) Ching minh ring néu (d) la ti&p tuyén cha (C) thi MON = 90°.
b) Chitng minh ring ndu MON = 90° thi dubng théng (d) la tiép
tuyén cha (C).
¢} Cho (d) tiép xdc v&i (C) tai H. Tim vi tri cda (d) dé t& gidc HIBN
ndi tiép duge trong dudng tron
d) Trudng hop (d) ti€p xic (C). Goi r 12 ban kinh dudng tron ndi tiép
r 1

tam gidc MON. Ching minh ring %- <E<3

Ma Sape =
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A pa B M H D N
b) Gid st MON = 90° tir M vé tiép tuyén v6i dutng trdn cit By tai
N'. Theo k&t qua cdu a, ta c6 : MON' = 90° = N = N' = MN la tiép
tuyén cha dudmg tron (C).
¢} Ta chitng minh duge ITH // BN.
HIBN ndi tiép duge duting tron <> HIBN 13 hinh thang cédn.
<> AMNBE c&n tai M < KN = KB (ké MK L NB)
Bat AM = x =» NB = 2BK = 2AM = 2x, MN = 3x
AMNEK vubng tai K nén :
R2

MN2=MK2+NK2®9x2+4R2+x2®)gﬂmim

Vay (d) cdn tim 12 dudng thing qua M, cdch A mét khodng RTJ-Z.

va ti8p xtc v4i dudng trdn (C).
d) Goi (J, r) 1a dudng trdn ndi tiép AOMN ldn lugt tidp xic véi MN,
OM, ON tai D, B va F. D& dang ching minh OEJF 1a hinh vubng va
MN
OH=r(MN+ON+OM)=> = = = =
MN.OH = r(MN + ON + OM) = & = 55 = M¥ + 0N+ OM

Laico0M+0N>MN:OM+0N+MN>2MN:.—,>%<32-

OM<MN;ON<MN:>OM+ON+MN<3MN:,:>%>

c;a_t L

1 T 1
V‘&y -:-3— < -—R— < ‘"2-

7. Cho nlta durng tron (0) ¢6 duyng kinh BC = 2R va mdt diém A trén
nita duding tron (A khéc B va C). Ké AH vudng géc v6i BC (H thude
BC). Trén nita mit phing by BC ¢6 chita A vé hai nia dudng tron
dutrng kinh HB va HC, ching 14n lugt cdt AB vi ACtai E va F.

a) Ching minh AE.AB = AF.AC.
b} Chitng minh EF 14 ti€p tuy8n chung cia hal nia dudng trdn duting
kinh HB va HC.

58




Cong ty ThHH MTV DYVH Khang Vift

¢) Goi I va K ldn lugt 12 hai diém d8i xing véi H qua AB va AC.
Chung minh ba diém I, A, K thdng hang.
d) Pudng thing IK cét tiép tuyén ké tit B cia nia dudng tron (O} tai
M. Ching minh ba dudng thdng MC, AH, EF dong quy.
Giai
a) Ap dung hé thie luong trong tam gidc vubng c6 : AEAB = AF.AC = AHZ
b) T¢ gidc AEHF 12 hinh chi¥ nh4t nén hai dudng chéo AH, EF cit
nhau tai trung diém D cha mdi dudng ALED = A0, HD (c.c.c)
= O,ED = O,HD = 90°
Vay EF L OE tai E, O;E 1a ban kinh c¢Ga dutng tron (0;) = EF 12
tigp tuyén cia (Gy).
Li luan tuong tu EF 1a tuyep tuyen (O
¢) Theo tinh chét d8i xing A: = Az ; Ay = Aq
[AH + HAR = 2(Az + As)=2BAC = 180° = I, A, K thing hang.
d) Goi S 1a giao diém cia tia CA va tia BM.

Gia sit MC cit AH tai D', S

Dé dang ching minh BM = MS.

Ap dung hé qua dinh 1i Ta-1ét, ta 6 : A K
.. HD CD _ AD M .

AH//BSnen.BM—CM-SM I < 34F

= HD' = AD’

= D' trung diém AH.

Ma D 12 trung diém AH = D =D". .
Vay ba dutrng AH, EF, MC déng quy. B O H O c
18. Cho dudng trdn (O ; R), qua didm K ¢ bén ngoai dudng tron, ké céc
ti&p tuyén KB, KD (B, D 1a céc ti&p diém), ké c4t tuyén KAC (A niim
gitta K va C).
a) Ching minh réng : AKDA ¢ AKCD.
b) Chifng minh ring : AB.CD = AD.BC,
¢) Goi I 1a trung diém BD. Ching minh tit gidec AIOC ndi ti€p.
d) K& day CN song song v6i BD. Ching minh ba diém A, I, N thing hang
Giai
KA AD

AK S
a) AKDA o CD(gg):»KD 56

KA AB
b) Tu u : AKBA oo AKCB e T
) Tuong tv (gg)wKB 56

ma KD = KB (tinh ch&t ti€p tuyé&n)

KA KA AD AB
. Va BC.
I{BmDC G ay : AB.CD = AD.
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@ng hoc sink gidi Todn 9 ~ Nhidu Tic gid
) Ta c6 : KA KC = KI.OK (cing bing KB?
KA KO . . ,

= ' - Re Vay AKAI «v AKCO (c.g.c)

= KAI = KCO, nén tif gidc AIOC nai tigp (goc trong bang goc d6i ngoai)
) Ta c6 : OAC = OCA = KIA ma OIC = OAC

(hai gbéc néi tiép citng chin 0C) = KIA = OIC.

T gidc BCND ndi tiép (O} ¢6 CN / BD = BCND hinh thang cén.

Lai c¢é6 OK la dubing trung irgc

cGia BD nén OK cing la duimg

trung truc CN.

Suy ra : IC = IN = AICN cén tai I

Do d6 OI la tia phan gisge CIN
=> OIC = OIN = KIA

Ta c¢6 : AIO + OIN = A1O + KIA = 180°
=> A, I, N thing hang

ho dudmng tron (O ; R) va mdt didm A & ngoai dudng tron. Tir A vé
ai ti€p tuyén AB, AC dén dudng trdn (O) v6i B, C 14 hai tidp diém.
Chidng minh tf gide OBAC ndi tigp.
Tior B ve duting thing song song vdi AC, cit dudng tron (O) tai difm D
(khac diém B). Dudng thing AD cit dubmg tron (O) tai E (khdc diém
D) va tia BE cidt AC tai F. Ching minh rhng F 12 trung didm AC.
Zhimg minh tia déi cda tia BC 14 tia phan gidc cla géc BEA

Goi H 1a giao diém cia BC v OA. Ching minh ring HB 1a phan
zidc cha géc EHD.

Giai

'z c6 AFCE < AFBC (g.g) = FC? = FEFB (1)
A\FAE s AFBA (g.g) = FA* = FEFB (2)
['er (1), (2) cho FC? = FA? =» FC = FA
7Ay F trung di€m cia doan thing AC.
'z ¢6 BCE = BDE (hai géc noi ti6p cing chin BE ) = BCE = EAC
TBC = ECA (hé qua clia géc tao bdi tia tisp tuyén va day)
= ABCE <» ACAE (g.g) = BEC = CEA
> BIx = ABx (cung phu voi hai
& e bing nhau)
ABE <» ADB (g.g) = AB* = AEAD A
ai c6 AB? = AH.OA = AEAD = AHLAQ

AR 0A

AH AD’
o dé AAEH <2 AAOD (g.g)




Cong ty TNHH MTV DVVH Khang Vit

= AHE = ADO = Tu gidec OHED néi tiép

Ma AODE can tai O nén ODE = OED

OED = OHD (hai géc ndi ti€p cung chin mdt cung)

Suy ra : AHE = OHD = DHB = EHB {cing phu hai géc bAng nhau)
Viay HB 1a dudng phén gide cda DHE.

20. Cho tam gidc ABC c¢é ba géc nhon ndi tiép dudng tron (O) cé tdm O,
ban kinh R Goi H 1a giao diém clia ba dudng cac AD, BE, CF cia
tam pidc ABC. Goi S la dién tich tam gidc ABC.

a) Chung minh ring AEHF vi AEDB 1 céc tf gide ndi ti€p dudng trdn.
b} Vé dutng kinh AK cia dudng trdn {O). Chimng minh AABD o AAKC.

Suy ra ABAC=2RADvAS = %@ .
¢) Goi M 12 trung diém cGa BC. Chung minh EFDM 13 tif gidc ndi tidp
duting tron.
d} Ching minh ring OC . DE v& (DE + EF + FD).R = 28,
Giai
AK AC
AB C g e AC = 2R,
b) AABD oo AAK (gg)mAB AD:AB AD
_, ABBCCA _ 2RADBC _ ADBC _
4R 4R 2

¢) Tit gidc BFHD ni tiép = DBH = DFH
T gidc BFIC nbi tisp CBE = CTE
= EFD = 2EBC
Laicd : EMC = 2EBC = EMC = EFD
= EFDM néi tigp.
d) Dung tifp tuyén Ct cia (O),
ching minh DE / Ct
= 0OC 1L DE.
Tuong ty OA L EF, OB L FD
= JAEF = ZSOEAF } OB.FD = 2801313:: H OC.DE == 2501305;
= OAEF + OB FD + OC.DE = 25 = R(EF + FD + DE) = 28.
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PHU LUC
CAC BAI TOAN HAY YA KHO

/ DAL SO
iai 1. Rat gon bigu thdc sau

= (Vi1 - \/“(‘[—3 JB + 2430 - B4 + 11 - J10- /6 )

Giai

A=(\[ﬁ_J§)(\/£3wJ§+2J30—J5_4 +JIT-10-J6)c
x(J;{i-\[é)(\/;»zﬁxho—\fﬁ+10—\/€+\/1_1_\/19_.JE)

(i1 - ) (VE s IO + - V10T
_ (JT1 - B) (V3 + V10— V6l + 11 - 10~ V6
~(VIT-3)(1T+VB)=11-3=8

4

, hay tinh gid tri efia biédu thite:

53 2: Ch -
&i 2: Cho x (V2 -1)%¥5J2-7-3

PG = (° ~ 2x - D
Giai
6 2 = :
Ta c6: X = -
(2 -1D¥v2-7-3 (F-1)Yz-1)° -3
4 __4 .3

T(Z-1-3 22
2012
Do dé: P = (x® - 2x - 1) = (~243 + 2V2 — 1)2012 = (~1)%012 _
%i 3. Cho flx) = (2x° - 21x — 29)*"

. 49 49

Tinh fix) tal XF\/;-!-\[-S: +§/7MJ.§-_
Giai

Ta c6: (a+b)® =a®+b®+3abla+b)
Do doé:

cor g fFosre ol LB - )

%2 —w14+-—é—x¢:>2x =28+21x< 2x° — 21x — 28 = 0




Gong ty TNHH MTV DVVH Khang Vist

Do d6 fix) = (2x° ~ 21x — 29)°%"?
[(ox® —21x-28)=1) " < (0-12012 =1
Bai 4. Tinh gi4 tri eda biéu thie:
(/2009 ~ v2008) x2 - (/2008 - /2007 ) x + 642008 — 2./2607

22009 - 32008 + /2007
2008 ~ 2009

Véi x =

Giai
Xét bai toan:
Cho P(x) = ax* + bx + ¢ {(a = 0)

Chitng minh réng: P(m) = P(—m - E) v&i moi m
a

P(wm ,_3?,) = a(—m —3]2 + b(—m-—-b—)-%c
a a a
= am? +2bm—%~bm--§-+c=am2 +bm + ¢ = P(m)
Ta ¢ didu phai chitng minh.
Pat P(x) = (2009 - /2008) x - (V2008 — V2007 ) x + 6+/2008 ~ 22007
Ta cé:
242009 - 342008 + 2007 _ —/2008 + 2007 - 22008 + 24/2009
/2008 - 2009 72008 — /2009
_ - (/2008 - J2007) _,
2009 - 2008
Ap dung bai todn phu, ta c6
[szoog - 3./2008 + /2007
V2008 - /2009
= (/2008 - /2008) 22 - (V2008 - /2007) 2 + 6+/2008 — 242007
= 4./2009
Bai 5. Tim cac 56 tu nhién n sao cho:
Jn +2013 + vn - 2013 1a s6 hiyu ti
Giai
Pat: Vn +2018+Vn-2013 =a (a e Q

)-ra
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Tacé:amO..Dodé—l.= 1
a  Jn+2013 ++n—-2013

_n+2013 ~/n-2013 _vn+2018 - /n-2013
" n+2013-n+2018 4026
4026

a

Do dd: vn+201 w%(a+4028J 14 58 hitu £ va Jn-201 m%{a+f—i2§—3-)
a

13 86 hitu ti

Suy ran + 2013 va n — 2013 14 céc s8 chinh phuong.

Patn + 2013 =x", n-2013=y%(x,y ¢ N}

Ta c6: x> — y° = 4026 & (x + ¥)(x ~ y) = 4026 ()

(x +y¥x -y}, (x + ¥} + {(x — y) cing chén, nén x + y v x — y cing

Nén /o + 2013 - Jn ~ 2013 =

chin. Do vay (x + y)(x — y}i4d
Ma 402614 . Khong x4y ra (+)
Vay khong tén tai 56 ty nhién n d€ ténp
Jn #2013 + vn - 2018 1a 88 hiw ti
Bai 6. Cho a, b, ¢ duong.
Chitng minh ring:

2 2 2
(a+b) +{b+c) +(a+c) 5 +( a_ ., b L )
ab be ac b+c¢ as+c¢c a+b
Giai
. . . 1 1 4
Ta ching minh: Véix, y>0: =+ 22 (1)
Xy X+¥y

Th@tvéyvéix,y>0cé:}—+—1-2 4 o xty, 4
X

Y X+y Xy i+y
e (x+7) 2 4xy < (x-y)? 20 (BDT ding)

2 2 .
ch: {a+b) +{h+c) +(a+c)
ab be ace
_ a? 4+ b? +2ab+b2-|~c:2+2bc+a2 + ¢ 4 2ac
ab cb ac

Ta

+R+2+E+E+2+3+3+2
a ¢ b ¢ a

ol
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2
Apdung(Z)taduqc:% }«—+-]1)2§ﬂ 4 .28
b ¢ 2

2 b+c b+c
Tuang tu: —13(1 + l) z 2b H E(i + l) -] 2¢
2\c a a+c 2\a b a+b
Tit {(2) cho:
2 2 2 X
{(a+h) +(b+c) 4«(a+c) 26+1+1+2( a_ . b LC ]
ab be ac b+e a+c a+b

Nhan xét: Tit k€t qua bai todn trén ta co:

2 2 2
{a +h) +(b+c) +(a+c) 29+2[ a_ . b L ]
ab be ac b+c a+c¢c a+b

z3+2( a +1+ b + 1 < +1)
b+c a+ce a+h

=3+2(a+b+c)( a4 b N )
b+e a+c a+b

Tir d6 ta 6 bai todn:
Cho a, b, ¢ duong. Chitng minh ring:

(a + b)? N (b + ¢c)? +(a+c)2
ab be ac

23+ma+b+w[ LI b b — )
b+c a+c a+b

Bai 7, Cho a, b 14 cde s6 duong thoa man: 4ab~-a—-b =2

Tim gid tri nhé nhat cda bidu thic: a+ b+ ib

Giai
Ta cé: 4ab < (a + b)>. Do d6 2 =dab —a—b < (a +b)* - (a + b)
Néen(a+b’—(a+b)-220(a=b+1)(a+b-2)20.Maa, b>0
Dodéa+b-~220¢a+b22
Ap dung bat ding thiae Ca-si hai s§ duong, ta cé:

1 3 1 1 3 ’1 1
== = > —. 2,/ .
5 4(a+b)+4(a+b)+a+b>42+ 4(a+b)a+b

-5
2

a+b+

hay a+b+ 1
a+b
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dudng _hoc sinh gidi Toan § - Nhifiu Téc gia

Dau “=" xay ra<>a=b=1

a2

2 - i4 tri nhd nhitcha a+b+
vay gl a+b 2

i 8. Cho a, b, ¢ d khéng Am théa min:a+b+c+d=4. Chiing minh rang:
JzaZ + 2a+9 +J2b? 1 8b+ 042 + 20+ 9 + 242 +2d+9 <16

Giai

oxZ 4»2x+9=(x+1)2+x24«8>0,vdimgixe:-R

Ta cb: \/2x2+2x+9—-x53<:>\}2x2+2x+9 <x+3

w +3 = x> -3
b {:Zx +2x+9<(x+3)2 {xg——éxgo
Q<x<4 ()
i gid thigt tac6: 0<a, b, ¢, d=g4 Ap dung két qué trén, ta dugce:

J2a2 5 2m + 0 42b? + 2b+ 0 +v/2c? + 2c + 9 +2d? + 2d +9
<a+b+c+d+12=4+12=16

a=4b=¢c=d=0
b=4,a=c=d=0
c=4,a=b=d=0
d=4,a=b=c=0

D &u déng thic x4y ra khi va ehi khi:

2

i 9. Cho %, 5,2 12 cac s8 duong théa man xy +y2 +2 x =1

i gid tri nho nhét eta bidu thie
™M = 5x2 + 5y + 2z
Giai
ﬁﬁ —-1 (x? \/-‘

+ ¥ T (L

4_‘j4_121 (2)

1
T3
21«] 214J111
2~ 9

Tacé:
21 -\/ 1 %2 +
A.

yz2(3)

7
(Vi ZJE—%_ZME%= (441;1) sz}Iz_l)

6




Cong ty TNHH MTV DVVH Khang Vigt

Tir (1), (2), (3) ta c6:

M= b5x%+ by + z' 2 «/71_12—1
r o
X =Y X“g"m
Dau “=" xdy ra <> Myziz2m<y=_}_
4 Ya1
V41 -1

/21m\/41 1 g
e}, = e 2=
| 4 2 2441

Vay gia tri nhé nhét cia biéu thic

Ja1 -1

2
331 10. Tim gid tri 1¢n nhat cia bidu thic
b _ 2009x” - 6039x + 6vx3 - 2x% 4 2x - 4 - 8024
x% - 3x~4
Giai
Pidu kidn: x° - 2x> +2x-4 20 va - 3x-420

2
(x - 20x +2)a0w{xzz (1
(x+1Xx~4y=0 x#d

_ 200952 - 6027x — B0B3 + 6y(x — 2)(x% —2) ~12x +12

o
x? -8x -4

(9% — 18)(x% + 2) - 12x +12
x? -8x -4

Mia

= 2009 +
Cmed v s x=2 I P . A
Véi diéu kién: {xwi &p dung bat déng thirc Co-si cho hai 56 khong &m

9% — 18 va x2 + 2. Ta eé:
2J(0x —18)(x% +2) S 9x - 18+ x% + 2 = x% + 9x — 16

- Trudmg hop 1: ¥ -8x-4>0=x<-1;x>4 Két hogp véi (1) > x> 4
g . _

b4 +9x2—16 12}:+12=2010

: x“-3x~4

Dius"xAyra = 9x - 18=¥ + 2o X - 9x~20=0x—-4Hx-6)=0

P < 2009 +

X=4 (loai); x=5
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BAi duBng hoc sinh gidi Todn 9 - Nhiu Tac qid

Trutng hop 2: x°* — 8x — 4 < 0 Két hop (1) < 2 < x < 4. Bién doi dua vé

2 _ 2 -
Pm2011«2x +6x-2§ B4/ (x* + 2){x - 2) Xét:
x°-3x-4

2x% + 6x - 20 - 6(x% + 2(x - 2) 5 0
> 2x? + 6x — 20 < 8y(x% + 2)(x - 2)

Véi diéu kién trén hai v& déu khéng am, binh phuong hai v& va bién
ddi ta cé:
(x— Dx -4+ 3x+ 17) <0
Pay la mot bat ding thic ding véi 2<x < 4
Dau“="xay rakhix = 2 Tic: Vdi 2 <% < 4 thi:

%% 4 6% ~ 20 -6J(x% + 2(x-2) <0

- Q= 2x2 +6x—220—6\/(x2 + 2)(x ~ 2) >0
X% - 3x ~ 4
<> P idn nhit < @ nhé nhdt < x = 2 nén gid tri 6n nhdt bing
2011 khix = 2.
K&t hgp hal trutng hap ta ¢6 gia tr ldn nhat cla P bang 2011 khi x = 2.

Baill.Chox,y,z>0théfamin:x+y+z>0
3, .3 3
Tim gid tri nhé nhat cda bidu thie: M = W
(x+vy+2)
Giai
X y 2

Pat a= ; b= Ml
X+Y+2 X+y+z X+y+2z

Tacé:a, b,cz0vaa+b+e=1.
x3+y3+l€iz3

Viviy M = 3 =a%+b% + 16c°
(%X + ¥+ z)
=%(a+b)3+§{a+b}(a—b)3+16f:3k%(a+b)3+16c3
=i(l—c)3+16c3=§(6303+362~3c+1}
=—1—(Zc+—1—7—)(9c~1)2+5~9a}£
419 81 81 81
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4
a=—
a=bhb 9
. ” 4 X =4z
Dau“="xdyra< {9c-1=0 o b=—o
2] y =4z
a+b+c=1 1
o
9
T . 16
Vay gid tri nhd nhit cuaM]aa
Bai 12. Cho m, n nguyén dugng thoa mén:ﬁw2>(}
n
Chirng minh ring: \/"f_..lﬂ;,_}M
n  mn
Giai
2
ﬁmE>0wﬁ>Em7>&2
n n n

= 7n’ > m’

=» Ma m? chia cho 7 6 s8 du1a 0; 1; 2 hoac 4 (Vim? = (Tk + rf* =
707k% + 2kr) + 2 véir e (0; 1; 2; 3; 4; 5; 6])

Nén m? +1717, m% + 217

Do vay Tn® 2 m® + 3

. Né’um:lthi7n22m2+3>4m7>~4§
« Néum > 1 thi:

2
m*2m®+ 3> m2+w}-§~+2 m(m+—1—) :bﬁn>m+—1—
m

m m
= 7>—n—1-+i=\\/’_?——-19»>--1m

n mn n  mn
Vﬁyﬁ..ﬂ;._%_

n mn

‘ Bai 13. Cho ham sd y = x* (P)
Cé thé tim duge hay khong ba diém A, B, C thudce (P) sao cho tam gide
ABC 1a tam gide déu?
Giai
D& nhan ra A(-V3;-3), B(V3;-3); C = O (0; 0) thi tam gidc ABC l1a
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tam gidc déu That vay: y

AHAC vudng tai H nén tan ACH = AH ﬁ 2

CH 3
= ACH = 30° 1a dwmg A(-V3;-3) va:
B(+/3;-3) d6i xtng qua Oy
=» Oy la duling trung truc cia AB
= ACAB cin tai C, CH 1a dudng cao
nén cing la dudng phén gidce.
Do d6 ACB = 2ACH = 60°
ACAB can tai C cd ACB = 60°
Vay AABC déu.
Bai 14. Cho ham s6 y = x° (P). A va B 14 hai diém thude (P) c6 hoanh da

1an lugt 14 ~1; 2 xdc dinh diém € trén cung AB cia (P) sao cho dién
tich tam gide ABC 16n nhdt.
Giai v
Goi A’, B, ¢ 14n lugt 14 hinh chigu cda
A, B, C trén Ox.
A(-Lya) e (P)

= YA = x%‘ﬂl

2¢ ¥

B2, yp) & (P) = ya= xp = 4
A(-1; 1); B(2; 4)
Gia st Cle; &) thude (P), -1 < ¢ < 2
{xem hinh bén) 2 A 10 1C ® x
Ta cé: /
Sasc = Saans ~Saace ~Scops
_1+43 = )+ 1) 4 232 - ¢

)

2 2 2
=%(15—c—1—03—c2—8+4c—-2c2+c3}=%{—-3c2+3c+6)
2
ﬁﬁ(czwcw2)=;§(02wc+l~gj=f§(c—?i} L 27
2 2 4 4 2 2 8
27
5 g —
ABC 8
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=" XAy rA 5 0 -2 =0 c=1

Dau "= Y 5 g
1.1 .o N

vay C|=;= | 12 diém can tim.

j 2 4.

pai 16. Giai phuong trinh:
(x + 20122 [(x + 2011)® + 1] = 16(x + 2011)°
Giai

D& thdy phuong trinh khéng cé nghiém x = -2011
Do vay (x+ 20123 [(x + 2011 + 1] = 16(x + 2011)3

(x + 2012
x + 2011

Pat x + 2011 = y. Phuong trinh () trd thanh

3
) [(x+20112 +1]=16 (%

1 3
[1+—-} P+ =16

y
1y 3 3 1
(1+——) (ya+1)=16-:::>(1+~—+—2+~—3—)(y3+1):16

y Y ¥y oy

<:>y3+3y2+3y+1+1+§—+—%-+—1§—u16
y ¥y vy
<:>(y3+3y+§+—%‘]+[3y2+%+6]—20:~0
y ¥ ¥

132 12
@(y+—-} +3(y+—] -20=0 {=*)

y y

Dat y + 1 =z . Phuong trinh (*+) trd thanh: z° +82°-20=0
y

22 +822-20=0e2°— 222 + 52~ 10z + 102~ 20 = O

2
o (z—-2Xz2 + 52+ 10) =0 & (z-—2)[(z+g] +17§]20

wz-2=02z2=2

Ta ¢6 y+—$—~—:2 oy +l=yei-1P=0sy=1

Dodéx+201l=1<=x=1~-2011<&x=-2010
x = 2010 (thich hop)
Vay phuong trinh c6é nghiém duy nhit x = -2010
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Bai £6. Giai phuong trinh: \!x2+12+5x3x+\/—;2-+_§
Giai

Cach 1: Ta c6: x2+12+5=3x+m..Mé \/x2+12>\/x2+5

Nén3x>86=x>0

Do d6 \fx2+12+5=8x+\/x2—4~é

o 2x-4+Vx2 +5-8+(x+2)~VxZ+12=0

x+5-9 x+2?-GP+12) o
\/x2+5+3 (x+2)+\/x2+12

< Zx-2)+

< (x-2)1 2+ x+2 + 4 ]mo
\/x2+5+3 x+2~;~\/x2+12
Vix>0nén 2+ x+2 + 4 >0,

\/x2+5+3 x+2+\/x2+12
Dodéx-2=0=x=2
Vay tdp nghiém ctta phuong trinh 1& S = {2)

Céch 2: Tacé Vx* +12 +5 = 3x +vVx® + 5. Ma \[3;‘2+12>\/x2+5

Nén3x>5:>x>0ADodé\/x2+12+5=3x+\[;2+5
e X—2+ VXt +5 -8+ 2x—Vx° +12 =0

X +5-9 +4x2~(x2+12)m
\/x2+5+3 2x+\/x2+12
x+2 . 3(x+2)
\/x2+5+3 2x+\/x2+12
X+ 2 N Ix+2) >0
x/x2+5+3 2x+\/x2+12
Dodéx-2=0cx=2.

Vay tap nghigm cha phuong trinh 1& S = {2].
Bai 17. Cho phuong trinh dn x: ax’ +bx +¢c=0(a= 0)

Cé hai nghiém x;, ¥ théa mén ax; + bxg +c =0

Tinh gi4 tri cGa bidu thdc: M = a’c + ac® + b* — 3abe

Giai

o X -2+

e (x-2)| 1+

Vix>0nén 1+

Theo hé thite Vi-ét, ta cb: x; + x5 = —E, KyXg = £
a a

Via=0 Tiax, +bxy+c=0
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b c
= Xy t—Xg+— =0 = % — (X +Xg)¥p + Xy ¥g =0
a a

= X - X X — X5 + X X =0 = % = X5

Do dé: M = a’c + ac® + b® - 3abe

=a® [xixz + (x1x2)2 - {x; + x2)3 + 3Hxp + xz)xlxz]
= ad(x;%p + xPxg - x3 - x3) =a%xd +x§ - x5 ~x3)
=a0=0
Vay gia tri efia biéu thic M bing 0.
Bai 18. Chuing minh mbi 88 hang cha day s6: a,, ag, ..., 8y, ... VOl
4 = (2+ \/g)n —(2~\/§)n
n 2\/5
14 s6 nguyén. Tim t4t c& cde gid tri cha n d€ a, chia hét cho 3.
Giai
bat x 22+\/§, b.2) mZ—Ji_B-, S, =(2+J§)ﬂ —(2—J§)“
Tach: X1 +Xe=4 Xe=1
X1, Xp 12 nghiém ctia phuong trinh x> = 4x + 1 = 0
%% -4x; +1=0 - {x{’"”zwéxi’“ + X =0

x5~ 4xB 4 xP =0

Do dé
Xz —4xy +1=0

Do vay: Sp.g — 48,1 +8,'=0

Néna,+2~4a,,1+8,=0 (*}

ag = 0, a; = 1 nén tif (*) ¢6 a, nguyén véi moi n € N va:
Byep—8p4y+ 8,13, 8,0 —8ph,9 +anﬁ+1 3

Suyra a,,;+8a,18 = a,,5+ 8,,3i3

Do vay ap.~a,i8 véimgine N

Mt khéc ag; ay; ag; ...as chia cho 3 ¢6 cac 8 du ldn lugt 14: 0; 1; 1; 0; 2; 2

Suy rangun e N thi a,i3 <« ni3
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T e

Bai 19, Gidi hé phuong trinh: vy =

l+x

Giat

2
Ta c6: Y- 0. Do d6 x > 0. Tuong ty y 2 0, 2 2 0
l+y
2 42
Mal+y?22y20 Nenx=—2Y - Y2 _y2& yd+y)_
I+y l+y 1+ l+vy

Tuongtyy<z,z$x

Tacix<y<szsx Doddx=y=2z
2

x =0

Nén x =

5 <:>x(l+x2)=2x2¢:>[
1+x X =1

Xx=y=z=0hoficx=y=2=1
Vay nghigdm (x; y; z) cha hé phu‘cng trinh 1a (0; 0; 0);(1; 1; 1)

X &yt 4 2y g
Bai 20. Giai hé phuong trinh sau: xX+y
JE+ mJszmy V22 +1

Giai
Tacb:x+y20;2x°~y20
L2, .2, 2%y 2
T x" +y" + ;{——;—J:lhTacé [(x+y) -2xy](x+y}+2xy=x+y
@(x+y)a—2xy(x+y)+2xy«(x+y):0
e::(x~+y)3-~(x+y)—2xy(x+y)+2xy=0
SE+y-E+yP+x+y)+1-2xy]=0
Sx+y-DEE+ Y+ (x+9)+1]=0
Tacox+y-1=0.VixX+yY +x+y)+1>0
x+y=1Taco 1=y2x® -y +v22+12V2¢121
2X2--yﬁ0 2x2+x~120 x=~Ly=22=0

Do dé {z=0 > ax+y=1 <> 1 1

x+y=1 2=0 sz;y25;2=0

Viy nghiém (x; y; z) cla phueng trinh 12 (-1; 2; 01 (%;—21-;0),
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B/ HINH HQC
Bai 1. Cho tam gidc nhon ABC. Ching minh riing: |

a) cosA + cosB + cosC < g

b) cotA + cotB = cotC = 3

Giai A
Goi AD, BE, CF 14 cdc dudng cao cla E
tam gidc ABC. H 12 trye tAm  clia tam
gide ABC,
AE  AF | N
A="—="—  Ap dung bat din .
a) cos D - AC p dung gB D >

thire Cé-si cho hai s6 dl.mng, ta ¢s:

€0SA = VAR AC VAR A ° AB+AC
BF BD) 1(0}3 CE)
T c<1fCD CE
\ong tu: cosB 5 = (AB BO os 52 BC+AC

Do d6 cosA + cosB + cosC < —g-

b) DHC = B (cing phu vdi BCF)

HD CD HD _ 8 3
Do d6 cotB.cotC = cotDHC cotC = == SHBC i
o d6 cotB.co co co D = Sano :

Tuong tu cé cotA.cotB = Srag , cotC.cotA = §~H—AQ
ABC Sapc
Do d6 cot A.cot B + cot B.cot C + cot C.cot A =1
Ma: (cotA + cotB + cotCy®
= 3(cotA.cotB + cotB.cotC + cotC.cotA)

+ %[(mtAmcotBF +{cot B—cot CF + (cot C—cot A ]

2 3(cotA.cotB + cotB.cotC + cotC.cotA)
Vay cotA + cotB + cotC = 3
Bai 2. Cho tam gidgec ABC (CB = a, AC = b, AB = ¢) ndi tiép tam gidc
ABC. ry, 1y, 7 12 ban kinh dubng tron bang ti€p trong cac géc A, B, C
cla tam gide ABC. Chitng minh TANGI T, + 1, + T, = 4R + 1
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BB didng hoe sin® gidi Todn § - Nhidu Tae gid

Giai
abc

D& dang ching minh duge: Sppe = wmoY

); SA.BC = -Jp(p - a)(p - b}(p -0

1 1 1 1 p- b+p-a p-(p~-¢)
Do do:
0 p~a+pmb+pmc p (p-bip- af-p@—d
2p-a-b c [ 1 1 ]
= + =c +
(p~-a¥p-b plp-a {p-adp-b) pp-0

( _a+b+ec
P

clplp-cl+(p-a)p-h)] (:[:2p2 -plat+b+e)+ ab]

p(p —a)(p - b)p - ) S%gc
_cab 4R
Siec  Sasc
Nén 5 + S + S —§=4R

p-a p-b p-b p
= T+, +I, - =4R
=Sy i+ Te.=4R+r

Bai 3. Cho tam gide déu ABC cé AD, BE, CF la c4c dubng cao. M 1a didm
nim trong tam gidgc ABC; I, K, L. ldn lugt 12 hinh chidu cda M frén AD,
BE, CF. X4c dinh vi tri M d&: Jxy +Jyz + Vzx dat g1é tri 1én nhéat véi, v, z.
x= Al y=BK, z =CL.

Giai
Goi J, S, T 1an lugt 12 hinh chiéu cda M
trén BC, CA, AB.
Dat: AB=BC=CA=a
Ta c6: MJ + MS + MT

~ 28mpc |, 28mac | 28map _ ZSape _
BC CA AB a

Tt gidc DIMJ cé: B D i C
MID = IDJ = DJM = 90° nén 12 hinh
chi¥ nhat

= MJ = 1D

Dodéx=AD-ID=h-MJ

Tuongtuy=h - MS, z=h-MT
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Nénx+y+z=3h-(MJ+MS+MT)=2h
AP dung bit ding thuc Co-si cho hai s§ duong ta ¢6:

Jxy + Jyz + zxsx;y+y;z+z;xm2h,khﬁngdﬁi

Diu“="xdyracx=y=2< MJ = MS = MT

< M la tdm dudng tron nbi ti€p tam gide ABC.

Vay khi M 1a tdm cda tam gidc ddu ABC thi Jxy +.fyz + Jax dat gis
tri 16n nhit.

Bai 4. Cho tam gidc ABC (AB < AC) c¢6 ba géc nhon va hai duding cao BD
va CE. Ve dutmg tron tdm B bdn kinh BD cit doan thing CE tai K.
Qua D vé dudng thdng vudbng gée véi BC cdt dudng thing BA tai M va
cdt doan thdng EC tai I
a) Chimng minh rang: MK la ti€p tuyén cla dutmg trdn tam B ban kinh BD.
b) Ching minh rlng: CE.IK = CK.EK.

Giai
a) Gei H 12 giao diém etta DI va BC.
Xét ABEC va ABHM cé:
EBC (chung), BEC = BHM(= 90°)
Do d6 ABEC o> ABHM (g.g)

= BE _BC . BEBM-BHRC

BH BM
ABDC vudng tai D; DH 13 dutrng cao
=» BH.BC = BD? (Hé thdc vé canh va
duting cao trong tam giac vudng)
Ta ¢6 BE.BM = BD? (= BH.BC)
Ma BD = BK (= R). Nén BE.BM =BK*®
A6t ABEK va ABKM co6

BE BK
EBK (ch
(chung), — K "B

Do 46 ABEK <> ABKM (c.g.c)

= BEK = BKM. Ma BER =90°. Nén BRM = 90°

Ta c6 MK 1 BE, K thujc duding tron (B)

Véay MK 1a tiép tuyén cha duting tron tdm B béan kinh BD.

(vi BE.BM = BK?)
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4 duing hoe sinh gidl Toan 9 ~ Nhidu Téc gid

b) Xét AEMI va AECB cé:
MEI = CEB(= 90°), EMI = ECB (ciing phu véi MBH)
Do dé AEMI <2 AECB (g.g)
EM EI
= BIEC = )
= 5o =gp = FLEC =EMEB
Mat khdae AKBM vudng tai K, KE 14 dudng cao

= EX? = EM.EB
Ta ¢6 BLEC = EK*=EM.EB) =>

CE EK
EK EI
CE CE-BK CK
EK EK-EI IK
Vay CE.IK = CKEK
ai 5. Cho tam gide ABC déu canh a. M, N lan lugt trén cdc canh AB,

AC sao cho %4«% =1, dat AM = x, AN = y. Chdng minh ring
MN? = x* + y* — xy, MN ti€p xic véi mot dumg trdn ¢ dinh.

Giai
Ve NH L AM tai H
AH = AN .cosA = % HN = AMsinA = %

. o 2
MN? = MH? + HN? :z(x—«g«) 4«(%\/3—3(]
=x"+y -xy (1)
AN X y
Ta cd: ——+—=1 =1 B
ac MB+NC $a~x+a~y

=>xz-y)+yla-w)=(a-xHa-y)
:>x2+y2+a2+2xy—2ax—2ayzx2+y2-xy
>x+y-a¥=x+yt-xy 2 .

Tir (1), (2) e MN? = (x + y - a’ (ma x +y — a < 0; MN > 0)

Vay MN? = x* + y® — xy

Goi (0; r) 14 dutng trdon ndi ti€p tam gide ABC. Puing tron (O) tidp
xic AB, ACtai D, B

AD = AE = % V& MIN’ ti&p xde (0). Ching minh duge N’ = N




Gong ty TNHH MTV OVVH Khang Vigt

Bai 6. Cho tam gidc ABC ¢6 A =150°, B = 10°
Pat %g- ~t. Tinh gi4 trj cia bidu thuc t* - 3t2
Giai
Goi O 1a tam dutng trdn ngoai ti€p tam gidc ABC. D la giao diém cia
OA va BC. E trén canh BC sao cho BE = CD

AOC =180" - (A + B) = 20°

AOB = 2ACB = 40° A
Nen BOC = 60°. Do ds AOBC déu _——_— | ™~
AOBE = AQCD (c.g.c) E D
= BOE = COD = 20° /

Nén EOD = 20°
Pat: AC=b,BC=a
AACD oo AACC (g.g)

2 0
-, AD _AC . ap-E
AC QA a
b2 82—b2
OD=0A-AD=a-—= ,ED=BC~-BE+D)=a~2b
a a
AD CD
A DEO (g. e
DAC 2 A (gg):ED oD
b2
e b
a_ . 3 2y _ % 13
Do d4 a—2b~azub2:a -2a°b=a“b-b
a

2
= a%+b3 3% =0 = [%)+(§] -3=0

2
Nén w(}{) _3=0=t+1-38t2=0
Vay t? - 3t% = -1.

Bai 7. Cho hai dudng tron (0), (0} ¢it nhau tai A, B. CD 1a tiép tuyén
chung ctia hai dudng tron (0), (0), (C € (0), D e (0", diém B gin CD
hon A). M 1a diém trén tia 461 cha tia AB. Goi E 12 giac diém cia MC
va dudng trom (0), E (khéc C), F 13 giao diém ctia MD va dubong tron
(0", (F khéc D). Ching minh ring dubng trdon ngoai tip tam giéc
CEF tiép xuic vdi cdc dudng trdn (0). (O).
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Giai
V& xAy 14 ti€p tuyén cia dudng trdn (O) M
ME _MA
A
MEA < AMBC (gg) = T = 122

= MEMC = MA MB
Tuong ty MF.MD = MA MB
AMEF ¢» AMDC {(c.g.c)

~ = MFE = MCD
Ta ¢6 MCD = (:‘.;E_}; (ésd@}

CEy = xBEM (dsi dinh)
Nén xEM = MFE
Ve Ex’ 1a tia ti€p tuyén cha dudng tron ngoai tiép tam giac CMN
= XEM = MFE
Do d6 xEM = xEM = Haj tia Ex, Ex’ trung nhau
- = Ex 14 tigp tuyén ciia dudng tron ngoai tifp tam gidc CEF.
Vay duting tron ngoai tidp tam gidc CEF tisp xic véi dutng tron (O).
Ching minh tuong ty ciing cé dutrmng trdn ngoai tiép tam gidec CEF
tiép xGce véi dudng tron (O,

Bai 8. Cho hai diém A, B c6 dinh. C la diém di dong sao cho tam gide
ABC ¢6 ba géc nhon. H 1a tride tAm cha tam gide ABC, D 1a chén
dubrng vudng géc vé tir C cfia tam gide ABC. Tim t4p hop cde diém C
dé tich DH.DC dat gid tri 16n nhat.

Giai
Xét ADAH va ADCB ¢6 DAH = DCB (cing phu c
véi géc ABC) va ADH = CDB(= 90%. Do do E
ADAH <« ADCB H

1

i

|

DA DH !
Suy ra = = T==DHDC = DADB A1 B

:

i

1

Nhung do: DA DB = DA(AB - DA) = DA AB — DA?
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2 2
Nén DHDC < Af , Af’ Khong dgi.
Dau “=" xay ra <> DA = DB « C thudcdudng trung truc cha doan
thing AB.

Tam gidc ABC nhon nén C niim ngoii dung trén dudng kinh AB.
Do 86 C thubdc dudng trung truc d cia doan thing AB trif doan thing
EF (E, F la giao diém cfia d va duin tron dudng kinh AB).
Chu y: C6 thé 4p dung bat ding thic Ca-si cho hai s6 duong DA va
DA + DB J‘" _ AB?
2 4
Bai 9. Cho tam gidc nhon ABC (AB < AC), cdc dubing cao AD, BE, CF cét
nhau tai H EF cit BC tai K. Dubng thing qua F song song véi AC cit AK,
AD lan lugt tai M, N. Goi O 1a trung diém canh BC. Chimng minh ring:
a) MF = NF
b) BD.CD = DO.DK

DB, tacd: DADB = (

Giai
a) BFH+BDH = 90° +90° = 180° A
= T\ gidc BFHD nbdi tigp.
=> ﬁ?‘i = fﬁﬁ M
BDA = BEA = 90° ! 5
= Tu gidc BAED nbi tiép FNeT]
= FBH = ADE
K B D Q0 C

Ta c6 FDH = ADE

== DA la tia phén gidc cla géc EDF.

Ma AD 1 XKD. Tir 46 cé6 DK 12 dutng phén gidc ngoai cla tam gidc
DEF.

Goi I 1a giao diém clia DH va EF.

Theo tinh chét dudng phéin gidce trong va ngoai ta ¢é: %—g—- = %
AKEM c6 MF // AE = %:%
ATFN c6 AE // FN = %};z;%

Do d6: ’;\%=%EF = MF = NF
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b) Tuong ty trén 6 FC 1a tia phan gidc
EFD = EFD = 2EFC
O la tdm dudmg tron ngoai tidp & giac BFEC
= EOC = 2EFC
Ta ¢6 BFD = EOC = T4 gide OEFD nai tisp.
Mz OE = OF. Nén OE = OF
= ODE = OEK

AODE ~ AOEK (g.g) = 22 - OF

OE OK
= OD.OK = OFE? OE = OB = OC
Do dé: DB.DC = (OB — ODXOC + OD) = OB* -~ OD*
= OD.OK - OD? = OD(OK ~ OD} = OD.DK
Bai 10. Cho i gide ABCD. Vé cde dudbng tron tim B bédn kinh BA, tdm C
béan kinh CA, tdAm D ban kinh DA Hai dudng tron (B) va (C) cdt nhau
tai A vd B'm hai duimg trdon (C) va (D) cit nhau tai A va €', hal dubmg
tron (B) va (D) cdt nhau tai A va D’. Chwing minh ring td giac ABCD
ndi tiép dutng tron khi va chi khi ba diém B, I, C' thing hang.
Giai

Xét hinh v& bén. Hai dudng tron (B) va (C) cdt nhau tai A, B’
=» BC 12 dudng trung trye cia AB’

Ta e6: ABC = 1809 - ABB =180° - ADB
Hai duting tron (C) va (D} cit

nhau tai A, C

=» CD la du&rng trung tryc cha AC’

= ADC = —Z-ADC' 180° - AD'C

Do vay, ti gide ABCD nbi tiép

< ABC + ADC = 180°

< 180° - AD'B +180° - AD'C = 180°

o ADB + AD'C =180° < Hai tia D'B’, D’C’ d6i nhau

< B, DY, C’ thdng hang.

Vay td gide ABCD ndi tiép dudmg tron khi va cki khi ba diém B', I,
C’ thang hang.

282




Cong ty TNHE MTV DVVH Khang Vit

ai 11. Hai dutng tron {0), (O) ¢éit nhau tai A, B. Ve day AC cta dudng
tron (0) tiép xic véi dudng tron (O'). Ve day AD cha dudng tron (O)
tiép xtic v6i dugng tron (O) E 1a diém d6i xung cha A qua B. Ching
minh ring ti gidc ACED ndi tiép.
Giai
Céch 1: Xét AABC va ADBA c6 BAC = BDA (He qué géc tao bdi tia
ti6p tuyén va day cung)
BCA = DAB (Hé qua gée tao bdi
tia tiép tuyén va day cung)

— .— _ AB BC
ABC = ABD va oo - BY

= V2 ED ~ AB
BE BC

Nan —& _ BY

“" BD ~ BE

Ta c6: CBE + ABC = DBE + ABD(= 180%)
Nén CBE = DBE

X6t ABCE va ABED c6: GBE = EBD, o5 - B¢ F
BD ~ BE

i

Do d6 ABCE @ ABED (c.g.c) = BCE = BED va BEC = BDE

gty ety et e

. e ey, e, i,

Nén CAD + CED = ADE + ACE = 180"

= T gidc ACED ndi tiép.

Cdceh 2: Goi I, K 14n lugt 12 giao diém

cha QOO vdi AB, AM.

Ta e6 QA L MO’

Tuong tt OA’ // MO

Do d6 tt gide OAO'M 1 hinh

binh hanh

= K 14 trung di€m cia AM,
(0}, (0" cdt nhau tai A, B

= Q0 1 trung truc cia AB OO0 // BM

Nén MB 1 AE E

MB la dutng trung truc cia AE

= MA = ME
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OM 1 AC = OM di qua trung diém cta AC

= OM 13 duling trung tryc cia AC = MA = MC
Ching minh tuong g ¢6 MA = MD.

Ta c6 MA = ME = MC = MD.

= Tit giac ACED ndi tiép.

Bai 12, Cho tam gide ABC néi tiép dutng tron (0). [ 12 tAm dung tron
ndi tiép ABC, goi M, N, K lan lugt 12 tAm dudng trdon ngoai tidp céc
tam gidc IAB, IBC, ICA.

Ching minh ring: M, N, K cling nam trén dutng tron tdm O.

Giai
N & tam dutng tron ngoai tigp tam gide IBC
=5 NB = NI = NC 4
= ANBI cén tai N K
ANIC cn tai N M
~ NBI- NiB, NCI - NiC ;

Ma ABI =IBC, ACI = ICB
Do d6 ABN + ACN B C
= BBI + NBI + AC1 + NCI \M
= {BC + NIB + ICB + NIC = 180° NN
= T gide ABNC ndi tigp = N & ()
Chimg minh tuong tycd M e (O va K € (O)
Vay M, N, K ciing nim trén duong tron tim O.
Cdch 2: Al cdt (O) tai N' (N’ khdc A)
BAT = CAl = BN'=CN' = BN’ = ON’
N'Bl = IBC + CBN' = ABI + BAI = BIN'
= Tam gidc N’BI cén tai N’ = BN' = IN’
Ta ¢6 BM' = CN’ = IN’
= N'1a tam dung trén ngoal tiép tam giac IBC.
= N=N
Viy N e (0)
Chitng minh tuong tu cé6 M € (0), K e (O)
Vay M, N, K chng thude dudng trdn tdm O.
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Bai 13. Cho nita dudng tron tdm O, dudng kinh AB. M la diém d&i xing
etia O qua A DPubing thdng M cit nlia duing tron (O) tai C, D (C nim
gida M va D). Goi E 1a giao di€ém cia AD va BC. Ching minh ring:
BC _gAE
AD BE

Gidi
Goi N 12 trung diém clia OA

AOND ~ AODM (c.g.c) (DON chung, O = 9D _ 1,
OD OM 2

—. ODN - OMD o
OA=0D(=R)

= AOAD cén tai O

= OAD = ODA

Ma 553&6}3?\1+m,

OAD = ADC + OMD (OAD 1a gbc npoai cia AMAD)

Do d6 NDE = ADC

Mat khac NBE = ADC

Nén NDE = NBE

= Tt gide NEDB ndi tiép

= ANE = EDB = 90°

Ta c6 AANE ~ AADB (g.g) =

M A N O B

= AEAD = AN.AB

&l
52

Nén AEAD = -llABz (1)

Mat khac ABNE o ABCA (g.g) = 1;_1(\]{ - %g = BE.BC = BN.AB

Nén BE.BC = EABﬁ @)

Tit (1) va (2) ¢6 3AE.AD = BE.BC
BC AE
Vay == =322,
Y AD ~ “BE
Bai 14. Trong mat phing cho hai diém cd dinh A, B (A # B). Xét mdt diém
C di ddng trong mat phéng sao cho ACB = a, trong dé « 12 mét géc cho
trude (0° < o < 180°). Puvng tron tdm I ndi ti€p tam gide ABC tiép xic
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véi cde canh AB, AC va CA tuong tng D, E va F. Cde dutng thing Al
va BI 14an lugt cdt dubng thdng EF tai M va N. Ching minh ring:

a) Doan thdng MN cé d§ dai khéng d6i.

b) Puting tron ngoai tiép tam gidc DMN ludn di qua mdt diém c8 dinh

Giai
a) Ta ¢6: C"I?“N=90°—F6"z=90°-g-
vam:@+m=CAB;GBA:goﬂ

Nén CFN = NIA

= Tit gidc AFNI noi tiép

= ANB = AFI = 90°, NAI = NF1
Tuong ty AMB = 90°

Do dd M, N thudce dubng tron A D K B
¢ dinh dutrng kinh AB.

NF1 = ECI = % (AEIF néi tiép). Nén NAM = i;-

= MN khéng ddi = MN khong ddi

b) Gei K 12 trung diém AB = K cd dinh va K 13 t&m dudng trdn ngoai

tidp tit gide ANMB = NEM = 2NAM

Mat khac NAI =NDI (ANID nsi tiép), NAI=TBM (ANMB noi
tiép), IDM = IBM (IDBM nai tiép)

Nén NDM = 2NAM

Ta c6: NKM = NDM (= 2NAM) =» T4 gisc DNMK néi tiép

Vay dubng trdn ngoai tiép tam gidec DMN di qua diém c¢d dinh 13
trung diém K cia AB.

Bai 15, Cho tam gide nhon ABC (AB < AC), dubng tron (O) duong kinb
BC. V& AM, AN 13 cdc tiép tuyén cta dubng trdon (O). AD 1a dudng cao
clia tam gidc ABC. Ching minh ring cac dutng thdng AD, BN, CM
déng quy.

Giai

Goi I la giao diém ciia AD va CM.
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= A, M, D, O, N cing thudc mét duting tron
= ANM = ADM
Ma MBN = ANM nén W=ATNI,

BMI = BDI = 90°
= T gide BMID néi ti€p M
=> I\T}ﬁ = A"f)"z?& Xt

i — [ — e il I ol
Ta ¢6 MBI = MBN(= ADM) % €
=» Hai tia BI, BN triang nhau
= B, I, N thing hang .

Vay AD, BN, CM déng quy.

4i 16. Cho tam gidc nhon ABC (AB < AC), dudng tron (0) dubng kinh
BC. V& AM, AN la cdc ti€p tuydn cla dubng trdn (O). AB, AC ciit
duting ton (0) 1an lugt tai F, E. AD 1a dubng cao cia tam gide ABC.
Ching minh réng cdc dudng thdng MF, NE, AD déng quy.

Giai
Goi H 14 giao diém BE, CF
I 14 giao diém BN, CM A
Tacé: A, H, D thdng hang (1)
A, I, D thidng hang (2) (bai 15)
Goi K 1a giao diém efta MF va NE

Ta c6 FHA = FBD /A
FBD = FMI

Nen FHA = FMI B D 0 c
= T\t gide MFHI ndi tigp KH cit
dutng tron (MFHI) tai H;. Ta cé:

KF.KM = KH K1,

Tugng ty ti gidc HENI ndi tiép. Goi I, 1a giao difm cha KH va dutng
tron (HENI) ta cé:
KE. KN = KH.KI,
Ma KF. KM = KE.KN. Nan K.Il = KIQ fuec) I; = 12
Do @6 1, Ip, I trang nhau.
Vay K, H, I thing hang (3)
Tir (1), (2), (8) c6: A, I, H, K, D théng hang
Vay MF, NE, AD déng quy. -
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Bai 17. Cho tam gidc ABC cén tai A Ldy D trén canh AC sao cho CD =
2AD L&y P trén doan thing BD sao cho APC = 90°. Ching minh
ring ABP = PCB. :

Giai
Puting thing qua A song song véi BC cdt BD tai E.
Ve AH L BC tai H ta ¢6: BH = HC

DE _AD 1
ADBC ¢6 AE // BC = A 1
¢ BCCD 2 D

Do viy AE = BH
T gidc BAEH 14 hinh binh hanh
= AB // EH P

- ABP = PEH (1)
T gide AECH ¢6 AE = HC, AE // HC nén 1a hinh bmh hanh.

Ma AHC = 90°. Do d6 AECH 14 hinh chi nhat
APC = AHC = AEC = 90°

= A, P, H, C, E cing thude mdt dubng tron

- PEH = PCB (2)

Tir (1) va (2) c6 ABP = PCB.

Bai 18. Cho tam gidc ABC nh(_jn ndi tiép dudng tron (O), cdc tiép tuyén
tai B, tai C cha dudng tron (0) cdt nhau tai D. Goi M 1a trung diém
ctia canh BC. Chiing minh ring BAD = CAM

Giai
Goi E 12 giao diém cla AD va dudng tron (O) (E khdc A)
Ta 6 D, M, O thdng hang va DM 1L BC
ADEB ¢ ADAB (g.2)

= DB _DE_ npe.paADE
DA DB

A

ADBO vudng tai B, BM la duding cao

= DB? = DM.DO
DE _ DM B M C
a: DA, DM.DO =

Ta ¢ DE = D6 = DA L

ADEM o= ADOA (c.g.c)
= DEM = DOA

D

= T gidec EMOA noi tigp.
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= EMA = BOA, EMD = A0 = AMO
EMD + BMFE = AMO + BMA = 90°
Nén BME = BME = %EMA - %EOA - ACE

AABM ~ AAEC (g.g) = BAM = BAC
Vay BAD = CAM
Bai 19. Cho hai duding thing d, &’ c& dinh, d va d’ song song véi nhau. A,
B 14 hai diém c& dinh lan lugt ndm trén d, d'. Piém C di déng trén d,
diém D di déng trén &' sao cho CAD ti va ta giac ACBD 14 hinh binh
hanh. E, M, N 1an lugt }a hinh chiéu cla B trén cdc dudng thing CD,
d, AD. Ching minh ring tdm dubng trdn ngoai ti€p tam gide EMN di
déng trén mot dudng cd dinh.
Giai
Goi O 1a giao diém cta AB, CD
d

F
O 1a trung diém cta AB. O c8 dinh: AMB = ANB = 90°
Nén A, M, B, N cung thudc dudng tron tdm O = MBN = %MON

DNB = DEB = 90° = D, N, E, B cung thude mijt dutrmg tron
= NED = NBD. Tuong ty ¢6 MEC = MBC

i———, g et e, i

Nén 2MBN + MBC + NED = 180°
Do d6 2MBN = MEN . Nan MBN = %M EN

Ta ¢c6: MEN = MON = T gidc MNOE ndi tidp.

d, B ¢8 dinh nén M ¢d dinh.

Goi K 14 tdm dudng trdn ngoai tidp tam gidc EMN.

Ta ¢ KM = KO, M va O ¢8 dinh.

Vay K di dong trén dudng trung truc ctia doan thing MO,
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B&i duting hge siah gidi Todn § ~ Nhifu Tdc gia
Bai 20.
a) Cho t gide ABCID ngoai ti€p dubng trén (O) Ching minh ring:
AB + CD = BC + AD
b) Cho tif gide ABCD ¢6 AB + CD = BC + AD. Ching minh réing: t
gidc ABCD ngoai tifp.

Giai
a) Giad sO dudng tron (O) ti8p xdc
véi AB, BC, CD, DA ldn lugt tai
E,F, G H
Theo tinh chit cda hai tiép tuyén
cdt nhau, ta co:
AFE = AH, BE = BF, DH = DG, CG = CF.

Do dé AB + CD = BC + AD DA
b) « N&u AB = BC A
Ma AB + CD = BC + AD (gt) D\ip/s

e

D G

Suy ra CD = AD
AABD = ACBD (c.ce) &
Tir dé ta ¢6 BD 12 dudng phan gldc cla cde gée B va D.
Goi O 1a giro diém cia tia phan gidc géc C va BD
Ta ¢6 BO, DO, CO l4n lugt 1a cdc tia phan gisccha B, D, C
= O la diém cdch déu céc canh clia tif gidc ABCD
Viy -t gidc ABCD ngoai tiép.
» Né&u AB = BC. Gia sir AB < BC
Ma AB + CD = BC + AD.
Nén: AD < CD,
Trén cdc canh BC, CD ldn
lugt 18y M, N sao cho:
BM = AB, DN = AD D
Ma AB + CD = BC + AD. Do vay CM = CN
ABAM can tai B, ADAN céan tai D, ACMN cén tai C
Cdac dutrng phan gide cha cde gée ﬁ, C‘, D chinh la cdc duding
trung trife cia tam gide AMN nén ching dong quy tai O.
=» O 12 diém cdch déu cdc canh cha tif giac ABCD.
Vay tir gidc ABCD ngoai tigp.
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TiM KIEM UNG DUNG CUA MOT TU GIAC NOI TIEP
Bai toan
Cho diém M & bén ngoai dugng tron (O; R). V& hal tiép tuyén MA, MB
va mot cat tuydn MCD (A, B, C, D thuéc dutng trdn (O; R), C n&m
gitta M va D, tia MC n&m gilta hai tia MA, MO. Goi H 1a giac diém
cta AB va MO.
Chung minh ring td gide CDOH nai tigp.

G‘riaz
Ta c6 AMAC <= AMDA (g.g)
MA MC 2
= MA“ = MCMD
=MD~ MA M
AMAQ vubng tai A, AH la dudng cao
= MA* = MHMO

Ta ¢6 MC.MD = MH.MO
AMCH ~ AMOD {(c.gc) = MCD = MOD

= T gidc CDOH ndi tidp

Pay 1a mot bai todn rat quen thude dsi v&i moi hoc sinh 16p 9, do vay

ma ki thi tuyén sinh vao 16p 10 chuyén tinh Péng Nai nam hoc 2012

- 2013 ¢6 mdt cdu 1a bai todn trén.

Tu gidc ndi ti€p CDOH la “ Biru bsi” givp gidi nhidu bai todn.

Ching ta hay cang tim kifm ing dung cha #f gide ndi ti€p CDOH

trong gidi todn, qua viéc gidi cdce bai todn hay va khé sau:

Bai 1. Tir diém M nim bén ngoai dudng tron (0O) vé cat tuyén MCD
khong di qua tAm O va hai ti€p tuyén MA, MB dén dutng tron (A, B
12 céc tiép diém va C n&m gita M, D)

a) Goi H 1a giao diém clia AB va MO. Chung minh t giac CHOD néi
ti€p duge dudng trdn. Suy ra AB la dudng phén gide cla éﬁfj .

b) Goi K 12 giao diém efia cdc ti€p tuyén tai C va D cha dugng tron
(0). Chimg minh A, B, K thing hang. (P& thi tuyén sinh vao 16p 10
THPT Tp.H8 Chi Minh, nam hoc 2008 — 2009 va dé thi tuyén sinh
vao 16p 10 chuyén trung Pai hoc su pham Tp.HS Chi Minh, ném
hoe 2011 — 2012)

Bai 2. Cho dudng tron (O) dudng kinh AB. Trén dudng thing AB lay
diém  nim ngoai doan AB. Tt C vé hai ti€p tuyén CE, CF véi dubng
tron (O) (E, F 12 hai tiép diém). Goi I 12 giao diém cila AB va EF
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BAi dudng hoc sinh gidi Todn 9 - Nhifu Tac gid
Qua C vE mot cat tuyén bat ki cdt dudng tron (0) tai M, N (M nim
gita C va N). Chiing minh:

a) Bon diém O, I, M, N cling nlim trén modt dudng tron

b) AIM = BIN
(D2 thi chon hoc sinh giéi Todn 16p 9, Quan Pha Nhuan Tp. H8 Chi
Minh, ndm hoc 2004 ~ 2005)

Bai 8. Cho duting trdn (O; R) va didm M nim ngoai dudng trdn, Qua M
v& hai tiép tuyén MA, MB (A, B 1a cac tiép dim). D di dong trén cung
l6n AB (D khéng trung véi A, B va diém chinh giita cda cung) C la
giao diém thd hai ciia MD vdi dudng tron. H 1a gizo diém cha OM véi
AB. Ching minh MH MO: MC.MD, tir 46 suy ra dudng trdn ngoai tiép
tam gidc HCD luén di qua mdt diém cé dinh.

(D2 thi chon hoc sinh gidi Toan lép 9, Tinh Phu Tho, nam hoc 2011 - 2012)

Bai 4. Cho diém M & bén ngoai duting tron (0). V& hai tiép tuyén MA,
MB v& mt cdt tuyén MCD. AB cdt MO, CD l4n lugt tai H, J. Ching
minh ring: CJ MD = MC.DJ.

Bai 5. Cho tam gidc ABC nhon ndi tiép dudmg tron (O). Tiép tuyén tai B,
C ctia (O) cdt nhau tai D. Goi M 14 trung diém cta BC. Ching minh
BAD = CAM (D& thi chon hoc sinh gidi Todn 16p 9, trusng THPT
chuyén Tran Pai Nghia, Tp. H4 Chi Minh, niam hoc 2012 — 2013)

Bai 6. Cho tam gide ABC c6 ba géc nhon ndi tiép dudbng tron (O), BE va’

CF la cde dudng cao. Cdc tifp tuyén véi duvng ton (O) tai B va C cdt
nhau tai S, cdc dudng thing BC va OS et nhau tai M.
. _AB  BS
a) Chdng minh réing: S uE
b} Ching minh réng: AAEM < AABS
¢) Goi N 1a giao di€m cila AM va EF, P la giao diém clia AS va BC,
Chidng minh r&ng NP | BC.
(P& thi tuyén sinh vao 16p 10 chuyén To4n, trudng Bai hoc su
pham Ha N§i, nam hoe 2011 ~ 2012)

Bai 7. Tir diém M ¢ ngoai dudng tron (0) vé ti€p tuyén MA va cat tuyén
MBC (B nam giita M va C) véi duding trdn. Goi H 1a hinh chigy cia A
trén MO. K giao diém cta doan thing MO véi dudng ton (O)

Ching minh riing:
a) Tif gidec OHBC ndi tigp
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b) BK 14 tia phan gidc caa gée HBM
{Bai 5/407 Tap chi To4n hoc va tudi trd)

Bai 8. Cho tu gide ABCD ndi tiép dudng trdn (Q). Céc tia AB, DC cit
nhau tai M, cde tia AC, BD c#t nhau tai T. V& ME, MF la céc tiép
tuyén cia dudng tron (0). chifng minh ba diém E, F, T théng hang.

Bai 9. Cho ti gide ABCD néi ti€p dudng tron (O). Cdc tia AB, DC cit
nhau tai M, cdce tia AD, BC cét nhau tai N. V& ME, MF 1a céc tiép
tuyén cha dudng trdn (0). Ching minh ba diém N, E, F thing hang.

Bai 10. Cho tam gidc nhin ABC (AB < AC) ndi tiép dutng trom (O) Ve
AD la duting cao cda tam gide ABC. Tia phén gidc géc OAD cdt dudng
tron (O) tai E. F la giao diém c4c ti€p tuyén tai B, C cia dudng tron
{O). OF cét BC tai H, AF cdt dudng tron (O) tai K vé duyng kinh AN
ca durng tron (0), DK cdt dudng tron (0) tai M. Ching minh ring ba
diém M, H, N thdng hang.

Céc ban hay ti€p tuc tim tdi suy nghi, téi thue sy tin ring chung ta se
cdn tim ra dugc ung dung didc sdc ciia td gide nbdi tiep CDOH trong
gidi tedn hinh hoc.

Huéng din giai
Bai 1.
a) MA, MB la cdc ti€p tuyén clia dudng tron (O) (gt)
= MA = MB, MO 13 tia phén gidc cda géc AMB.
AMARB cén tai M, MO & dutng phén gide

= MO L AB

AMAO vudng tai A, AH 13 dubng cao
= MA? = MH.MO 4 D

MA MC e
AMAC == AMDA (g. T
w (g.g) = MD - WA C

= MA® = MC.MD M B 0
Do 46 MH.MO = MC.MD
Xét AMHC va AMDO ¢é6 HMC {(chung),

MH MC B

B g R — i ..M b -

R (vi MH.MO = MC.MD

Do d6 AMHC < AMDO (c.g.c) = MHC = MDO
= Tit gide CHOD nbdi tiép
AOCD ¢6 OC = OD {= R) = AQCD can tai O
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B6i duang hge sinh gidi Todn @ - Nhifu Tée gia

= DCO = CDO
Ma MHC = MDO (vi tit gidc CHOD ndi tiép)
Do d6 MHC = DHO
Ta ¢ M_ﬁﬁ+(mmm)+m(x 90%)
Vay CHA = DHA . Nén AB la dudrng phén gidc cia géc CHD.,
Ta c6 KCO = KHO = 90° = Tu gisc KCOD nbi tiép
Ma tif gidc CHOD nai tigp.
Do dé 5 diém C, K, D, O, H ciing thude mot dudng tron
= KHO = KCO = 90°
Ta cé KH | OM tai H
Ma AB L OM tai i
Do v4y hai dubng thing KH, AB trung nhau
Suy ra ba diém A, B, K thing hang.
Bai 2.
a) CM.CN = CLCO (= CE? N
ACMI oo ACON (cge)
= Gl = GON < .
= Tt gide MNOI néi tiép.
b) OM=ON(=R)
Xét dutng tron (MNOI) ¢6 OM = ON F
= OM = ON
= BIN = ONM
Ma ATM = ONM (Tt gide MNOT néi tigp)
Vay AIM = BIN
Bai 8. MC.MD = MH MO (= MAY
AMCH o2 AMOD (c.g.c)
= MCH = MOD M
= T gidc CHOD nai tiep.
Ma O céd dinh. Do viay dudng trdon ngoai ti€p
tam gidc HCD luén di qua diém cd dinh O.
Bai 4. MC.MD = MH MO (= MA?Y)
AMCH ¢ AMOD (c.g.c)
= MCH = MOD = T4 gidc CHOD nbi tiép
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Ma OC = OC (= R)
Xét dudng tron (CHOD) ¢6 MHC = ODC

va OC = OD nén ODC = OHD

OHD = MHx (Hx la tia d6i cdia tia HD) 3 .
Do d6 MHC = MHx =
Ta c6 MHC + CHA = MBx + AHD M H /0
Nén CHA = AHD
Ta c6 HJ, HM 13 cdc duiing phan gide * B
trong va ngoii cda tam gidc HCD.
Cd MC
DJ T MD
Viy CJ.MD = MC.DJ
Bai 5. Goi E 1a giao diém efia DA va dudng tron (Q)
T gide AOME néi tiép:
AMB = BME = L AME = 1 AOF = ACE
2 2 \
ABE + ACE = 180°, AMC + AMB =180° B i C

Nén ABE = AMC
AABE o AAMC (g.g)

Vay BAD = CAM D

Chu ¥: N&u goi N la giao difm cla AM va dudng tron (O) thi

BE = CN. Do d6 tut gidc BENC 1a hinh thang can (P8 thi vao 1ép 10

THPT chuyén tinh Binh Phuéc nam hoc 2013 — 2014)

Bai 6.
a) AEAB o AMBS (g.g)

Ma MB = MC = ME

vay 8B _ BS
Y AE ~ MB

b) Goi Bx ] tia 4di cia tia BS
ABx = ACB = CEM
= ABS = AEM
AAEM - AABS (c.g.c)
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Bdi dufng hoc sinh gidi Tedn 9 — Nhife Tac gid

Céach khace: Ching minh BAS = MAC
AAEM ~ AABS (g.g)
¢) AABP -~ AAEN (g.g)

AB _ AP
AN
AB  AS
Ma 28 - 25 (AABS - AAEM
8 AE " AM )
. AP AS AM AS
Nén — = = =

AN AM AN AP
_AM _ AS
ABMS ¢6 =42 = NP //SM

Ta ¢6 NP // SM, SM L BC
Vay NP L BC
Bai 1.
a) MB.MC = MH.MO (= MA?Y)

AMBH ~ AMOC (cgc) = MBH = MOC = T gide OHBC ndi tiép

Goi D 1a giao di€m cda tia d8i tia OM va dudng trén (0)

MBK = CDK 4

MBH = GOR J
CDR = L GOR L

C

2 M Kl H O D
Do do M BKmﬁw%COKz%MBH

Nén BX la tia phén gidc cla géec HBM
Bai 8 Goi H la giao diém cda OM va EF.
MB.MA = MH.MO (= ME%)
AMBH o2 AMAO (c.g.c)
= MBH = MAO = T giac ABHO nai tiép.
Tuong ty td gide CDOH ndi tiép
BHC = BHM + MHC = BAD + ODC
Nén BHC = BTC
= Tit gidc BHTC ndi tiép
Tuong tu td gide AHTD néi tiép
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Ta c6 MHC = ODC = OCD ~ OHD
THC = TBC = TAD - THD
Do d6 MAT = %(MHC + THC + THD + OHD) = 90°

Tacé TH L OM tai H. Ma EF 1| OM tai H
Nén hai duding thdng TH, EF tring nhau
Vay ba diém E, F, T thing hang
Bai 9. Goi T 1a giao di€ém cta AC va BD. NT cit dudng tron (O) tai K, L
(L ndim gitra T, N)
Dutng tron (TBC) cdt NK tai S.
NAMD = MC.MB = MT MS
Ta ¢d tu gide STDA néi tisgp
Ta c6 BSA = BSK + KSA
= BCA + BDA = BOA
= T gidc BSOA ndi tiép.
Tuong ty ti giaec SCDO néi tigp.
MA MB = MC MD
Ta ¢6 M, S, O thing hang.
MSC = ODC = OCD = 0SD
CST = CBD = CAD = TSD

Nén WJ:%(M' SC + CST + TSD + O8D) = 90°

= OM 1L KL.
O8C = 180" - ODC = 180° - OCD = OCM

05 0OcC <
oG~ OM = 05.0M = OC

AOLM o AOSL (c.g.c) = OLM = OSL = 90°
L=F TumngtyK=E

Vay N, E, F th&ng hang.

Bai 10. Ta ¢ FK.FA = FH.FO (= FBY

AFKH < AFOA (c.g.c)

= FKH = FOA = Tu gidc AOHK nbi tigp

= KHF = KAO = AHO

= BHE = BHA

AOQSC » AOCM =
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3m_%mémm

Nén BHA = ACK = AHC = ABK
= BAK = HAC = BAH = KAC

ZDC = saBM + sdCK

= MAB + KAC = MAB + BAH = MAH B D\
= T gidc AMDH ngi tiép A
= AMH = AHD = 90° K
Ma AMN = 90° (Géc ndi tiép chin

nua dung tron)

Ta c6 AMH = AMN = 90°

= Hai tia MH, MN trimg nhau

Vay ba diém M, H, N thing hang

HAY BAT PAU TU BAI TOAN QUEN THUOC
Chiang ta hay cing bat dau tir bai todn quen thud: sau:
Bai todn: Cho BC 1a diy cung ¢ dinh clia dultng trdon (O, R). A di dong
trén dudng tron (0). Xéc dinh vi tri A d€ AB + AC 1dn nhét.
Giai

Trén tia déi cha tia AB 18y diém D
D sao cho AD = AC

AADC cén tai A

= ADC = ACD = BAC = 2BDC

E—ﬁé = }-Sdﬁa /

4 B

BDC = «, o khong déi, BC ¢ dinh
Nén D thufe cung chifa géc o dung trén doan thing BC.
Tacd: AB + AC = AB + AD = BD
Do d6 AB + AC 16n nhit < BD lén nhdt ¢ BD 13 dudng kinh cda
cung chda gée o
<> DBC + DCB = BCD = 90° ¢ DBC = ACE <= AC = AB
Vay khi A 1a di€m chinh giita cla cung BC thi AB + AC lén nhat.

Do cé BC khong d6i, ta c6 bai todn. |
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Cong ty TNHH MTV DVVH Khang Vigl

Bai 1. Cho BC la day cung cd dinh clia duimg trdn (O). A di dong trén
dutng tron (0). Xa dinh vi tri A d€ chu vi tam gidc ABC 16n nhat.
Giai

Thit xét tuf gide ABCD ndi tiép dutmg tron (O)
Goi M, N, Q la diém chinh gita cdc
cung BAD, BCD, MBDP, MADP.
Ta c¢é (AB + AD) + (BC + CD)

< (MB + MD) + (PB + PD)

= (MB + PB) + (MD + PD)

= {MN + PN} + (M@ + PQ)

Do dé: chu vi (ABCD} g chu vi
(MNPQ), MNPQ la hinh ., vudng.
Giup ta cd bai todn méoi:

Bai 2. Ching minh riing trong cdc tu gidc ABCD ndi tiép dudrng trdn (0),
hinh vudng cé6 chu vi Ién nhat.

Giai

Tit bai todn nhan ra AB + AC < T, T khong d6i
Dau “=" xay ra <> AB = AC

2
Ta ¢6 AB.AC < [ﬁ%&q] < T?

1 1 4 4
e e Bt >
AB AC AB+AC T
Gitp c6 cdc bai toan.
Bai 3. Cho BC la day cung cf dinh cfia dutrng tron (O, R). A di déng trén
duting tron (0). X4ce dinh vi tri A dé;
a) AB.AC lén nhat
b} Dién tich tam gidc ABC lén nhat

e) K% + ‘Al—c nhé nhat

Giai
Tit bai todn xét A thuje cung 16n BC, ta c6 BAC <90°, BAC =t,
khéng déi.
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Bdi dudng hoc sinh gidl Tods 9 - Nhife Tic gid

Ve CH L AB tai H.
TPa cé AH = ACcosA, CH = AcsinA.
Nén BH = AB — AccosA
AHBC vudng tal H.
= BC? = BH? + CH?
C? = (AB — AccosA)* + (AcsinA)? B\/C
= AB® ~ 2AB AC.cosA + AC%0s?A + AC%sin’A
= AB? + AC® — 2AB.AC cosA

Do vay AB? + AC? 16n nhat <> AB.AC lén nhdt < AB = AC
Tiép tuc xét A thudc cung nhé BC, ta cé BAC > o0° A 1K
BAC =1, 1 khéng d8i B;‘?QC
V& CK L AB tai K
CK = ACsinCAK = ACsin(180° - BAC),
AK = ACcosCAK = Accos(180° - BAC)
Tuung ty trén co:
BC? = AB? + AC? + 2AB.ACcos (180° - BAC)
AB? + AC? nhd nhét < AB.AC 16n nhét <» AB = AC
Py cé 18 1a mat didu thd vi trong hinh hoc
Né&u A thude cung 16n BC thi AB® + AC? 1én nhat < AB = AC
N&u A thude cung nhé BC thi AB? + AC? nhé nhit e AB = AC
Ching ta cé duge bai todn

Bai 4. Cho BC la ddy cung ¢d dinh cha dudng tron (O; R). A di dong trén
cung nho BC. Xdc dinh vi tri A dé AB? + AC? nhd nhit.

Giai

o

Tim thém cdch gidi cha bai todn,

Chot nhé dén AB.MC + ACMB = AMBC (xét M n&m trén cung BC
khéng chia A) (dinh i Pa-to-18-mé)

Néu M 1a diém chinh giita cung BC. Ta ¢6 MB = MC, khéng dai

Ta c¢6 MB(AB + AC) = AM.BC

AB + AC 16n nhdt < AM l6n nhidt < AM la dudng kinh eha duing
tron (O} < AB = AC
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Ching ta da ¢6 duge i gidi khéce ciia baj todn va cdn giup gidi duge
bai todn téng quat.

Bai 5. Cho BC l1a day cung c§ dinh cla dudng tron (O; R). A di déng trén
dudng tron (0). Xdc dinh vi tri A dé mAB + nAC 1¢n nhéat (m, n 1a cde
s6 duong cho truée).

Giai
Chi cdn chon difm M tréan cung BC khéng chia A sao cho
BM = - CM la dén vai lai giai
m

Tiép tuc tim tbi suy nghi baj to4n sa con dem dén nhiéu didu thi vi nival
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