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GIOI THIEU CHUNG

Xin vran wrong gion thiew o cde Thay, Co gido, cdac Phu v, cing
tocn the cac Em hoc st ho sach:

REN LUYEN KY NANG GIAI TOAN THCS
do Thae si Todn hoe Lé Hong Diic ¢lni bién.
Bo tai lieu gom 9 cuon

Cuon I: Toin 6 — Tap |

Cuon 2: Toin 6 — Tap 2

Cuon 3: Toin 7 —Tap |

Cuond4: Toin7—Tap2

Cuon 5: Toan 8 — Tap |

Cuon 6:  Toin 8 — Tap 2

Cuon7: Toin9 — Tap |

Cuon 8: Toin 9 — Tap 2 .

Cuon 9: 81 dé Toin miu luyén thi Tét nghiép THCS

Bo sdach dicoc viét theo clicong trinh sach gido khoa maoi cua Bé Gido
duc va Dao tao dica trén mot te ticong hoan toan mai me, co tinh sie pham,
o tinh tong hop cao, tan dung dige day di the manh ctia cac phicong
phap giai Toan THCS.

Muic tién cria ho scch:

1. Cung cap cho cdac Thay, Co gido, cdce Phu huynh mot bo gido dan ¢é
chat liomg veé mat sie pham va chita dimyg day du kien thite co ban
ciing nine chuvén sdau, dé san khi tham khdo 6 thé chuyén doi ngay
thanh gico an mang di giang day cho hoe sinh ciea minh.

2. Cung cap cho cdace em hoc sinh THCS yéu thich mon Todn mot b
sach tie hoc tap dé hién va bo ich. No chde chdan sé tra thanh ngiéon
han dong hanh dé’ ginp cac Em clui dong hon trong viée hoe Todn
theo chwong wrinh sdch gido khoa va ma mang kién thirc Todn
THCS cria ban than.

Cac cuon Todan 6, Todn 7, Todan 8, Todn 9 dén od chung mét cau triic,
hao gom hai phiin:
Phan I - S6 hoc hoac dai s6
2 L Phdn Il — Hinh hoc
Maoi phan clita dimg cdac chieong (chiomg 1, chong 1, ). O méi

clicemg chnta ding cde chii dé (chii deé 1, chide 2, ...) theo noi dung ciia
sdeh gido khoa.



Mai chii dé déu dicoe chia thanh 5 mue:

I. Kién thic co bdn ;
Trinh bav ¢é trar ne néi dung kién thite lién quan (trong hdau
hét cdc triomg hop cluing duoe bat dean bang phicemg phep it
van dé) ciing voi nhitng thi du minit hoa ngay sau do.

Il. Cac vidu minh hoa
Gom cde vi du dwge tuyén chon ¢é chon loc nhdam gitip hoan
thién kién thite co ban va ndang cao ky ndang giai Todn.

II1. Cau hoi on tap ly thuyét

1V. Bai tdap dé nghi

V. Huérg dan - Ddp so

Nhue vay, 0 méi chii dé:

1

Var viéc trinh bay kién thite co ban theo kién ddir van dé, ciing thi du
minh hoa ngay scut do, sé gitip ting chat heong bai giany cho cde 1hay,
Cé gido. Va vor cac em hoc sinh sé thay dé hiéu kién thiee mon dé 1o
biét cach trinh bay bai. Diéu nay phi hop vai xu hieemg gicio duc mon
trong cong cudc cdi cach phitemg phap day va hoc theo Iniomg " Lay
hoc tro lam trung tam "

Tiép do, toi cac vi du minh hoa 6 chon loc, sé gitip cac Thay, Co
gido ddn ddat cac em hoe sinh hoan thién kién thire.

Ddc biét la noi dung cria cde chi y, nhan xét va yéu cau suu moi kién
thite ciing voi mot vai thi du va vi du sé giip cdc Thay, Co gido cing
6 nhitmg hiéu biét cluea that thau dio cho cde em hoc sinh, clng voi
cdch nhin nhan van dé dat ra cho cde em hoc sinh, dé e loi mor cach
thod ddny cdau hoi " Tai sao lai nghi va lam nhuwvay ? .

Ngoai ra, con ¢é rdat nhiéu bai todn dicoe giai bang nhiéu cach
khdac nhau sé giip cdce hoc sinh tra nén linh hoat trong viee hia
chon plutomg phap gidi. ) |

Cluing t6i ciing xin tran trong cam on cac han dong nghiép da nhen lon

doc ban thao, nhan lov toi die gicr trong cde tiét giang thie ciia cliing toi theo
gido trinh nay J trén cdac lap 6, 7,8, 9 tai mot so tremg THCS ciia Ha Noi
va nr dé dong wdp nhitng nhan xét qui bau dé gitip claing 10i 161 ngay hont nay
hoan thién dioe ho sdach nay.

Cudi ciing, cho di dd rdt 6" gang, nhimg that khé tranh khoi nhimg
thiéu sot bai nhitng hiéu biét va kinh nghiém con han ¢hé. rdat mong nhn
dicoc nlimg v kién déng gép quy bau cria ban doc gan xa. Moi ¥ kién ddng
gOop xin lién hé toi:

Dia chi: Nhém tic gia Cu Mén do Th.s Toin hoc L.é Hong Diic phu trich

S6 20 - Ngo 86 - Buong To Ngoce Vian - Quan Tay Ho - Ha Noi

Dién thoai: (04) 7196671 hoac 0983046689
E-mail: cumon@hn.vin.vi hodce lchongdue39@ yahoo.com.

Ha noi, ngdy 18 thing 12 nam 2004
Chu bién LE HONG PUC
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CHUONG 1 - CAN BAC HAI - CAN BAC BA

Chuong nay, bao gom:

Can bac hai

Cin thilc bac hai - Hing déng thic VA = A
Lién hé gilia phép nhan va phép khai phuong
Lién hé giua phép chia va phép khai phuong
Bién ddi don gian can thilc bac hai

Rat gon biéu thiic ¢ chiia can thiic bac hai
Can bac ba - Can bac n

i A G



1 CAN BAC HAI

I. KIEN THUC CO BAN
. NHAC LAIMOT SO TINH CHAT CUA LUY THUA BAC HAI

Ta co mot so tinh chat sau:

Tinh chatr 1. Binh phuong hay luy thira bac hai cia moi 86 déu khong am.
Tc 1a, ta luon co:

a~ >0, Va e R.

Tinh ¢har 2. ai s6 bang nhau hoidc doi nhau ¢6 binh phuong bang
nhau. Nguoce lai, néu hai s0 ¢6 binh phuong bang nhau
thi chiing bang nhau hoac déi nhau.

T 1a, ta luén co:
a

a=b < lal=1ble .
a- b

Finli chgr 3. Véi hai s6 duong a, b, ta c6:
a>b’ < a>b.
Tinh char4. Binh phuong cia mot tich bang tich cac binh phuong
cua moi thira so.
Tire 1a, ta luén co:
(ab)’ = a’b’.
Tinh chatr 5. Binh phuong cua moét thuong bang thuong cua binh
phuong cta s6 bi chia véi binh phuong so chia.
Tirc 1a, ta ludn c6:

a, 33'.(—2—] . b. (—(),()5)3:( ]] .
3 100

Giui
a. Taco ngay:
"

33.(---2) _32.2% -y

(=]



b. Taco ngay:

(1Y (sY (1Y sl |
( mm:[ ] :[ ] :( ] L1007 =25,
100 100 100 100°

2. CAN BAC HALCUA MOT SO
D¢ xdy dumg khdi niém can bac hai cia mot s6, chiing ta sé bat diu
voi hai bai todn sau:

Bai todn I: 'Tim canh cta hinh vuong ¢6 dién tich bang 16.
Giat
Goi canh cua hinh vuong la x. diéu kién x > 0.
Tir gia thi€t, ta co:
x*= 16 -5 x, =4 hodc x. = -4, vid = (-4) = |6.
Vay. canh hinh vuong bang 4.
Bai todn 2: Cho s6 thuc a. Hay tim s6 thue x sao cho x* = a.
Giai
Xét phuong trinh: x" =a
ta co nhin xét:
= Néu a < 0, thi theo tinh chit 1. ta ¢o x> 0 do dé khong ton tai x.
= Neéu a > 0, thi theo bai todn | ta thay ton tai hai so thue:
x, >0 v xf =4
X, <0 va xf =a
hon nira, ta con ¢é co x, va x, doi nhau.
Chi y:  Ngudi ta chimp, minh duge rang, vdi moi s6 thuc a > 0 luon
(6n tai 6 thie duy nhat x > 0 thoa min x* = a. Ta ki hicu
x = va va 20i 1 can bic hai s6 hoc cua a.

T do. ta ¢o dinh nghia can biac hai so hoc:

Dinh nghi’a: Cin bic hai s6 hoc ciia moét s6 a 2 0 1a mot s6 x khong
Am ma binh phuong ctia né bing a. Ki hieu v .

x20
x=\f-.;<:>{ ,vaia20.

2
X =a

Thidu 2: Taco:



J16 =4vid>0vad = 16,
JI44 = 12 Vi 1250V (1.2) = 144,
Vf( ~8)" =64 =8 Vi8>0 vi ¥ =64
Chia y: Rt nhiéu hoo sinh nham lan cong, thue:
\J;al © =4, dan i cho rany, V[(- 8) =-8
Can cha v rang;

1

f Y
Ja? = fal; do dé -85 =1-R=&

Thidu 3: Tinh gid tri cua bicu thie:

4 9
M= 0,09 - \f +.01
25 V16
Gidi |
Ta bién doi bicu thic vé dang:

, Y sy 25
M= 0.3)" - + =({).3 -
Jo3) \Z[SJ J[J 57 4

6-8+23 23
1 5 4 20) 20

'l
9
n

~ Ev s e . =24 / a O N { s .
Chay: |, thay rdng, s0 - va <0 la s6 d6i cua vVa, vaia > 0. Va so
~+/a duge poi la can bac hai am cua a. Vav, moi <6 thue

a > 0 ¢o 2 ¢dn bac hai la hai s6 doi nhau, trong, do:

" \/u > () goi la can bac hai s& hoe hay con goi la ¢an
bac hai duong, cua a.

. - \/il <0 goi la can bac hai am cua a.

Thidu 4. Trong cic so \/(—3)“’ & L \fl- ., = \:’IB3 sO nao la can
bic hai s0 hoc ctia 9.
Giai
Cic s6 J(_3)3 . \/3" , la can bac hai s6 hoc cua 9 boi vi:
J9 = J(-3)? =350va 9 = V3! =30
Tém lai:

13



Mot cach téng quét trén R:
1. Moi s6 duong a > 0 ¢ hai can béic hai 1a hai s6 d6i nhau:

= Ja>0 go; 12 can bac hai s6 hoc hay con goi la can bic hai
duong ctia a.

= —+a <0 goilacan bic hai am cua a.
2. SO 0 c6 can bac hai duy nhat 1a 0.
3 S6 am khOng c6 can bac hai.

I1. CAC Vi DU MINH HOA

Vidu 1. Tinh gid tri ca céic biéu thirc sau:
4
J016+J—- b. \/ 1 Jose.
25 16
Giai
a. Taco: . _
- ry - AT s 4
J0,16+\[ = J0,4) + [3J PR B .
25 5 5 § 5
b. Tacé:
1 = 7 323
3-— —40,36 = 06 — .
J 16 v \/( ) - (067 405 20
Vidu2. Tim x, biét:
, 16 c. 4x*=0,16.
3. K=
b. x*=3 d (x-1)
Giai
a. Taco
2
, 16
o218 =(¢i) . |
9 3 3

W
e —

: ; . 4
Vay, tap hop nghiém cua phuong trinh 1a S = {—3 -

b. Taco:

14




x*=3=(+J3) e x=+3.
Viy, tap hop nghiém cua phuong trinh [a S ={ J3:-431.
¢. Taco thé bién déi theo hai cich:
Cach 12 Ta co:
4x* =016 = x*=0.04 = (£ 0.2y = x =+0.2.
Viy, tap hop nghiém cua phuong trinh la S ={0,2; -0,2}.
Cdch 2: Taco:
4x°=0,16 = (2x)' = (x 04) ©2x =104 = x =+0,.2.
Viy, tap hop nghiém cia phuong trinh 1a S ={0,2; -0,2}.

d. Taco:

(x=1)= ! =(i]} ox-1=% ! f:::>x=-4 hoz}cx:-z
9 3 3 3 3

4 4
Vay, tap hop nghiém cua phuong trinh 1a S = { : : 3—}

Nhan xét:  Nhu vdy, thong qua vi du trén ching, ta da lam quen duoc
vdi viée sir dung khai niém can bac hai dé im nghiém
cua phuong trinh, Tuy nhién, ching ta mdi chi bt dau vai
phuong trinh dang x* = a’ hodc can bién doi d6i chit dé co
dugc dang nay. Vi du tiép theo sé nang, muc Liép can cho

chung ta.
Viduld. Tim x, biét:
2. x’=4-243. c. 2x-1y=/[1-2xl.
b. x*+4x=23-1042. d. (x-2Y+(@2x+1)'=0.

Gidi
a. Ta bién do6i phuong trinh:
xX’=4-243=3-2y3 +1=(J3)7-2V3 +1=(J3-1)
ox=+(3-1)x=+3 —lhoacx=1-+3.
Vay, tap hop nghiém clia phuong trinh 1A S={ 3 — 1 1 - /3 }.

b. Ta bién d6i phuong trinh:
15



XX +4x +4=25-102 +2 < (x+2)=(5- 2
Sx+2=+(5-2)e>x=3-+2 hoacx=+2 - 7.
Vay, tdp hop nghiém cua phuong trinh 1a S ={3 - J2: 42 - 7).
c. Nhan xét rang (2x — 1)* = |1 - 2x|°, do dé phuong trinh duoc viét dudi
dang:
l1-2xI*=l1-2x| & l1-2x|(J1-2x| -1)=0
1-2x=0 x=0/2

1-2x=1 & (x=0

1-2x1=0
&
[1-2x1=1

| -2x = -1 x =1

Vay, tap hop nghiém cta phuong trinh 1a S ={0; _I) 1)

-

d. Vi v€ trdi 1a tdng cha hai binh phuong (hai s6 khong am) nén phuong
trinh twong duong véi:

{x -2=0 REL N ,
| , diéu nay khong xay ra.
2x+1=0 X =~
2
Viy, phirong trinh vé nghiém.
Chid y:  Chiing ta da biél rang:
al>0vab’>0=>a+b'>0
diéu d6 cho thay:
a’+b’=0¢>a=0vab=0.
Vidu4. Tim x, biét:
x* = a (hiing s0).
Gidi
Vé&i phuong trinh:
x* = a (hang s0)
ta di x¢ét ba trudng hop cua a.
= Né&u a > 0 thi tap hop nghiém ctia phuong trinh 12 S={ Va; —Va |.
= Néu a =0 thi tap hop nghiém ctia phuong trinh 1a S ={ 0}.
* Néu a <0 thitap hop nghiém cua phuong trinh 1a S= @.

16



Vidus. Sosinh cic so sau:
x =43 vay=34.

Giai
Ta co:
x’=(443) =163 =48.
y'=(3vJ4)=9.4=36.
Nhin thily x>y, ma x va y duong nén x > y.

Nhan xét:  Dé so sanh hai s6, nhiéu khi ta ¢an so sanh binh phuong,

cua chung, Khi do, can luu v:

a’=b’ < |al = |b| | i
M|

a>b o |al > Ibl

Cic két qua trén sé cho phép chiing ta tim duoc nghiém

cua bat phuong trinh.

Vidu 6. Tim gid tri coa x, biét:

; 2 1 1
a. x> 16. e, KEE .
b. x°<25. 3 .
d (x-1)=24.
Giai

Ta biét vai a > 0 thi:
x’>a'es [xl>a va x*<a’e x| <a.
a. Taco:

: - X >4
x> 16=4"¢s x| >4 e

X <
b. Ta co:

x’<25=5" |x| <5 -5<x<5.
¢. Taco:

bl

y 1 | I

l a
X" & == =~ & = - X < .
3 ( 3) V3 V3

d. Tacé:

IA

; ; x=1>2
(x-l)'24=2“¢3|x-ll>2<:>[
x-1<-2

d

x>3

x < -1

17



Chui y:  Cac em hoc sinh can than trong khi giai dang bai nay vi ¢o
thé mac phai sai ldim dan dén lam mat nghiém

>4 <> x>4
hodac thua nghiém
x° <5 ¢»>x<5,
Chung ta sé tiép tuc vdi cac bat phuong, trinh phuce tap hon
trong vi du sau.
Vidu7. Tim gid tri cua x, biét:
a. x +2x -3>0. b. 4x" -4x < 8.
Giai
a. Ta bién déi:

XX+2x-350 X+ 2+ 1 >4 (x+ 1) >2°

x+1>2 x>l
@L+l<—2 = L( =3
b. Ta bién doi:
4x* -4x <10 24X’ -4x + 1 <9 (2x - 1)’ < 3°
S-3<2x-1<3&-1<x<?2.
Vidu8. Chimg minh rang gia tri ciia cdc biéu thic sau khong am:
a. A=I15x"+(x"-4x +4).
b. B=x(x>+6x +9).
Giai
a. Viét lai:

A= 15x*+ (x=2).

Ta cé:
15x>>0:;
(x=2)'20.
suy ra:
A=15x+(x-2)20.
Trong truong hop nay ddu " = " khong xay ra do x khong thé dong

thoi nhan hai gia tri: x=0 va x=2. Vay, ta duoc:
A=15x"+(x-2)">0-dpcm.
18



b. Taco:
x*>0;
X 4+6x+9=(x+3)Y20.
suy ra:
B=x%(x+3)2=0.
Dau " =" xay ra khi va chi khi:

x* =0 |:x=0
== :
(x+3)=0 [x=-3

Chi ¥:  Trong bai toan chimg minh gia tri cac biéu thic khong am
ching, ta ¢6 géng phan tich biéu thitc thanh téng hay tich
cac binh phuong. Cing 6 thé st dung, phuong phap nay dé
tim gia tri 1dn nhat, nho nhat cda mét biéu thice nhu trong,
vi du sau.

]

Vidu9. Tim gid tri nho nhat cta biéu thic:
A =x"— 8x +3.
Giai

Ta cé:

A=x"-24x +4-13=(x -4)" - 13.

Do (x —4)*> 0, suy ra:

A=(x—-4)y-13>-13.

Vay min A = —13 khi vachi khi (x —4)’=0 ¢ x =4,
Nhan xét:  Tur dinh nghia vé can bac hai, chiing ta ¢6 md rong;
B=>0
A=B" "’

JA =JB e A=B20.

Két qua trén sé dugc sur dung nhiéu trong bai toan giai
phuong, trinh.

«/K:Bc:::

Vidu 10. Giai cdc phuong trinh sau: -
a. \/;:_l:= 3. c. Vx?-3x+2 =2x* —3x+1.
b. V2x+1 =x+1.

Gidi

a. Bién déi twong duong phuong trinh vé dang:

(Vx-1y=3Fox-1=9=x=10.
Vay, phuong trinh ¢6 nghiém x = 10.
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b. Bién doi twong duong phuong trinh vé dang:

x+120 x> -1 x 2=l
, S s =28 > x =0
2x+1=(x+1) 2x+1=x"+2x+1 x" =0
Vay, phuong trinh c¢6 nghiém x = 0.
¢. Bién déi tuong duong phuong trinh vé dang:
x°=3x+220

X3Xx+2=2x-3x+ 120 ¢ i
X" =3x+2=2x"-3x+1

X" —3x+220 X" -3x+220 _
& &> % =%

x* =1 X:= %l
Viy, phuong trinh ¢6 hai nghiém x = £1.

1. CAU HOI ON TAP LY THUYET

Cau hoi 1: Nhic lai mot s6 tinh chét cua luy thira bac hai va chiing

minh cdc tinh chat dé.
Cau hoi 2: 1lay xay dung khdi niém can bac hai cia mot s6.
Cau hoi 3:  Phdt biéu dinh nghia can bac hai s6 hoc cia mot s6.
Cau hoi 4:  Néu két qua tdng quat trén R.
IV. BAI TAP DE NGHI
Bai tap 1. Thurc hién phép tinh:

a. ( 5). If -7J-. b. (-0, 25)3:( 0 ]
LS 100
Bai tap 2. Tin x, bict:
voxay, c. 4 +1=8-26.
bi = =y 2, d xX+1=6-2+6.

Bai tap 3. So sduh cic cap so sau:

d U3 va 0,205, c. 243 va3y2
T ' |
L 1 va 2 A 2
V2 Vs d. GJa va 7\/6
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Bai tap 4. Chimg minh cdc bat phuong trinh sau nghiém ding véi moi x

a. X"+ 12>2x. ¢ Xx-DEx~1
b. 2x°+2x-1> - 15 d. 9x"+6ax+a +8>0,ala hang so.
Bai tap 5. Tim gid tri cua x biét:

a. x* 225:x% <25; c. x'=1<9:;

b. x*+2x-52>0: d. x’+ 6ax +9a’ -4 >0, a la hang s6.

Bai tap 6. Tim gia tri nho nhat cua biéu thic:
A=8+ \/x3+3x—4.

Bai tap 7. Tim gid tri I6n nhat cia biéu thic:
A=11-Jx?+7x+6.

Bai tap 8. Tim gid tri nho nhat cha biéu thic:

a. A=5+ Vx2—3x+9. c. C=+x?-Tx+6-25

b. B=vx?-7x+5. % DX ekl
Bai tap 9. Tim gid tri 16n nhat ctia biéu thic:

a. A=15-Vx?—4x+13. ¢. C=12- Vx?—-2x+1.

b. B=-3x"+6x — 15. d. D=17+10x - x>
Bai tap 10.  Giai cic phuong trinh sau:

a. V2x-1=1. 6. Wx? =4 = x> =2x .

b. \&—’+g =x+ .

V. HUONG DAN - DAP SO
Bai tap 1: Hoc sinh tie lam.

a. 49. b. 62§
9
Bai tap 2: ’
a. S={3;-3}.
b. S={2;-2}.
c. Tacé:

4 +1=8-2J6 & (2x)P=7-2J6 =6-2J6 +1=(6 -1
o2x=t(J6- 1) x=1 -;l!(\/b - [

Vay, tap hop nghiém ctia phuong trinh 13 S= | ; (Vo-1y;- ; (V6 -1

)3

)}
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d. Taco: |
X+ 126-276 ©x*=5-2J6 =3-2J3.J2 +2=(/3-V2)
o x=+(/3-42).

Vay, tap hop nghiém cta phuong trinh 12 S = | J3 -2 : 243}
Bai tflp 3:

a. 0,3>0,205). c. 243 <342,

b. 4\[. >2J : d. 6\/?— <7J2.
4 6

Bai tap 4:

a. Tacé:

XC+HI2xxox -2x+120x-1)20
Vay, bét phuong trinh ¢6 nghiém ding véi moi x.
b. Tacé:
2xX°+2x =12 - 15 2x+2x-1+1520
S22+ 2xXx+ 1420 2(x*+x+7)20

< xT+ 2. lx+l+7’— |—20c>(x+l—) +gz >0
2 4 4 2 4

Vay, bat phuong trinh c6 nghiém ding véi moi x.
c. Tacé:
X(x*-D2x-lex’x-1)-(x"-1)20
SX-DX*-N20ax =120
Vay, bt phuong trinh ¢6 nghiém ding véi moi x.
d. Tacé:
Ox*+6ax +a’+8 >0 (3x +a)’+8 >0
Vay, bat phuong trinh ¢6 nghiém ding véi moi x.
Bai tap S:
a:.Taco:

s X295 .
X~ 225& vax  <25& -S5<x<S.
X <=5

Do dé, khong tén tai x.
b. Tacé:

X3+2Xx-520 x4+ 2xX+1-620= (x+1)’-620
x+12Jg - szg—l_
x+ls—~/€ xs-JE—l_

¢:>(x+l)226<::>[

c. Tacé: !
xX-1<9ex’ <10 -V10 <x</10.
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d. Taco: ,
X"+ 6ax+9a’ —4>0 (x+3a) -4>0
Xx+3a>2 |:x>2w3a
=

< (x+ 3a) >4
X +3a<-2

x<-2-3a
Bai tap 6: Taco:

Jx“‘ +3x-4 20 =8+ x_2 +3x"—_-fi > 8.
Vay, A, = 8, dat duoc khi:

\/;_24:3;#—_4_ =0=x"+3x-4=0 [xz
X

Bai tap 7: Ta co:

Jx2 27546 S0 =—xd & T +6 SO=11- N2 + Tx % 6 <11
Vi.‘ly‘ ma nhiit = l l' dat duoc khl

\/xl +7x +6 =0<:>x3+7x+6=0<:>{

Bai tap 8:
a. Taco:

X-3x+9>0=5+ \&3 ~-3x+9 >5
Vay, A khong ¢6 gid tri nho nhat.
b. Tacé:

Jx2 —7x+5 0.
VaY" Anhu nhat — U‘ d'dl duqc khl:

x2—7x+5=0c:>x3—2.---x+i9~—§ =0
2 4 4
( 49}3 29 ( 49]2 29
S x—-——| —-— =0|x-—| = —
" 4 4 4 4
_V29 49 | _2429+49
=y 2_ 4 4 ;
J29 49 ~2.29 + 49
X=————+-—— X =— -
L 2 4 L 4

¢. Taco:

Jx2 —7x+6 20 Vx2 -Tx+6 —=25> - 25
VaY' Anhﬁ nhat — _259 dat dl.l'(_’(.' khi:

, =]

X" —Tx+6=0& [x

x=6
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d. Taco:
X2-6x+11=x"-23x+9+2=(x-3)+22>2
Vay, A, = 2, dat duoc khi:
(x-3y=0x=3.
Bai tap 9:
a. Tacé:

Viy, A khong cé gia tri 16n nhat.
b. Tacé:
“3x>4+6x — 15=-3(x"-2x + 3) f
==3(x-1) +3.2 ==3(x - 1)
Vay, By, sy = 6, dat dugc khi:
(x-1Y=0x=1.
c. Tacao:
12-VxZ—2x+1 <12,
Vay, C, o = 12, dat duoc khi:

\/xz—i:f =0ox=1.
d. Taco:
17+ 10x - x*= —(x - 5) +48 <48

Vay, Dy, e = 48, dat duoc khi:
(x-5=0cx=5.
Bai tap 10:
a. Bién d6i tuong duong phuong trinh vé dang:
(V2x-1y=Pe2Xx-l1=12x=2cx=1.

Vay, phuong trinh c6é nghiém x = |.
b. Bién ddi tuong duong phuong trinh vé dang:

x+120 x2-—1
X" +5=(x+1) X" +5=x"+2x+1

S x =2
Vay, phuong trinh ¢6 nghiém x = 2.
c. Bién déi tuong dugng phuong trinh vé dang:

, , x-—-4>0 X’
X=4=x"-2x20 ¢ | ; =
' X" =4=x" -2x

Viy, phuong trinh ¢6 nghiém x = 2.
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cny BE CAN THUC RAC AT
2 HANG PANG THUC /A =i

I. KIEN THUC CO BAN
1. NHAC LAI GIA TRI TUYET DOI

Ta cé:

Gid tri tuyét dsi ciia biéu thute a dige xac dinh nhie sau:

Ial={an€u320

-anéua<0

be = Talc(_’,;“- 3 -
lx—ll--{ x -1 né’ux—lz()z{x—lné'ule
—(x=1)nfux-1<0

|-x néux <1

2. PIEUKIEN BE VA €O NGHIA

Ta cé ngay:

[ VA chicé nghia khi va chi khi A 20,

Thidy 2: Véi gid tri ndo cia x thi ¥2 - x ¢6 nghia ?
Giai

Pé V2 -x c6 nghia, diéu kién 1a:

2—x20&x<2.

Vay, véi x < 2 thi J2-x ¢6 nghia.
Thidu 3: Tim diéu kién ciia x dé V= 2x + 1 tén tai ?
Gidi

Dé V-2x +1 16n tai, diéu kién Ia:

-2x+1202x-1<02x <

1N | =

Vay, J=2x +1 t6n tai khi va chi khi x < ; :



»

3. HANG PANG THUC VA? = |A|
Ta c6 két qua:

5 Anéu A20
VA® =IAl= :
~A néu A<O

Thidu 4: Tu két qua trén ta thay:

J-8)F =1-8] =38,
J3-12 =13 -1l =3 -1,vi V3 -150. |
Jo2 =B =B =Bl =B =22 - B <o

Thidys: Tinh:
a. \/a4 ; b. \/(x—fi)"’ :
Giai
a. Taco:
\/a" = \[(az)2 = | a’| =4’ via’>0 véi moi a.
b. Taco: :
= X=3néfux-3>0 X-3néux>3
J(x—-3)“ = |x-3|= ! = _
—(x=-3)néux-3<0 3-x néux <3
Thidu 6: Tim x, biét:
a. \[(x+l)" =9, b. \/(x—3)3 =3-X.
Giai
a. Tacé:

\ﬁx_;-lgi =9 Ix+11=9

{x+l=9né’ux+120 [x=8né’ux2—l
= &

—(x+1)=9néux+1<0 x = =10 néux < -1

Viy, ta nhan duoc hai gidtrix =8 vax = —~10.
b. Tacé:

Jx=-3)? =3-xe |x-3l=3-xox-3<0x<3.

Vay, nghiém cua phuong trinh la x < 3.

-

Cha y:
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I1. CAC VI DU MINH HOA
Vidul, Tinh [x"—3x+2].
(;f‘rf."
Ta co:
. x° —3x+2nfux’ -3x+2>0
|x*-3x +2| = { ]

—()c2 —3;v:+2)né’uxJ -3x+2<0

X" —=3x+2néux=2hoacx < |
~x?+3x-2néul <x <2

Vidu 2. ‘Tim cdc gia tri cua x dé biéu thic sau ¢6 nghia:

a. A=—“—.:l - b. B= szjl

VSx+10 3x2 -5x+2

Giai
a. Dé A co6 nghia, diéu kién la:
S5x+10>0=x>-2.
Vay, véi x > -2 thi A ¢6 nghia.
b. Dé B co nghia, diéu kién la:

|
> -
2x+120 =T
3 c}"
3x“-5x+2=%#0 2
x;tl;x;t-‘_i-

- L I -~ 2 -~ o —
Viy, vai x > — S vax# I; x # 3 thi B c6 nghia.

- -

Vidu 3. Tim cdc gid tri cia x dé biéu thic sau c6 nghia:
a. A=\/x2-~3‘¥6. c. C_\/Z—x_‘
b. B=/x?—4x+3

Giai

a. Dé A c6 nghia, diéu kién la:

x'-3620= %26 |x|>6.

Viy, v6i | x| = 6 thi A c6 nghia.
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b. Dé B co nghia, diéu Kién la:
x:—4x+320<::>x3—4x+42lc:>(x—?.)321c-.:>|x—2|21

X-221 x>3
> < .
Xx-2<-]| x <1

Vay, vdi x > 3 hoic x < | thi B co6 nghia.
c. BDEéC co nghia, diéu kién la:
2=x
%=a
ta di 1ap bang x¢ét diu, dua trén:

>0

2-x=0x=2

x-3=0x=3

nhu sau:
X o 3
2 - x + 0 . | =
X-3 = | = 0 +
=% _ 0+ .~
x—=23

Tur do., suy ra:
2_x2()¢::>25x<3.
x—-3

Vay, vdi 2 < x < 3 thi C ¢6 nghia.
Vidu4. Tinh:

a. \[(U,O‘:l)“1 ) . \/(Jz B liz _
b, \/[2] . d. J3-2)".
3
Gi(ﬁ
a. Taco: : '
J0,09)> =10,09 | =0.09.
b. Tacé:
SRS
3 3] 3



¢. Taco:

JW2-1 =12 -1l =42 -1, vi V2 =150,
d. Taco:

JW3-2% =143 =21 =2- 4/3,vi2- 3 <0.
Vidu3s. Tinh:

J-x-“ : c. X+ \/xi-_.2x+l.
N e . xty+fin o
Giai
a. Taco:
\/;(6_ - J(;(‘) 1] = { x': né'ux‘:z 0 _ { x: né'flx >0 |
-x" néux <0 -x néux <0
b. Taco:
Vxl-4x+4 = Jx-2)? =
Xx—-2néux-220 X—=2néux =2
- {—(x—Z) néfux-2<0 - {2—-:& néux <2
¢. Taco:
X + w/x-‘?_:ZxH =X+ \/(-x‘—l)i =x+|x-1]
X+x—1 néux—-120 [2x-1néux2>1
={x—(x—l)né'ux-l<0={l néux <1’
d. Taco:

_Jx+y+x-y néux-y20 |2x néux=2y
N x+y—(x—y)né‘ux-—y<()-—
Vidy 6. Chimg minh rang:
———— RN = —— : f >
\[_+2\/x—l + Vx-2Vx -1 ={§ﬁ } nEax g 2

néul <x <2

2y néux <y

Gftﬁ
Ta cé:
P=yx—1+2¥x 1 +1 + Yx=1-2Vx -1 41
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= ST+ J(x—t1 =12 = VX1 + 1 +1dx =1 -1
w/x—l+l+~f>-c“—l—l néuvx —1-120
Vx—1+1-vx—1+1néuvx—1-1<0

(2%~ 1 néuvx-12>1 _ J2Vx =1 néux 121

p: néuvx -1 <1 2 néu0<x-1<l
[24x =1 néux 22
=3 ] , dpcm.
2 néul <x <2
Vidu 7. Cho biéu thic:
5 o \[9)( =& 6x+1
9x*

Tim tap xdc dinh cua A.
b. Riit gon biéu thirc A.
c. Tinhgidatricha Ataix = 1.

d. Tim gid tri ctia x dé A = ; :

o

e. Tim gid tri cua x dé A <0.
Giai
a. Diéu kién dé biéu thitc A c6 nghia:

9x? —6x+120 Bx-1%=0 1
5 = SX#FEX -
Ox~ =120 Bx-D3Bx+1)20 3
b. Taco:
Ao VOxi-6xel _yex-np? P
9x2 -1 9x% — | BGx-13x+1)’
[ (
—-~l~ néul3x-1>0 ——l— néux > - l
_ 3x +1 = 3x+l 3
L néuldx-1<0 ——— néux < I
[ 3x + 1 (3x + 1 3

P l
c. Vaix=1> -, taduogc:
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- I PRI
d. D¢ A= 3 ta ¢o hai truong hop:

T'ruonyg hop 1: Néu
I |

S—_——— 3=3x+1
3x+1 3 2
< L ] ] <X = .
x>l x>-i 3
3 2

Trwong hop 2: Néu

ol :l- =3=3x+1 ‘
3x+1 3 4
3 T 1 EX== -,
X(—l lX('_";' 3
3 -
- 2 i 4 . |
Vay, vai X = 3 hoac x =—— thiA = 5
e. Taco:
|3x~l|
A< - —<0 (1)
Ox- -1

3x-1%#0 G I | |
& ¢:>9x'—l<()<:::>|x|<g<::>—3-<x<—.

Vay, vai —!<x< ! thi A <0.
3 3

Chiy:  Ocau nay ta c6 thé lam cach khac nhanh hon nhé viéc danh
gia dugc:

13x =1/ >0 (TXD: x:i;)

Do do:
(eI -1<0e | x| < ! o = —31—<x< %
Tong quat: Trong trudng hop bat phuong trinh tich phiic tap ta c6 thé lap
bang xét dau.
Vidus.
a. Chimg minh bat ding thiic:

Va? + b2 > Ja+b)? .
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b. Tim gid tri nho nhat cta biéu thic:
A= \/(2006 - x‘)_" + \/(2(_)()55 = x)‘; :
Gidi
a. Xét bat dang thiic, vi hai vé& khong am nén binh phuong hai vé ta dugc:
a’ +b*+2+a2 .Vb? >(a+b)’ < 2labl> 2ab, luon ding.
Vaiy, bit ding thic duge chimg minh va ddu " = " xay ra khi:
a.b > 0, tic la khi a va b cling dau.
b. Ta viét:
A=+2006 - x)* +/(x - 2005)? > /(2006 - x + x —2005) =
V.-;y, A, = |, dat duoge khi:
(2006 - x)(2005 — x) = 0 < 2005 < x < 2006.

Nhan xét: Trong, cdu a), chung ta da su dung, phép binh phuong d4é
khu can, réi tir 46 nhan dude bat ding thic dung Tuy
nhién, ta ciing, ¢6 thé chimg minh bing, cach bién d6i:

Va2 + Vb2 2 Ja+b)? <> |a| + [b] > |a+b]

Ta thay ngay, bat ddng thitc trén luon diing, (vi da dugc ching
minh trong, phan bat dang thic chita dau tri tuyét d6i).

Vidu9. Giiicic phuong trinh sau:
dx—2dx+1 =2. b. Vx-2vx—1 = Jx—1-I.
Gidi

a. Bién déi phuong trinh vé dang:
JWx =17 =21 Jx —11=2
Vx-1=2 Jx =3
| &
Jx -1=-2

Viy, phuong trinh ¢6 nghiém x = 9.
b. Bién d6i phuong trinh vé dang:

Jx—D-2dx—1+1 =x—T-1e J(Wx—1-1)° =Jx=1-]
SIvi—1-ll=Vx-1-1& x-1-120¢ Jx-1 21

ox—12lex22.
Vay, phuong trinh ¢6 nghiém x > 2.

- o>x=09.
Jx ==1vo nghiém
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Vidu 10. Tim x, biét:
a. Jx-2 +2=x. b. vx-1 +1<x.
Giai
a. Diéu kién c6 nghia:
x-220x22. _ (*)
Bién d(’5i phu‘ong trinh vé dang'

=(Vx-2Y & Ix-2(/x-2-1)=0
Jx-2=0 x-2=0 x=2
& & R < , thoa man (*).
Jx-2-1=0 |[Vx-2=1 |x=3
Vay, phuong trinh ¢6 hai nghiém x =2 va x = 3.
b. Diéu kién cé nghia:
x=-120x21. (*)
Bién doi bat phuong trinh vé dang:
V-1 <x-1e Vx-1 s(¥x -1V e Vx-1(¥x-1-1)20
Vx-1=0 x-1=0 x=1 .
& &S| P , thoa man (*).
Jx-1-120 [Jx-121 [x22
Viy, bat phuong trinh cé nghiém x = | hoac x = 2.
III. CAU HOI ON TAP LY THUYET
Cau hoi 1:  Néu dinh nghia gid tri tuyét déi ctia a. Ap dung dé tinh 12x - 5.
Cau hoi 2:  Viét diéu kién cia A dé VA ¢6 nghia.

Cau hoi 3:  Viél h:mg diang thic \[1\2 |Al. Ap dung dé tinh

v(’x -1* .
IV. BAI TAP DE NGHI
Bai tap 1. Tim tap xéc dinh clia cic biéu thiic.
a. A=+5x+40. .. C= J”xwl
~6x +9
2x +3x +1
b. B= ———— o 3x i |
sz -4 d De—-feee
sfx 4—123

'
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Bai tap 2. Riit gon biéu thiic:

o Az Yxr2V3s3 o oo Yow
X" -3 X" -5x+4
b o VX' 5x+6 4 Bt
Vx =2 \/Zx“+6x+l

Bai tap 3. Giai phuong trinh:

i yx+2dx 1 =3, ¢. Jx-2Jx+1 =Jx i,

b. \/;-l‘xz—4x+-l =1 -2x. d. Jx-—.-'l‘:/x_—_é_—_lzx/i—i—l.
Bai tap 4. Cho biéu thuc:
=6 < L+ A TR
a. Ruit gon biéu thic A.
b. Tinh gid tri biéu thitc A véi x = 5.
c. Tim gid tri cua x dé biéu thic A = |.
Bai tap 5. Cho biéu thic:

L A=x+8-Jx’-6x+9
a. Ruiit gon biéu thirc A.
b. Tinh gid tri biéu thitc A vdi x = — |.

c. Tim gid tri cua x dé biéu thic A = 0.
Bai tap 6. Tim x, biét:

a. V2x-1 +1=2x. b. V3x-2 +4<6x.
Bai tap 7. Giai phuong trinh:

i Wx? —Sx+8=72 b. Vx+1-v2-x=0.
Bai tap 8. Giai phuong trinh:

a. \lxz——x+l=x+l. b. Jx3—2x+3=x+5.

Bai tap 9. Giai phuong trinh:
a. SVYx-2=x+2. b. 3\/“2‘;:*1::2)(—.5.

34



V. HUONG DAN - DAP SO
Bai tap 1: Tim tip xdc dinh cua cic biéu thic.
1. De A c¢o nghia:
5x+4020¢ x> - 8.
Vay, TXD: x =2 - K.
b. D¢ Bco nghia:

5 X >
x-—4>()<:>[

Viy, TXD: | xI > 2.
¢. bé Cco nghia:
J2x+420 @{xgﬁ‘)
lx3 -6x+9%0
Viy, TXD: -2 <x # 3.
d. D¢ D o nghia:
X"+ 12320, Vx
Viy, TXD: xe R.
Bai tap 2:
a. TXD:
x*=3#0ex#+4/3.

Ta co:

A= \/xl-+2\/3x+3 _ \/(Xilx/fi)i- _ t" V3
xt=3 i =3 x* 3
Ta xét hai truong hop:
Tricomg hop 1: Néux + V3 >0 x >—+/3.
Ta c-!uqc:
x ++/3 l

A= - & )
(x +V3)x-v3) x-+3
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Triong hop 2: Néu x + V3 <0 x<-43.

Ta duoc:
A= . _‘!_’F_t‘_/j) __
(x+V3)x=43) x4
TXD:
x22
Ta cé:
po VX swie _Jx-2-3 o
Vx -2 Jx—;
TXD:

X*-5x+420=x =1, x #4.

Ta co:

Jx-9? _ Jx-4?  ix-al

D T T hivd DDA G-
Ta xét hai truong hop:
Trieong hop 1: Néux -4>0< x> 4.
Ta duoc:
. 2% _ 1
(x-I(x-4) x-1
Triong hop 2: Néux -4 <0 x <4,
Ta duogc:
C= —-(x-4) _ -1 .
(x-ID(x-4) x-1
TXD:
Vx € R\[-1/3} (do9x*+6x+ 1 =(3x + 1)’ =0).
Ta cé:

D= 3)_(+l 3x+_l 3x + 1

Vox* +6x+1  (Jax+1)2  13x+10



Ta xét hai truong hop:

. |
Tricong hop I: Néu3x+1>0& x> — -

Ta duoc:
3x+1

D=———=],
3x + 1

Truong hop 2: Néu3x + 1 <0< x < _% :

Ta duoc:

Bai tap 3:
a. Bién doi phuong trinh vé dang:

Jx+) =3 |Jx +1l=3Jx +1=3

o Jx =2ox=4.
Vay, phuong trinh ¢6 nghiém x = 4.
b. Bién déi phuong trinh vé dang:

J(ix‘—l)2 =1-2x < | 2x-1| =l-2x<:l—2x£0<:>x2—;.

Viy, phuong trinh cé nghiém x 2>

B | -

c. Bié€n déi phuong trinh vé dang:
Jx =1y = Jx-1e | Vx=1]=Vx-1 e Jx-120

o Jx 21ax21.
Vay, phuong trinh ¢6 nghiém x = 1.
d. Bién d6i phuong trinh vé dang:

Vx-2-2x-2+1=x-2-1 J(Wx=-2-1)? = yx-2-I
e | fx=2=1| = Jx=2=le> Yx=2-130x -2 3

Sx-221 < x23.

Vay, phuong trinh ¢6 nghiém x 2 3.
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Bai tap 4:
a. Dicukién ¥x € R do:
X" = dx +4 >0 (x —2) 20 luon ding.
Ta co:
A=6x-1+Vx> dx14=6x-1+ V'I{\A— 2y
=6x-1+|x-2] =
Ta xét hai truong hop:
Tricong hop I: Néux-220¢>x 22,
Ta duoc:
A=6x-1+x-2=7x-3.
Triwong hop 2: Neux - 2<0e> x < 2.
Ta dugc:
A=6x-1 —(x-2)=5x+1.
b. Voix =5,1aco:
A=7.5-3=32.
c. DEA=1,tacé:
Triwong hop 1: V& x = 2 thi

4 A
Ix=3=1l¢e>x= = khong thoa man.

Tricong hop 2: Vi x < 2 thi
*S5x+ | =1 <> x =0, thoa min.
Viy, x =0 thoa man di¢u kién dau bai.
Bai tap 5:
a. Diéu kién:
X" = 6x +9 >0, luon ding.
Ta co:
A=x#8— YxZ-6x+9 =x +8*—\/(_x_—.3)3 =x+8-|x -3l
Ta xét hai truong hop:
Tricong hop 1: Néux —32>0 & x > 3.
Ta duoc:
A=x+8-(x=-3)=11I.
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[

G

Tricomg hop 2: Néu x - 3 <<= x < 3.
Ta duoc:
A=x+8 - (3-x)=2x+5
Vairx =3 taduoc A =11

PeA=0v0i X < 3. taco:

N+5=0 2=~

<9 '

Vay. X = ] thoa man dicu Kién dau bai.

Bai tap 6:

d.

Bicu Kicn ¢o nghia:

2x - 120 x> l
o)

Bién doi phuong trinh vé dang:
V2x -1 =2x-1 & 2x =1 =(2x - 1)
& V2x-1(Jx-2-1)=0

rIZ)('—I:() 2x—-1=0
2x-1-1=0 2x =1 =1

(*)

|
X = - .

2 . thoa man (*).
%=1

. - ; [
Vay, phuong trinh ¢6 hai nghiém x = > vax=1.

b. Diéu kién ¢6 nghia:

2
3x-220¢x> :; ,
Bién déi bat phuong trinh vé dang:
V3x -2 £2(3x -2) & V3x -2 <2(+/3x
e VIx-2 (2 Y3x-2 - 1)>20
V-2=0 |20

[ e famml s L
Wik T3-120 |Vix-22]

2

—

Viy, bit phuong trinh ¢é nghiém x =

w9

hoac x 2

(*)

,_2]:
2

X =

3

x=>3/4

3
3
4

. thoa man (*).



Bai tap 7:
a. Tacé thé lua chon mot trong hai cdch trinh bay sau:
Cdach 1: Gidi theo kiéu ddt diéu kién ¢6 nghia réi bién doi.

Dicu kién: Vx € R do

> ().

RS |

- s
X" =5x+8=(x- )+
2

Ta cé:

Vx? -5x+8=2c> Vx2 -5k +8=2
, , x =1
<:>X'-5x+8=4<:>r—5x+4=()<:>[ .
x=4

Vay, phuong trinh ¢6 hai nghiém x = 1 va x = 4.

Cdch 2: Gidi theo kiéu bién doi neong chcong.

X’ -5x+8=4ox-5x+4=0& [x
x=4
Vay, phuong trinh ¢6 hai nghiém x = | va x =4.

b. Diéukién:
x+120
{Z—x 20

Ta cé:

Yx+1-V2-x=0e Jx+1 = V2 -x

@x+l=2—x¢>2x=!<::»x=%.

&~ <x <2,

Viay, phuong trinh ¢é mét nghiém x = % ;

Cach 2: Gidi theo kiéu bién déi neong dicong.
Jx+1=/2-x @x+1=2-x20

x 2 -1

x+120
="
X+1=2-x X =

L
2

Vay, phuong trinh ¢c6 mét nghiém x =

P | —
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Bai tap 8:
a. Ta c6 thé lua chon mot trong hai cdch trinh bay sau:
Cach 1 Gidai theo kiéu dat diéu kién ¢é nghia réi bién déi.

bPiéu kién ¥Vx € R do:

y | l "
X" —x+ 1 =(x - -’5)"+ > 0.

I
= W

Ta co:
Jx ox+l=x+T e x=x+ 1 =(x+ 1)
Oxl-x+l=x'+2%x+1o33x=0=x=0.
Vay, phuong trinh c6 moét nghiém x = 0.
Cdach 2: Gidi theo kiéu bién doéi eong dicong.
x+120 > - |
{f —x+1=(x+1)° it {3x=0 w3 =
Vay, phuong trinh ¢c6 moét nghiém x = 0.
b. Ta c6 thé lua chon mot trong hai céch trinh bay sau:
Cdch 1: Gidi theo kiéu dat diéu kién 6 nghia réi bién doi.
Diéu kién Vx € R do:
X*=2x+3=(x-1Y+220.

Ta cé:

ij - 2x +3=x+5¢:>x3—2x+3=(x+513
s , I
SX —-2X+3=x"+10x+25 1 2x=-2 & x=— —,

: I
Vay, phuong trinh ¢c6 mét nghiém x = - <"

Cdch 2: Gidi theo kiéu bién doi neong diuong.

{x+520 {xz—s 11
]

s s SX=-— .
X" =2x+3=(x+95) 12x =-22 6

. 1l
Viy, phuong trinh ¢c6 mét nghiém x == i



Bai tap 9: D¢ nghi cic em hoc sinh giai theo hai cich da biét:
Cach 1: Giai theo kiéu dat diéu kién 6 nghia roi bién doi.
Cach 2: Giai theo kién bién déi neong dicong.
0 day trinh bay theo cich dat an phu dé cic em lam quen.
a. Dicu kién ¢6 nghia:
x-220=x22.
Viét lai phuong trinh dudi dang:
X-2-5Jx-244=0(Jx-2)=5Jx-2+4=0. (1)
batt = Jx -2, diéu kién t > 0. Khi do phuong trinh (1) c6 dang:
F=5t+4=001-1D1-4)=0

Q[A:l Q[Jx-zz w{xﬂ |

l = 4 \/x _. 2 = 4 X = 18
Vay, phuong trinh ¢6 nghiém x =3 va x = |8,
b. biéu kién ¢6 nghia:

|
2x—-120x2> -

Viét lai phuong trinh dudi dang:
2x—1-3V2x -1 =4=0(V2x -1 ¥ =3V2x =1 —4=0. ()
Pat 1= /2x - 1, diéu kién t > 0. Khi d6 phuong trinh (1) ¢6 dang:
F-3t-4=0=0+1)(t-4)=0
17

l= —

| R
@[ M o B 1 wle Ox — 1 = [Gesiy=

Vay, phuong trinh ¢6 nghiém x = 122 :
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ot BE  LIEN i GIUA PHEP NHAN
3 VA PHEP KHAI PHUONG

I. KIEN THUC CO BAN
. MO bAU
Chuing ta bat diu vai phép so sinh Ja.16 va J4 16
Ta co:
Ja.16 = Jo4 = V8> =38
Ja 16 = v22 a2 =24=8
e la, ta co:
Va6 = V4 V16
Tong quat hoa, ta co:
V6iA>0,B20hi:

_VAB=JA.VB.

K&t qua trén cho phép ching ta phit biéu duge hai quy tac theo hai
chiéu cta biéu thic trén.
2. KHAI PHUONG MOT TICH

Ta co quy tac:

Quy tdc khai phuong mét tich: Mudn khai phuong mot tich cdc
hiéw thite khéng dm, ta ¢6 thé khai phiong timg biéu thite réi nhan
két qud voi nhan.

Thidy 1: Sirdung quy tac khai phuong mot tich, tinh:

a. 25.49 . c. 27.48.
b. v9.16.36 d. V8la?.
(f!'ti!'

a. Taco ngay:
V2549 =+25./49 =5.7=35.
b. Taco ngay:
V9.16.36 = V941636 =3.4.6=72.
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c. Ta viét lai:
J27.48 = 27.3.16 = V81.16 =9.4 = 36.
d. Ta cé ngay:

J81a? = J81./aZ =9.al.

Nhan xét: Trong cdu ¢), néu ching ta van dung, moét cach may moc quy
tdc khai phuong moét tich sé khong nhan dugc két qua gon.

3. NHAN CAC CAN THUC BAC HAI
Ta c6 quy tac:
Quy tac nhdn cdc cdn thirc bdc hai: Muén nhan cde cdan thire bac

hai cia cdc biéu thite khéng dm ta 6 thé nhan cde biéu thire diéi
ddu can véi nhau roi Iuy cdn bdc hai ciia két qud | do.

M Sir dung quy tac nhan cdc can thite bac hai, tlnh

V2.1, e BB

b. JLIV44.410. d. J27a+/3a.vdia>0.
Giai
a. Tacé:
V218 =218 = /36 = 6.
b. Taco:

JLIV44 V10 = J1,1.44.10 = V11.11.4 =22.

¢. Taco:

W2- 12 +1 = J(2-1.(¥2+1) = V21 =1.

d. Taco:

J27a+3a = J81a? =9lal=9,doa>0.
Nhén xét: Trong cau c), ching ta da st dung hing dang thic:
(a—=b)a+b)=a’-b"




I1. CAC VI DU MINH HOA
Vidu 1. Rt gon cic biéu thic sau:

a. Ja'(G-a),véia>3

b. - ~+Ja%a-b)? ,vdia<b<O.

a —

S - g az3
\ja"(i&—a)2 =\/a" .J(.’;—a)z =a.3-al = a%a-3).
b. Taco:
l [ 6z 2 I \/T; i | )
- —Aa%a-b)y = — Na®Ja-b)y = - |a'l. la-b|
a—b\/ ! . a-b \[( ) a-b
a<h<0 l ( ‘) (b ) .
= A—d ). —d)=4a.
a-b

Vidu 2. Thuc hién phép tinh:
a. A=(V8+J72-12)42.

b. B=(Jd+v7 —a-+7 )
c. C=B5+42)3V5-2).

Giui

a. Taco:

A=8.2+4J72 .2 - 2 .V2=V16+144 -2
=4+12-2=14
b Tacé:

b= (Vs ) - 247 fa= 7 (a7

=4+7 —2J(4+ﬁ)(4-ﬁ) +4-17
=8-24J16-7 =8-23=2.

c. Tacé:
C=(3V5)-2=45-2=43.
l Nhan xét: Nhu vdy, trong cau ¢), bdng viéc st dung hing ddng thic

chiing ta da giam dugc dang ké d6 phuc tap.
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Vidu 3. Tinh:

a. A=1-\7+2J6. . o C=2x+2y2x-1.
b. B=y7-2i2 . d. D= +I117° —108° .
Gidi r

-

a. Taco:
A=1-y7+276=1-y6+2V61 +1 = 1-4/(v6)* +2V6 + |
= 1= (6 +1) = 1= (6 +1)==+6.
b. Taco:

B= {7-2v12 = Y3-2V3V4 +4 =4/(3)? - 234 + (¥4)?

= V(W3-Va)! =13 -Ja1=2-.3
¢. Taco:
C=2x +24d2x -1 = 2% — 13 242x 1 +1
= JW2ZKZT41)? = Bx -1+,
d. Taco:
D= J(117-108)(117 +108) = 4/9.225 =3.15=45.

Chiéi y:  Cac em hoc sinh cdn than trong khi khai can, néu chua chic
chdn thi phai ¢6 dau tri tuyét doi.

Vidu 4,
a. Sosdnh V16+4 véi V16 +/4 . ‘
b. Chitg minh rang Ja+b < a++b . véimoia, b dirong.
Giai
a. Nhan x¢ét rang:
(V1644 )'=20
(V16 +4 Y =(4+2) =36
suy ra:

(V16 +4 P < (V16 +V4 ) = J16+4 < 16 +/4 .
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b, Hai v cua bat dong thuae khong am nén binh phuong hai vé. ta dugce:
(va+t+h)y<(va+vb)ye>a+b<a+b+ 2-\/.11.1“!
>0 < 2vab ., luon ding.

Nhan xét:  Cach dat van Jdé cua vi du trén, giap chung, ta tiép can vai bat
dfing thue trude khi di chumg, minh no. Tuy nhién, néu dat van
dé theo kicu nguoc lai, chung ta sé dugc quyén su dung bat
dc’in;; thue nay dé dua ra danh gia cho pheép so sanh,

Vidu 5.
a.  Chimg minh bit dang thic:
lac + bdl < \,’f{;l: +b )c” +d7) - Bt diing thite Bunliacopyki
b. Biét x* + y* = 52. Tim gid tri 16n nhat v nho nhat cia bicu thitc:
A = 3x +2y.
Giui
a. Hai vé cua bat dang thiic khong am nén binh phuong hai vé, ta duge:
(ac + bd) < (a” + b)(c + d°)
e a'c +bd’ + 2uchd € w'e” + bie +ad’+ bd”
&> be” +a'd” — 2achd > 0 <> (be — ad)” = 0, luon ding.
Dau " =" xay ra khi:
be=ad e & = i
¢ d

b. Nhin x¢ét rang:
[Al=13x+2y] < J37 +29)x 7 +y?) = V1352 =26

<> -26< A <26.
Dau ™ =" xay ra khi:

:-z =t x=3tvay=2

do do:
v Rl v v ' o X = 6 \,’Ely — 4
=x+y =3+ =3ror=41=12= :
x=-6vay=-4
Vay, ta dugc:
Ay, =26, dat duoc khix =6 vay=4.

= Ay, =26, dat duoc khi x = -6 vay=—4.
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Vidu 6. Cho biéu thirc:

_Sax + 3a’
a. Rt gon biéu thuc A.
b. Ching minh ring A =(a+ va® + 1 ' khix = Va® +1
Giuai

a. Taco:
_ 2x* —ax - 3a’ 2x° + 2ax —3ax — 3a
T 2x?—Sax+3a’  2x° —2ax-3ax+3a’
2x(x +a) - Ja(x +a) _ (x+a)(2x 3&) X +a
- 2x(x a)—3d(x" a-) (2x - 3‘1)(x - X -2
b. Thay x ____J#z + |l vaioA = —z—fg ;

Ta cé:

_\/a +1+a (\/a +l+a)(~fd 4:].+a) (Ja +l+a)

\f?_+l—a (Ja +ml) ~al a>+1—-a’

=(a+ val +1) (dpcm)
Vidu 7. Cho biéu thiic:
a+b- Jab \/d—xﬁ')—l

Aoy ZTX_XES VN T

a\fd+bf a-b

a. Ruit gon biéu thic A.

b. Tinh gid tricua A, biéta—b= 1.
Giai
a. Nhan xét rang:

ava +byvb = (vVa)' +(Wb)' = (Va +/b) (a + b— Jab)
do dé, biéu thitc A, duge bién déi nhu sau:
_at+ b - vab Ja :}/_!i__—__l_
w/;l+\/_)(a+b J_) a-b

_ 1 Na-Yb-1_Va-b  Va-vb-1
Ja ++/b a-b a-b a-b
_Na-Vb-(Ja-vb-1) _ 1
) a—-b a-b
b. Véia-b=1I1,tasuyraA=1.
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Vidy8. Cho hai biéu thic:
A=+x*-3x+2 vaB=Jx—-1./x-2.
a. Tim x dé A cé nghia.
b. Tim x dé B c6 nghia.
c. VaigidtriniocuaxthiA=B?
d. Vai gia tri nao cua x thi chi A cé nghia, con B khong ¢6 nghia ?
Giui
a. Vieét lai A dudi dang:
A= Jx-1)x-2).
Dé A c6 nghia diéu kién la:
(x-1(x-2)20
ta di 1ap bang xét diu, dua trén:
x-1=0x=1

x-2=0x=2
nhur sau:
X 1 2
T x=1 = 0 + I #
_x____z___. F—
x-x-2)f + 0 - 0 e

Tir do, suy ra:
(x=1)(x=-2)20<x <1 hoac x 2 2.
Vay, voi x <] hoac x 2 2 thi A c6 nghia.
b. Pé B c6 nghia diéu kién la:

x-120 x 21
o X222,
x-220 X2

Vay, vai x = 2 thi B c6 nghia.
c. Déco A =B, tic la:
— e — — -120 x21
J(x——l)(x~—-2)=\/x-l.\/x—2<:> E =3 x> 2
x=-220 x22
Vay, véi x 2 21thi A =B.
d. Tacé ngay, véi x < | thi chi A cé nghia, con B khong ¢6 nghia.
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Vidu 9_._ Cho a, b, c va a’, b, ¢ la s0 do cidc canh twong tng cha hai
tam gidc dong dang. Chimg minh rang:
Jaa' + Jbb' + Yec' = \/(zt +b+c)a+b+c').

Giai

Gia sur hai tam gidc dong dang vai ti so k, suy ra:

a' b . . .

= - =-—=koa =ka, b’ =kb, ¢’ =ke.
a b ¢

Khi d6, ta bién doi duge dang thic cin chimg minh vé dang:
Jka + \/kb: + \/k: = J(a +b+c)ka + kb + ke)
avk +bVk +cvk = Jk(;1+ b+c¢)

& Jk(a+b+c)= Jk (a+b+c), luon ding.

Nhan xét: 1. Nhu vay, trong I5i giai *-én d& chimg minh dang, thue
chung ta da su dung cach Bién o1 tuong duong d‘?n;;
thut vé mot ddng thue ding". Tuy nhién, ta cang co the
sur dung cach bién déi mot vé thanh vé con lai, cu thé:

Jaa' + Jbb' + Jec! = Jk:l" + \/kh: + \/kc':
=avk +bVk +cvk = VK @+ b+
= Jk(a +b+c) = J(a + b+ c)(ka + kb + kc)
= \/(l +b+ c)(-a"+h'+c' ), dpem.

2. Qua céch bién d6i trén, ching ta thdy ngay rang vicc
s dung quy tic khai phuong mot tich ¢6 thé gidap lam
xudl hién nhan t chung trong, mot biéu thuae. Nhan
dinh nay sé gitp ching ta trong, viée bién doi biéu thic
vé dang, tich va duge sir dung, nhiéu trong, dang, toan
" (;ku phuong trinh chua cdn bac har "

!! du !;g! Giai phumig trinh sau:
V-9 -Jx-3 =0.

G!'tff'
biéu kién:
x°-92>0 x*>9
& Ex23
x-320 x>3
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Bién doi phuong trinh vé dang:

\/\—’n«/x +3-—Jx—_3 =0 Jx_—.?(s/x&? -1)=0

lx/x—_?:() [K—B:U {xz.?
> <> &

Jx %3 =] x+3=1 x = -2(loai)

Viy. phuong trinh ¢6 nghiém x = 3.

Nhan xét:  Nhu chung, ta da biét, ph wong, trinh trén con ¢6 thé dugic
giai bing phuong phap bién d6i tuong, duong, cu theé:

\/&:-9 Jx—3 =() <> \/x‘ —9 = \’X—B

Jx-wu [x>3
<2 <>
|x2-9=x-3  |(x=3)x+3)=x-3
[. X >3
<2
l(x—%)(x+3—l):0 X = 3hoacx = -2
cxx=3.

Viy. phuong trinh ¢6 nghiém x = 3.

1. CAU HOI ON TAP LY THUYET
Cau hoi 1:  Chimg minh ring VA.B = VA .V/B véi A, B khong am.
Cau hoi 2:  Phat biéu quy tic khai phuong mot tich. Lay vi du minh hoa.
Cau hoi 3:  Phat biéu quy tac nhan cdc can thirc biac hai. Lay vi du
minh hoa.

IV. BAI TAP PE NGHI
Bai tap 1. Tinh:

a. +/49.100. ¢. V7232,

b 2'(-9) d. /12:1.490.

Bai tap 2. Ruit gon cdc biéu thic sau:

——

a. 27.48(a-3) b. /48754

Bai tap 3. Ruit gon cdc biéu thic sau:

9 — —=
Va. = v6ia>0. b. v8aZ.v18a* , véia<O0.
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Bai tap 4. Thuc hién phép tinh:

£ A2 8. c. (:=[\/§+J —Jz]Jz.
b. B=\/g§.\/z. ?
7 V16
Bai tap 5. Thuc hién phép tinh:
a. A=(V5+J2+ )5 - 1).
b. B=(v2+ 1+ V3)(V2+1-43).

c. C= [J4 _J3 - \/4:\@)“.
Bai tap 6. Chimg minh cdc dang thiic:

a. \/5+J3=\ﬂ%_+2\f§ b. J;5+2=\/9+4J5.
Bai tap 7. Cho a > 0. Ching minh rang:
Va+l> a+l.
Bai tap 8. Cho a > 1. Chitng minh rang:
Ja-1<+a.
Bai tap 9. Ching minh rang:

\/6-I>\/3—J2,

Bai tap 10. Tinh gid tri cta biéu thic:

(S

rJ

a. A=x+2x+16vdix=+2 - 1.

b. B= x>+ 12x - 14 véix =52 - 6.
Bai tap 11. Cho hai biéu thic:

A=2x <3x+1 vaB=Vx-1a2x- 1.
a. Tim x dé A ¢6 nghia.
b. Tim x dé B ¢6 nghia.
¢. VaigidatrinaocuaxthiA=0B7
d. Vai gid tri ndo cua x thichi A ¢6 nghial.' con B khong ¢6 nghia ?
Bai tap 12. Biét x” + y* = 117. Tim gid tri 16n nhat va nho nhat ctia biéu
thic A = 2x + 3y.
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Bai tap 13. Cho a, b, ¢ 1a dé dai ba canh ciia mot tam giic, p la mét nura
chu vi. Chimg minh rang:

Jp < \/E)—-a - Jp—b ks Jp—c < J3p.
Bai tap 14. Giai cic phuong trinh sau:

SN o b. Vax:—1 —2V2x+1 =0.
\/x+2

Bai tap 15. Giai cidc phuong trinh sau:

- —— -— 2 —
d. J;_:+J4X*8ﬂ%J§xES() =4.

V. HUONG DAN - PAP SO

Bai tap 1:

a. 70. c. 48.

b. 36 d. 77.
Bai tap 2:

a. 36la- 3l b. 60lal.
Bai tap 3:

a. Ta bién déi:
JQ.JE = a.g =\/§ =3
a a
b. Ta bién déi:

J_ Y18a® = V8a?.18a* \[_443 =12.|a' | by -12a’,
Bai tap 4:
a. Tacé:

=72 .18 = V8929 = 3,499 =4.9=36.
b. Tacé:
LR
c=[\/§ J--Jz]J*—Jz\/ +J’J\/ -V2.42

’) - i -
_ \[9@+ %_Ezz\!w\/:;—z:n\h.

2
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Bai tap 5:
a. Taco:
A=(JS+V2+ 1)V5 - 1)
= 5. J5+5. 245521
=5+10-V2-1=4+J10-42.
b. Tacé:
B=(V2+ 1+ 3)(V2+1-43)
=(V2+ 1) =(¥3)=2+22 +1-3=242.
c. Taco:

G= (m..ﬁ;‘hf
=4-B3+a+3-2Ja- 34+ 3

= 8-2(4-V3)4+3) =8-16-3 =8 VI3.
Bai tap 6:
a. Tacé:
 VT=y8+2V5 = 345425 = (V3 +5)" =B +/5 = VP
b. Tacé: '
VT =9 +4y5 = Ja+5+22/5 = J2+5)°
=+vJ5+2=VP.
Bai tap 7: Vaia >0, tacé:
(Va+1Y=a+2va +1;
(Ja+l)y=a+l.
Nhan thay:
a+1+2Vya>a+1>0 (Ya+1) >(Va+1)
Viy, Ja+l> Va+:.
Bai tap 8: Véia=> . tacé:
(Ja-1)\=a-1;
(Ya) =a.
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Nhan thay:
a>a-1>0 (\/u 1) <{v’;1 ).
Vay. Ja-1 < va.
Bai tap 9: Ta co:

(J3=V2y=3+2-2.J3.42=5-26:

(No-1Y=1+6-2.46 =7-246.
D¢ thay, 5 -2 J6 <7-246.

Vay, 46 =133 = 7.
Bai tap 10:

- f .
a. Thay x = 2 = | vao A, ta duoc:

A=(V2 - 1P+2AV2-D+16=2-2J2 +1+2J2-2+16 =17.

b. Thay x =52 — 6 vao B, ta duoc:
B= (542 -6+ 12(5y2 -6)- 14
=50-604v2 +364+60y2-72-14=0.

Bai tap 11:
a. Viét lai A dudi dang:
A= Jx-DR2x-1).
bé A ¢6 nghia diéu kién la:
x-D2x-1)20
ta di lap bang xét dau, dua trén:
x—-1=0=x=1

2x-1l=0e=x=

2
nhu sau:
X 1/2 I
. x_:_-_ e e
: zx.__-_l _—: e sl
u~nu—mr + 0 - 0 +

Tir do, suy ra:

|
(x-D2x-1)20e=x< ) hoac x > 1.

; | X x s
Viy, véi x < = hoac x > | thi A ¢6 nghia.

=
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b. Dé B co nghia diéu kién 1a:

x—1>0 e
| ©@x21.

&
2x-120 X 2--
2

Viy, véi x 2 | thi B co6 nghia.
c. Déco A =B, la;

x 21
— i s x—-120
JZx'—3x+l=Jx-l.J2x-l¢> = | <>x2>1.
2x-120 X 2
2
Vay, vai x> | thi A=B.
d. Tacd ngay, vai x < ; thi chi A ¢6 nghia, con B khong ¢6 nghia.

Bai tap 12: Nhan xét rang:

|Al = 2% + 3yl < J27 +3)x* +y*) = V13,117 =39

< -39<A<39.
Dau ** =" xay ra khi:

22 =tSx=2Avay=3t
2 3
do dé:
I P T x=6vay=9
H7=x"+y =2y +@)=13reor=991=3= .
x =-6vay=-9
Vay, ta dugc:

= A =39, datdugc khix =6vay=9,

* Ay, =-39, dat dugc khi x = -6 vay =-9.
Bai tap 13:
* Tacé:

(Jp_—-a; + Jp-b + Jp—_z)'
=(l.\p-a +1.Jp-b + 1. Jp-c )

<(P+ 1P+ 1) p-a+p-b+p-c)=3p
o 5 + Jpob + Jpc < yBp.
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Dau diang thic xay ra khi
Jpﬁ—_a = ‘/—E_b = ip——c_ Sa=b=c.
| | |
* Ta di chtrmg minh
Vp < yp-a + p-b + p-c
bang phép bién doi twong duong, cu thé:
\/p < Jp—u + \/p—b + Jp—c
op<p-a+p-b+p-c +
2 alip =6} + 2 eHpa) +2Jip=bKp=5)
e 0<2(p-a)p-b) +2/(p-c)p-a) +2/(p-b)p-c).
Bai tap 14:
a. Diéu kién:
X+2>0x>-2. (*)
Bién ddi phuong trinh vé dang:
IX+2=2x+2 ) < 3x+2=2(x +2) ¢ x =2, thoa min (*)

Vay, phuong trinh ¢6 nghiém x = 2.

b. Diéu kién:
, | l
. K-z" XZ_
4x--120 4 2
= & :
2x+120 | 1
X & X =—-
2 [ 2

Bién doi phuong trinh vé dang:

V2% 125 +1 225 +1 =0 V2x+ 1 (J2x=1 =2)=0

|
= T x:_.___
=0 1=0
= [sz B |:2x+ - , thoa man (*).

e =
Jix—l:?_ 2X—-l=4

: |
Vay, phuong trinh ¢6 nghiém x = - 5 va x =
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Bai tap 15:

a. Bién doi phuong trinh vé dang:

Jx-2 + ﬁii‘izi = i— ﬁstx“Z) =4

& VYx=2 +24x-2 - Jx-2 =4 eYx-2 =2
oOx-2=4x=6.

Vay, phuong trinh ¢6 nghiém x = 6.
b. Diéu kién:

x+42>20

|-x20 ©-4<x£<

1-2x20

19 | —

Phuong trinh viét lai dudi dang:
JI=x +J1-2x = Jx+4 . \/(I—x)(l—?.x) =2x +

{2)('{"20 xz_.!
o , & 2 ESx =
(I=x)1-2x)=(2x+1) 2% +7x = 0

Viy phuong trinh ¢é nghiém x = 0.



cnl PE  LIEN NE GIUA PHEP CHIA
4 VA PHEP KHAI PIIVONG

1. KIEN THUC CO BAN

1. MO DAU
vk N F U
Ching ta bat dau vai phép so sunh\/ va v CTa o
25 J25
4 [a 2
|2 = Jog6 =04 va Y1 =< =04
V25 N25 5
tre la, ta ¢o:
;4 _ \.Ll
Vs~ Jas

'l'('in&, quat hoa, ta co:
Vai A 20,B > 0 thi:

A J_

B VB
Két qua trén, cho phép ching ta phét biéu duge hai quy tac theo hai
chi€u cua biéu thire trén.

2. KHAI PHUONG MOT THUONG

Ta co quy tac sau:

Quy tdc khai phuong mot thuong: Muon khai plhiiong mor thicong
A N ] 2 58 : 4
= cria hai biéu thire A 20, B > 0, ta ¢é thé khai phuong lan liot

biéw thitc bi chia A va biéu thite chia B. Sau dé ldy két qua tht
nhat chia cho két quu fh:f hm

Thidu 1: Sudung quy tic khai phlfﬂﬂé mot thlr(mg tinh:

16 ' ' Qa°
d. JZS 5 b. 2J —4 .

Giar
a. Taco ngay:

\/16 NTI

25 25 5
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b. Taco ngay:
ga’ 0y° . 3a néua >
2\/)& _ \/)d zj.l]a[ _3ul = Ja néua >0

4 T Ja e T ~3anfua<(
Thidy 2: Sirdung quy tic khai phuong mot thuong, tinh:

a2 [.6
\F \/" Vi b>0.
b Vb
Giui

Trude hét ta sir dung quy tac nhan hai can bic hai, réi bién doi tiép:

J_aﬂ’ Ja_"_ \/a: d'_'. _ \/a" _a*
b Vb’ b b b' b

Nhan xét: Nhu vdy, néu ching ta van dung quy tdc khai phuong
moét thuong mot cach may moc sé khong, nhan duge két
qua gon.

3. CHIA HAI CAN THUC BAC HAI

Quy tdc chia hai cdn thitc bdc hai: Muodn chia can thite bac hai
ctia biéu thite khéng dm A cho cdan thite bdc hai ciia biéu thite
dzro‘ng B, ta c6 thé chiu biéu thitc A cho biéu thite B réi ldy cdn béc
ha: clia ﬂufang dé

M Str dung quy téc chm hdl can lhuc bac hm lmh

V2 9\/2d b'

a. i b

V72 I8
Giai
a. Tacé ngay'

Jvz Jn 36 6'

b. Tacéngay:
k' sz 5 J bt __9lalb’
Ji8 18 9 3

) 3ab’ néua >0
=3lal. b = a 1nu.i .
—3ab” néua <0




II. CAC VI DU MINH HOA
Vidu l. Thuc hién phép tinh:
a. A=V72:42. c. C=(5V3+3V5):415.
b B=(iZ T +¥0): VB, g D= fari=dir 340,
Giai
a. Tacd ngay:
A=+72:42 = 72:2= 36 =6.
b. Ta c6 ngay:
B=(VI12-v27+43): 3 = 4/12:3-427:3+4/3:3
= V4 -9 +1 =0.
¢. 'TaC viét duéi dang:

. 53 345 -
C =(5‘\/3 + 3\[5 ): ‘Jj\/s e e e~ \/5 + ‘JS .
V35 34
d. Ta D viét dudi dang:
. J93W3-1 3345 i)

Wivs - B _3-1

315 33,45 V5

Nhéan xét: 1. Trong cac cdu a) va b), ching ta thuc hién phép bing,
bing viéc st dung ngay quy tic chia hai can thic bac hai.
Tuy nhién, cdu b) c6 thé thuc hién theo cach bién doi:

JI2-V27+3 = Va3 J9./3 + 43
=23 -3J3 + /3 =0

=>B=0.

2. Trong cau c), chung ta thuc hién tach JI5 = V3.45.
Tuy nhién, cing c6 thé thuc hién nhu sau:

=V5+43.
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Vidu 2. Riit gon biéu thiic:

\/9 a5 s
2-45 ° | Vv2
Giai

a. Taco ngay:

_V9-ay5 _Ja-2254(57° _y2-v5)
2- 5 25 %5

12-V51 _
T -5

b. Taco ngay:

- \/3+J5 Jﬁw\@ V5420541 _ (5 +1)° _5en

2

4 2 2 2
Chiy: 1. Trong ldi giai cau a), cac em hoc sinh ¢an chu v tdi dau
cua 2 - \/ 5 <0d¢ xac dinh duoc dung gia tri cho A.
2. Trong 18i giai cau b), bing viéc nhan ca t va mau vai 2
chung ta dat dugc hai muc dich:
*  MdAu s6 trd thanh s6 chinh phuong,
*  Tirs6 dugc bién doi vé dang binh phuong mot nhi thic.

M_i Rit gon céc biéu thitc:

5 -
a. A=ab-\/ =T - b. B=b’\jd 11054
a’b b*

Giai
a. Ta bién déi:
\E néua > ()

A — abz. ———— = ab:. ——— 2 .
~ 3 néua <0

b. Tabién dﬁi:__ B
B=bﬁ\/(i§£- =b-‘.|i§33| =b.a+ 3l
b(a+3) néua+320 | b(a+3)néua>-3
-b(a+3)néua+3<0 {

—
— —_

~b(a+3) néua< -3
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Vidud4. Rt gon cic bicu thiic:
a-—b a+b—2yab

A A=S —=——— - . '
Ja + Vb Ju ~Jb
W X +y +2xy -
xVx = yly +xJy - yVx
Giai
a. Taco:
A (a—Vo)datib)  (Ja-Vb)
\f¢|+\/b \fd*\/b
=(\/Fal—x/b)—(\/a—\/h)=().
b. Taco:
. x+y+7‘/xx (\/x+\f})'

x\fx—~y\/y+x\{y y\f\ x(\/x+\/y)—y(,fy+\fx)

_ \fx+\/3') _ (wfx \/y) B _l_
(vx+\/y)(x—y) (\/X"\/)’)(JX+\/)’) \[x—\f)’

Nhan xét: 1. Trong 10i giai cau a), ching ta da lua chon cach don
gian timg biéu thic, dua trén viee phan tach tr s6
thanh cac hang, dc’;np thuc. Tat nhién, biéu thic cang, c6
thé duge don 51an bang viéc quy déng mau s6, xony,
cach giai nay han phuc tap hon.

2. Trong 16i giai cau b), ching ta danh gia dugc ur so la
mot hing dc’;ng thuc, tuy nhién mau s6 khong phai la
hing, déng thirc, do d6 chung ta su dung phuong phap
nhom s hang dé phan tich n6 thanh tich.

Viduy 3.
a. Sosdnh V2516 véi \/2‘5 - Jlg )
b. Chimg minh rang v6i a > b > 0 ludn cé:
Ja-b >+a-b.
Giai
a. Ta nhin thay:
J25-16 = J9 =3va V25416 =5-4=1

suy ra J25-16 > 25 =416 .
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b. Hai v€ ciia bat dang thirc khéng am nén binh phuong hai vé, ta dugc:
(Va-b)>(Ja-vb)yea-b>a+b-2Jab
&> 2+/ab >0, luon ding véi a>b > 0.

Nhan xét:  Cach dat van dé cua vi du trén, giap ching, ta tiép can vai bat
déng thite trude khi di chimg minh né. Tuy nhién, néu dat van
dé theo kiéu ngugc lai, ching ta sé dugc quyén su dung bat
dang thitc nay dé dua ra danh gia cho phép so sanh.

Vidu 6. Cho biéu thiic: |
& e . _____l_ B \/x - X
Rt ELE YRS
a. Tim diéu kién d€ biéu thitc A c6 nghia.
b. Rt gon biéu thitc.

c. Tinhigid tei ciia bidy thidc A KR x=—
9-247°
Giai
a. Diéu kién dé biéu thiic A c6 nghia:
x-120 x21
x20 & x20 x> 1.

x-120  |x#1
Vay, tip xdc dinhcia Alax > |.

b. Tacé:
P (Vx =1+ /x)+ (x =1 =+/x) ixt(Jx-l)
a1 T+v%)  Vxo]
=1 =
J’-;—-l +x==2vx-1 +x=(x=1)=2v/x=1 +1
=(Vx-1-1).
c. Trude hét, ta di don gian biéu thirc gid tri cta x, biang cich:
) oy |
53  539+247) 53_()+ 24/7) —_—
9-2J1  (9-241)9+2V7) - 28



Khi do:

Vay, voi x =

A=(Y9+247-1- 1P =8+ 247 - Iy
=(\/7+2-;/7_.41~ 1)3=[\/(_~‘/I7‘+'l): “1F=(JT +1-1)=17.

53
- thiA=7.
927

Nhan xét: 1. Trong l5i giai cau b), & budc bién doi thu hai, ta bo

dugc dau tri tuyét d6i do diéu kién x > 1 da xac dinh
d cu a).
2. Trong 13i giai cau ¢), dé nhan dugc két qua A = 7,

chung ta da phai thuc hién hai cong viéc:

= Pon gf'a}? bidu thue #id tri cua x, bang, cach nh@ﬁ
ca tir va mau vdi 9 + 247 . Ban chat ctia viée lam
nay duoc goi la " Phep nhdn lién hop" va chang ta
sé nghién ciru ki trong chu dé sau.

*  Don gian biéu thuc gid tri cua A, bang cach tach
8 + 27 thanh 7 + 24/7 + 1 dé nhan duge mot nhi
thirc binh phuong, tir do kh dugc can thic.

Vidu 7. Cho hai biéu thirc:

a.
b.
c.
d.

Giai

Tim x dé A ¢6 nghia.
Tim x dé B ¢6 nghia.
Véigid trinaocuax thiA=B?

V@i gia tri nao cua x thi chi A cé nghia, con B khong ¢6 nghia ?

a. DE A c6 nghia diéu kién 1a:

x-1 > ()
x—-3

ta di lap bang xét dau, dua trén:

x =1 =0éhxnl

x-3=0=x=3
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nhu cau:

X . roo 3
_ X ‘] — 0 + |
Xx—3 - | - 0
Ll e 0o~ +
x—3

Tur do, suy ra:
-
-~ 20 x <1 hoac x > 3.
Xx=3
Vay, voi x < | hoac x > 3 thi A c6 nghia.
b. D¢ B c6 nghia diéu kién la:

x—=120 x> 1
&> & x> 3.
Xx—3>0 X>3

Viy, vai x > 3 thi B ¢6 nghia.
c. béco A =B, uic la:
Jx—*l Jx-1 {x “120 (x21
— =

x-3  Jx-3
Vay, véi x> 3 thi A=B.

g
:
o

x—-3>0 x>3

d. Tacé ngay, véi x < 1 thichi A c6 nghia, con B khong c¢6 nghia.

III. CAU HOI ON TAP LY THUYET
Cau hoi 1: Ching minh rang véi A 20, B > 0 ludn cé:
JK VA
B B
Cau hoi 2:  Phdt biéu quy tic khai phuong mot thuong. Lay vi du minh hoa.
Cau hoi 3:  Phat biéu quy tac chia hai can thic bac hai. L.ay vi du minh hoa.

IV. BAI TAP PE NGHI
Bai tap 1. Thuc hién phép tinh:

*, A=V I8 (2 [18 |
b. B=+52:117. - C‘[JE‘\E”JEJ-JS-
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Bai tap 2. Rt gon cic bicu thiic:

g l6 + 245
a. A=" 7. d. iD= YRV
V3 JS + 1
b, B= V2O L V32V
4 + ,.V 24 . \;'..3 4 \,"3
o / /
¢ Cm VB . N7-443
a—1 . = / :
Bai tap 3. Rut gon cic bicu thiic:
1260 -2)° | ab
a. A=3. / . b. B=(a-b). | .
V27 \ (a—b)’
Bai tap 4. Cho bicu thiic:
A=x"-x+v10.

e " 4 - . ' - L 2 5
Finh gia tri bicu thirc A vai x = J‘; "'\/

) .

Bai tap 5. Cho biéu thie:

a. Rt gon bicu thic A.
b. Cho b =1, tim a dé biéu thiic A = 2.
Bai tap 6. Cho bicu thic:

, _
| 2vx -2 | 2

A= = / 3 - :

VX o+ XVX -vX +x - | VX I X I.

A =

—

a. Rut gon bicu thire A.
b. Timxdé¢ A =

Bai tap 7. Cho hai bi¢u thuc:

A:J‘“' wpe VX1
2x -3 J2x -3

a. Tim x dé A ¢6 nghia.

b. Tim x dé B c¢6 nghia.

c. VaigidtrindocuaxthiA=B?

d. Vai gid tri ndo cua x thi chi A ¢6 nghia, con B khong ¢6 nghia ?
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Bai tap 8. Cho biéu thiic:
[\Nx-l \N;fl]_ !
\/\/X+| \Nxhl CVx-1

a. Tim x dé A ¢6 nghia.
b. Riit gon biéu thic A.

c. Tinh gid tri cha biéu thic véi x = 19 - 8+/3 .
V. HUGNG DAN - DAP SO
Bai tap 1:
a. Taco:
A= J72:J18 = V72:18 =4 =2.

b. Taco:

D 0,
B=452: \/m_‘j \/52 13 -J4 =
117 Vi17:13 V9 3

c. Taco:

- [J§ _J'Sé +2,,/5]_J5 - JE: _ J”;'S +25.5

=V2-32+2=2-22.

Bai tap 2:
a. Tacé:
3-43 .
Ko T = o3
V3
b. Taco:
po 2¥2446_V202+43) _ 2
a+V12  22+43) 2
c. Tacé:
C-I--_-‘@ (l-\/l)(]+'s/d+d) ~(Va - 1)1 4 a +a)
a-1 \/l“l)(\/& t1) (\/;t_—l)(\/a+l)
—-(l+s/a +a)
Vi l +1
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d. Taco:

\/6.+‘2\/5 \[—+2\/3+l \[(\/SH)

De T2 T T .

J5+1 J5 41 J5+1

c. Taco:

_Vseade _ V2+2V6+3 _J(W2+43)
"2+ 2448 V2443

f. Taco:

J? 43 _3-223+4 _{(3- 2 1J3-2]1

=1.

= ——— S e = =]

V3-2 J3-2 B-2 B-2
Bai tap 3:
a. Tabién doéi:
A=3. J“—‘a: ol 311_-2' =2|a2|
9 3
_{ 2a-2)néua-220 _{ 2(a—2) néua>2

-2(a—2)néua-2<0 -2(a-2) nfua<?2
b. Ta bién déi:

= (a-b).

Jab Jab néua-b>0 _ Jab néua>b
|a—b| —fﬁ nfua-b<0

Bai tap 4: Thay x = J \/7 vao A, taduoc A = lg(;
Bai tap 5:
a. Taco:

(o))
(26
=“'—J:+Js—'J (z——)

—J—b né’ua<b'
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b. Vaib=1duoc A =2, vay:

) Va

- I =2 &> -rl-:?_
Ja + ar
Ja
& J.u =2a+ 1) 2a- \/u +2=0.
Ta thay:

(1) e (V2 Ja )= 2.43. 7—- Ja + 1:5;7' ~0

[«/2;:—-2—\?;]2 75 ': >0

Do dé, (1) khong thoa man.

Viy, khong c6 gid trindoctaadé voib=11thi A =2,
Bai tap 6:
a. Tacé:

(1)

2

1 2Jx -2 |
A= [xfx—g_jx(x-—_l);(x—l)] [Jx-lﬁ(Jx'-n(\/x 1)

B ( 1 2dx-2 } Jx +1-2
x4+l =D&+ ) (x =D +1)

—-l—2Jx+" Jx #1-2
T = D(x + 1) " “Ix +1)

_ox=2vx4l 0 Wx-d _ x=pt
x-DEx+1) Wx=DWx +1)  x=Dx +1) vx +1
= ~
. 1 1 - L1 §
(Vx +1)° " Vx+l
b. Taco:
\/x—l | -
= - 5x~D=Vx+1 ©4Jx -6=0
x/x+l 5
6 ., _"Y
e Jx = - ”.
S
vay.véix=9thm='
4 5
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Bai tap 7:
a. B¢ A co nghia dicu Kién la:

Vlzn
2x—=3

ta di 1dp bang xét dau, dura trén:

x=1=0&x=1

3
2x—3=0x= ~
2
nhu sau:
x v o2
oa=1 = 0 % I %
2x -3 - | — 0 +
Linl Y PO T I +
2x -3

Tir do, suy ra:

— 1 3
2 s>0ex<l hoac x > — .
2x -3 2

P 3 ~ ’ -

Vay, vér x < 1 hoac x > = thi A c6 nghia.
b. D¢é B co nghia dicu kién la:

_ >

x-120 S 3

= 3 OAD —.

2x-3>0 x> 2

; 3 g o
Viay, véi x > 5 thi B ¢6 nghia.
c. Décod A =B, i la

= : x>
Jx—l Jx -1 k—lao :

R e 45 & 3 EIXD> -
2x -3 sz—J 12x -3 >0 X >

(V]

. 3
Viy, vai x > z thi A=B.

d. Tacé ngay, vdi x < | thi chi A cé nghia, con B khong cé nghia.
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Bai tap 8:
a. PE A ¢6 nghia dicu kién la:

x>0 x20
Jx-1>0 = {Jx>1 o x> 1.
x—1>0 x> 1 '

b. Bién ddi A vé dang:

[\[(\/x-—l) +\[(\/X+|) ] |

T it ) Jxei

_[x=nsidxsan) o
NS
HJ;_HJXH Jx -1 = 2Jx.
Jx-1
c. Véix=19-8+3 1aco:
Jx = 19-843 = {42243 +(3)
G T 14 Biman i

do do:
A=2d-+3)=8-243.
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cnU BE BIEN DOI DON GIAN
5 CAN THUC BAC 1AL

I. KIEN THUC CO BAN
1. PUA MOT THUA SO RA NGOAI DAU CAN
Chiing ta sé bit dau vdi cdc phép bién déi:
Ja7 =247 .6 day ta dua dugc 4 ra ngoai dau can.
VI8 =492 =32 ¢ day 1a dua duoc 9 ra ngodi ddu can sau
phép tich 18 =9.2.

V6.15 = /2335 = 3410, ¢ day ta dua duoc 9 ra ngodi dau
can sau phép két hop.

V3227 = 162 2b = V16 .Ya* .J2b =4]a| V2b.

Nhur vay, néu biéu thirc dudi dau can cé dang tich hoac phan tich dugc
dudi dang tich cic thira s6, trong dé c¢6 thira s6 1a binh phuong ciia mot
s6 hoac mot biéu thirc. Thira s6 d6 ¢6 thé dua ra ngodi ddu can va phai ¢é
tri tuyét doi.

Tong quat, ta co:

JA?B = |A| VB , véi B20.

Thidy 1: Rit gon biéu thic sau:

A= - ~2---- .J2a“(a: —4a+4;.
a—2
Gi'dnl'
Ta bién doi A vé dang:
N AT o4 s
ne 2 i3 2R
a—2 a-2
r 2\534.(3—2) , _
T G neua =259 24/2a* néua>2
= 1 B = )
_111_/_2;1_‘.(a—2_) a2 <0 ~242a" néua <2
| a—2

Nhéan xét: Nhu vy, d trong A c6 thé dua dugc a® va (a-2)” ra ngoai
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dau can. Tuy nhién, ta thiy rang;
X s ;
‘/“ = \/(aid)‘ =a', baia' >0 vdi moi a.

\/(u ~2)" = |a 2|, bdi ta chua xdc dinh dugc

dducuaa 2

2. DUAMOT THUA SO VAO TRONG DAU CAN
Chiing ta sé bat ddu vai cdc phép bién doi:

247 = \f') = V4.7 = 28 , ta dua 2 vio can, d¢ thanh 2

6 ' X
\f - = \/. ‘/ \/___. J . tadua 2 vao can. dé thanh 3~
15 lS 5

a?vab'® = J@) ' Jab' =va'ab' =a'b'
Nhu vay, muén dua mot thita s6 A > 0 ¢ ngoai didu can bac hai ¢ the
dura vio trong dau can va trg thanh thira s6 A°
Tong qudt, ta c6:

| |AlVB =VATB .véi B20. |

Ta ¢6 hai truong hop:

. NSuA>0thiAVB = VA’B ,véi B2 0.
2. NeuA<OthiAVB =-|A|l VB ==vA’B . véi B>0.
Thidy 2: Ching minh fdﬂ&.

‘!:E \/ 2 h : = lal.vgia>b.
b- > _2ab+b°

Giuai
Ta ¢6 thé Iua chon mot trong hai cach sau:

Cdach 1= Sit dung quy tiac dua mot thira so vao trong diu can.

a-b
Via>bnén _I;’ - >0, do do:

A = R
b’ Vil'1—2ilh+h' b' a —"db+b -

Cdch 2: Su dung guy tac dua mot thira 0 ra ngoai dau can.
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Ta co:

f 5 [ 1
a'b a-b lal.b-

a-b a’b’ a—b /
b Va'=2ab+b”  b° V@-b' b la-bl
b a—b  |al.b’

—— - ; = li‘l
b- la b

.dpem.

Nhan xét:  Nhu vay, phép bien doi dua thita s6 vao trong, ddu can
da giap ching ta ¢6 thé ching minh dugc dfmf thuc.
Ngoai ra, nd con rat can thiét trong, cac phép tinh toan,
thi du:

1. D@ so sanh \/ "H va Euf;f ta bién doi:
27 =277 = V28 < J31.
Khi tinh 3\/{2:

1

»  Néutatinh V2 =141 (sai chua dén 0,01) rdi nhan
3 thi sai s6 s¢ gap 3 1an sai s6 cua gia tri gan ding,
cta V2 mata da lay.

=  Con néu ta thue hien 32 = V322 = JI8, réi

dung bang tim gia tri gan duing cua JI8 thi sai 56
khong bi nhan lén 3 lan nhu cach lam trén.

Thidu 3: Sip xép cdic s6 sau theo thit thu giam dan:
62, a5, 213, 347.
Gidi
Sir dung quy tac dua mot thira s6 vao trong diu can, ta viét lai day s6
dudi dang:

62 =72,
45 = /80,
2J13 = /52,
37 = V63,
do dd, ta c6 sap xép:

a5, 642, 347, 2413,
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3. KHUMAU CUA BIEU THUC LAY CAN
Chiing ta sé bat diu véi cic phép bién doi:
3 3 3. .
\[ V3 J . 0 ddy, ta ¢o ngay mau sO J16 =4.
16 Jie 4

2 _ 25 o
5= ¥5s ¢ , 0 day vi 5 khong phai la binh phuong nén

ta thuc hién nhan ca tr va mau véi 5.

7 [12 s
- = |- = - . 0 day vi 8 khong phai la binh phuon
\/x \/x.z 4 ¢ =P IR

nhung ta chi cdn nhan ca wr va mau vai 2.

J_g Jﬁdh Veab*
ab’ a’b’ ab'

Nhu vdy, néu miu cua biéu thic dudi ddu can 1a binh phuong ctia mot
s6 hodc mot biéu thiic, ta khai phuong riéng miu réi dua ra ngoai dau
can. Trong truomg hop mau khong phai la binh phuong cia mot s6 hoac
mot biéu thic, ta ¢6 gang bién doi bicu thie dé sao cho ¢6 mdu c6 dang
binh phuong réi khai phuong vi dura ra ngoai diu can.

Tong quat, ta ¢6:

\ A
\/A= | Ei \/-AB voi AB=>20,B#0.

M};{ Khu mau 6 clia cic biéu thie dudi dau can:

a. J—, | C. db\/ Lvdia, b>0.
12 b’

\}_(_JE - d. Jl——'—
18 a a°

Giai

a. Tabién déi:

7 I 73 Jil
(5 B

Vi2 % 6
b. Ta bién déi:

R N S R T )

9.2 36 36 6
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¢. Ta bién doi:
. ;_ ’.h LU ‘:h
uh'\/l =ab* ("D = ab’ Jab " Jab = ab+/ab .
b Voo T [ b
d. Tabién doi:
\/'I R \/a—i Va1
a a° a’ la| -
4. TRUC CAN THUC O MAU
Truc can thic ¢ mau 1a phép bién doi duge st dung rit nhiéu trong

qua trinh hoc. D¢ hiéu thé nao 1a phép truc can thitc ciing nhu phuong
phip dé thuc hién diéu nay, chiing ta sé bit ddu vdi cic phép bién doi:

6 23 2(H3)

6 _ 6J3 _6V3
BB 243 o “B BB 3 =243
7 7 1 _‘_7J3 V3
VI2 V43 23 2343 6
2 22 +1) 2241 _, g5,
V-1 (2-nazen . 2-1 =2t o+ 1
l V5 -3 Vs -V3 _ V5-V3

—_—

a3 (5eds-v3r  5-3

Nhur vy, dé truc can thic & miu, ta lua chon mot trong hai cich sau:

9

Cdch 1: Phan tich tit vd miu ra thira s6 chung chira can réi it
gon thira sg dé.
Cdch2: Nhan tir va miu véi thira s6 thich hop d€ 1am mat can
thic & miu. C6 cic dang co ban sau:
1. J% = A;{B_ (B> 0).
e IR MLl VA -JB _JAa-4B
- JA+yB A+VB)YA-VB) A-B ’
 V6iA>0,B>0,A%#B.
i L VA +VB _JA+VB
JA-VB (JA+VBYJA-VB) A-B’
Vv6i A>0,B>0,A #B. -




I Chii ¥:  Hai phép bién doi dang 2 va dang 3 goi la phép nhan lien hop.
Thidu 5: Truc can thitc & mau:

d‘*‘l ﬂ: —h:
a A C. ——— .
\/d —l \/a +\/h
b, \/l—l+l. d. __[__'_"_“__ _
Ja-1-1 \{l+\/a
Giai

a. Ta bién doi:

a+l (d+l)\/d -1 a -1

Ja? =1 a1 a-l

b. Ta bién doi:
Vva-1+1 (Ya—1+1)° (Na-1+1) (Ji1-;i+-l)3
Jac1-1 (Ja-i-DJa-1+1) a-1-1 a-2

c. Ta bién dé6i:
a’-b" _(a-b)a+b) _ (Ya-vb)a+b)a+b)

\/;’*'\Tb \[d+\[b B l \/_+J—
=(vJa-vb)a+b)

hoac cé thé bién doi:
a’-b’ (@ -b)Wa-vb) _ (@’ -b')Ja-+b)

Jatvb  (Ja+vb)Va-b) a-b

=(a+b)va-+vb).

d. Ta bién doi:

l-a _ (-awi+va _ (d-ap/l+va.a-+a)

J|+VJ- |+~fd B (I+Jd)(l—Ja)
' (l—a)\/?f(l ) T Ao,

Nhén xét: Trong 16i giai cau d), ching ta phai di truc can thuac hai lan.
Cac em hoc sinh ¢6 thé thuc hién theo chiéu nguoc lai.

78



I CAC VI DU MINH HOA
Vidu 1. Viét gon cic bicu thire sau:
a0 A =42590 . 5 J7ahe @ b > O)
b. B= 7554 A0
in
a. Taco:
A =+2590 = {259.10 =53J10=1510.

b Taco:

B=v7554 = /25396 =53/323 =45.2.
¢ lTaco:
C= l \-;27;1 “het = ! \"r‘)..?.;t ‘he'= s V3be =bey/3be
ab 3ab 3ab
Vidu 2, Khu miu cua cic bicu thie duoi dau can
[ 7 K 5
T V250 “ A\
b |7 i It
V3 Vis
Cricnt

a. Ta ¢os
(7 _ [ 710
V:ﬁn V25000

b. Taco:

;’7 _ 7.3:1\;31_
\3 33 3

¢c. Taco:

5 3 1
[5205 Las
12 433 6

d. Taco:

6 6.15 90 910 1
—_— = - - 3 = Jl().
15 15.15 15.15 15.1% 3§

_ | J70 .
50)
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Vidu 3. Rt gon bicu thic:
4 >

T 13 53

Giui
Ta co:
4 2
A= s s . giidges
V143 V5443
4T +43) 2(v5 - V/3)
T T - J:n (V5 + V35 - V3)
) | :
LI 2N s
7-3 5-3
=J7 + 5.
Chi ¥:  Néu thuc hién theo phuong, phap quy dong mau 6", ta
dugc:

45 +V3)+27-V3) _ 4J5+42J34247
W15 +43)  (T-V3)d5+43)

bai todn sé dimg lai ¢ day.
Yidu4. Vaigid tri ndo cua x thi ta c6:

V3x® =x43. b. Ja(l-3x) =(3x-1)va.

A= -

Giai
a. Ta bién d6i twong duong:

V3x® =x4/3 o IxlY3 =xv3 o [x| =xe>x20.
Viy. védi x > 01a ¢6 duoe ding thie da cho.
b. ‘Ta bi¢n doi twong duong:

Ja(l = 3x)* = Bx=1)va & |1 -3x| va =3x-1)va

c:>|l-3xl=3x--\l<:‘.>l-3xs()<:>x2-l

- I - ¢ < 5
Viy, vOi x 2 3 ta ¢6 ducc dang thic di cho.
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¥ dus, Chimg minh rang:

i viil t h:/h ~Vab =(Va-vVb ). véia b> 0.
va +yb
Gt
Nhin x¢t rang:
A \/:l + th = \(ru )+ ( \,/h ) = ( \/‘u + Vb ) - \/ah +b).
Tir do, suy ra:

il\'{il + l"\/b ‘th (-Ju 4 \':h )i - \./ilh ¢ h) / b
— /i - N

va + \/h \/n +\/h
=Q-- v’talh +b - \/uh =a- vazlh +b
=(Ja F=24ab +(Jb)y=(Ja-b ), dpem.

Nian xét:  Trong 19i giai trén, ching, ta dua trén hing, ddng, thice dé
phan tich i s6 ra thira s6 chung, tir do rat gon dude can
thie & mau. T4t nhién, chung ta ¢6 the lua chon phép
nhan lién hgp xony, cach giai nav phic tap hon.

V.du 6. Chimg minh ring: |
I | I j
o e A e R R : = /2009 - |
1+v2 V2443 2008 + V2009
Gui
Nhin x¢t rang:
{
vaol =2 -

1442 (d4d2X2-1  2-1
I _ V342 =\/3—\/3 = J3 -2
V2ed3 (2+303-v2) 3-2 ' )

I /2 =)

|
V2008 + V2009
Thure hién phép cong theo vé va rit gon, ta duok :
| | 1
. e - / 4 . + .
| 4402 2443 V2008 + /2600

= 2009 — 2008

= \/2()()‘) . pem



Nhian xét:  Trong l0i giai trén, dé chung, minh dang, thue chung, ta
[ira chon phep nhan licn hgp dé kha can thue o mau cho
timyg, phan <o, Nhu vy, o dav chuang, ta su dung, phép

bien doi cuc bo.

Vidu7. Giaicac phuong trinh sau:
{
3 X—-2
a. -'J4x~8-()] =6.
2 V 81
| 1
VP41 4x  VxP#l-x
¢. 2x-Savx-a +2°-2a= 0, véi a > ().
Gidi
a. Bién doi phuong trinh vé dang:

, QT RE N
'me—z)—uJ*, =6
2 9°

b +2=0.

Sx=-2=9x=11.
Viy, phuong trinh ¢6 nghicm x = 1 1.
b. Bién doi phuong trinh vé dang:
Vi +T=x (x> +1 +x)
, s +
(\/x” +1 4+ xNVx +1 —x)
- 2x

&> C+2=0
X" +1-x

2=0

& -2x+2=0¢2x=2x=1.
Viy, ph rong trinh ¢6 nghiém x = 1.
c. Ditt=Vx-a.diu Kién t > 0. Say ra:

. ] 1

"::X—a<>x=0U+a.



Khi do. phuong trinh ¢o dang:
A+ a)- Sat #+ 2u - Ja=0)

<32 - Sat+ 20 =0<a(t=2a)2t- a)=0

1= 2a
t ~2a-()
&S ¢> ot
N=a-0 |
2
' f 5 =
VA A - 2a [ x-—a=dar X =4a” +a
<> a a- a +4a-
X n X—a = X =
2 I 4 4

a +da

Viy. phuong trinh ¢o b nghiém x = da- + ava x = 5

Nhan xét:  Nhu vayv:

[ Vai phuong trinh trong cau a). chiing ta si dung quy
tac dira mot thira o ra ngoai daun can dé bien doi no vé
damg Jro= g. Tal nhién. ching ta ciing ¢o thé sir
dung quy tac dia mot thira so vao trong dau can dé
g, cu the:

]

3 -
\"4!( -8 =3 ,1(4?( 8) = 3x -2,
D \' 4

_9 I ) :
q\/x 2 r2f<l(.\( 2) _ o

= ~ -

81\ ¥l
Xong cich bien doi Ki¢u nay rat thu dong.

2. Vai phuong trinh trong cau b). chung ta str dung phép
quy dong cuc bo vi nhan thay mdu s6 cua phin so tha
nhat 1a lién hop cua mau so cua phin so thit hai.

3. Vai phuong trinh trong ciu ¢), ¢ wing ta sur dung phép
dat an phy d¢ nhan duge mot ph rong trinh bac hai, tir
do str dung kién thie vé phan tich da thie thanh nhin
t dé bién doi no vé dang tich va nhian duge hai

.

- [ ] - "I - . b . il ~
nghiégmt= Zavat= : (Iwu y ring ca hat nghi *m nay

déu thoa min t > 0 do gia thiét a > 0,




Vidu8, Cho biéu thiic:

[‘“_“Jnx] (].+ Jlix-‘}'

a. Tim diéu kién dé A ¢6 nghia.
b. Rut gon A.
I

V3

c. Tinh gid tri cua A khi x =

. 2++3
d. Timxdé VA >A.
Gr}ii
a. Dicu kién dé A c6 nghia:
r—xzﬂ x <1
I+ x>0 < {x>-1 o -l<x<|. (*)
[l—-x3>0 -l<x <l

Vay.dicukiénténtaicna A la -1 <x < 1.
b. Bién ddi biéu thic vé dang:
V-4 43 V1-x7 43
\.|+ X - \/]
Jl—x +3 \[IHx: -
- Jr P
JI + X \/I -Xx"+3
c. Trudc tién, ta viét lai x dudi dang:

V32-V3) _2J3-3

= = =23 -3
(2+\/3)("-\ 4-3 )
Khi dé, ta suy ra:
A & l=@x3~3) = 2ll- = =35’
=]|*\/3|=_\'3 -

d. B¢ vA > A, diéu kien i
A<l¢:>x/l—x <lol-x<leox>0.
Két hop vai (*). ta duge 0 < x < 1.

Vay, véi 0<x < 1 thi YA > A
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Vidu 9. Cho bicu thic:
9-x-
a. Tim diéu kién dé A c6 nghia.
b. Rut gon réi tinh gid tri biéu thic A khix = 1.
Giai
a. Diéukién dé A cé nghia:
X 50 | X >0
9-x° S <(3-x)3+x)
9-x"#0 B-x)3+x)=0
LLap bang xét dau tir d6 thu dugc x < -3 hoac0<x <3.
Vay, diéu kién t6n tai cia A la x <-3 hoac 0 € x < 3.

b. Tir két qua cau a), suy ra x - 3 <0, do do:

A:u_nJ"¥1=4x_aniﬁ
9-—x- 9-x°

__ J xx=3 \/ x3-x)
(3-x)3+x) 3+x

Thay x = 1 vao A, ta dugc:

13-np__ [2_ V2
3+1
Chi ¥:  Bai toan sé c6 mot két qua sai néu cac em hoc sinh khong
danh gia diéu kién 0 < x < 3, din dén sai ldm trong qua
trinh bién d6i.

A= (x-3) ’__x_=J x(x —3)° _ ’x(3-'_x)‘
9-x (3-x)3+x) 3+x

Vi bién déi nhu vay thi két qua cau b) sé la:

a2
2

I11. CAU HOI ON TAP LY THUYET
Cau hoi 1: Néu quy tac dua mot thira s6 ra ngoai ddu can.

Cau hoi 2: Néu quy tac dua mot thira sé vao trong dau can.
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Cau hoi 3: Néu quy tac khir miu cua bicu thie 1ay can.
Cau hoi 4:  Néu quy tic truc can thiic o méu.
Cau hoi 5:  Viét bang t6m tat mot s6 phép tinh va phép bién doi can.
IV. BAI TAP TU LUYEN
Bai tap 1. So sdnh cic cap s6 sau:
a. 447 va3413. c. 35w .
b. 5V11 va3v21. s 3

Bai tap 2. So sinh cap s6 sau:

9
Amridp t ohiBe 25 6.
Jo+1 +6-2 3-6
Bai tap 3. Truc can thitc 6 miu:
L A l-—aafé- C \/u +3++a-3
: = ——. c. C=— — =,
I—J; \/u+3—\/u*3
1 V2
b. B= — —= . . D= GRS
-\/18+\[§—2\/2 ¢ l,‘\/z_\,'_}

Bai tap 4. Rut gon biéu thic:

| |
a. A=—-_.‘—_. oy aryr——e
ﬁ*zﬁ ﬁ + 23
_ ,_-'?
b. B:iz__ﬂ - :'_/_2._:

2-1 1-42°

Bai tap 5. Vi gid tri nao cta x thi ta ¢o:
a. VIx* =-x47. b. Jd(;—.?; =(2-x)va.
Bai tap 6. Ching mirh rang:

a J; _ JE _a+b
" Ja-vb Ja+db a-b

(avb + b)(+/a +Vb) \[ab+ b? —2+/ab’

a-b a(a+2\/l;)+b

,vOoia,b20 vaa=#bh.

b.

=b,v6ia>b>0.
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Bai tap 7. Giai cac phuong trinh sau:
VA 16 £ V-4 - 9x=36 =4

b. V9x-9 — Vax-4 + JIex-16 -3Jx -1 = 16.
Bai tap 8. Giai cac phuong trinh sau:
l l

i, +2=0.

Joriel  aiod
) 7 -
S S S
ds=43 31
Bai tap 9. Giai cdc phuong trinh sau:
a 2x—-T7Jx +5=0.
b. x-6+vx—-3 =10=0.
Bai tap 10.  Cho biéu thie:
x>+ /x 2x + /X
As o D YT B
X — \/x + 1 \/x

a. Tim diéu kién dé A c¢6 nghia.

=

Rut gon A.
¢. Hay sosinh |A] véi A, biét x > 1.
d. Timxdé A =2.
¢.  Tim gid tri nho nhat cua A.
V. HUONG DAN - PAP SO
Bai tap 1:
a. Taco:
a7 =427 =112,
3413 = V3513 =117
Vay, ta duogc 4 J7 <3413,
b. Taco:;
5V11 = V5°.11 =275
3721 = /3221 =189 .
Vay. taduoc 511 > 3+/21.



_ ( X2 <
4 L4 16
4 7= ”5‘37_\/1_'}’_
9 9/ 81

Vay, ta dugc ;:-:-JE > %ﬁ.

d. Tacé:
4 T3 a1
Vi (=BT 1-3
_3 W6 +V3) 36+ _ p 1
Ja=8 (f )6 +43)  6-3 ;
3
Vay, ta duge > .
Y ﬁ-ﬁ N
Bai tap 2: Ta cé:
A= NS, 4 16-h | 4e+2)
V6+1 V6-2 f+l)(~/'-n (V6 —2)(V6 +2)
15(+/6 1) 4(( : .
= Tel1 T 64 —l)+2(~/6 +2)=v6 +1.
12 123+v6)  _ 123++6)
B= *.*-———--l-\(—--—————— e
3-6 (3-v6)3+v6)  9-6
=43 + Jé)
Vay, ta duge A < B.
Bai tap 3:
a. Tacé:
Ao loVat _(-Vayi+va+a) o diva.
| 1-va 1-a
b. Tacé:
PR NPT, 118

-Jla+f 222 JI8+J8-V8 18 18
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¢. Taco:

(s[a_-l:3‘+~[d_—h3-)(\/a+"i i = 3)

€= (\}d;_j‘\ﬂi 3)(\/d+3+\/¢l 3)
(Jd+3+~[a 1) _af3+2\/;1+ 3IJa=-3+a-3
(a+3)- (a-'*\) a+3-a+3
e _aeenlh o
d+3 a+3 6
d. Taco:
D = Np) J2014+2 ++/3)

1442 -3 (1442 =31 +42 +43)
_ V20442 +43) _ V201442 443)
(A+2F =3 (14242 +2)-3
J2+2+\/17 I+-ﬁ+ﬁ

2.2 2 '
Bai tap 4:
a. Taco:
wf7+7\/3+\/7 2~/1 2\/7 2\/7_

A= - = R = -
(N7 -2U3)T+243) 7-43 S

b. Taco:

J2al142-2 ‘>J2 =) (2J2—n(\/2 +1)

i 2
V2-1 2= (2-n2 4
_22+22-V2-1 L
2-1
Bai tap S:

a. Ta bién doi twong duong:

J?xl =—xJ7 c:»lxl\/"l =—-xJ‘7 Sixl=—x e x<0.

Viy, vai x <0 ta c6 duge dang thite di cho.
b. Ta bién doi tuong duong:
Jil(;( - 2)‘ =(2 - X}Jii o Ix=2lya = (2-x) Ja
SIx-2N=2-x2-x<0=x22.

Viy. véi x 2 2 ta ¢6 duoe ding thie di cho.
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Bai tap 6:
a. Thuc hién phép quy dong mau s6 cho vé trii (VT), ta dugc:

Ja wfb Jd(w/d +\/h)—\/b(~/d = \/h}
Ja-vb Jatvb  (Ja—-+b)va+b)

b. Nhin x¢ét rang:
(1}_s/b + b_)(_\/a_+ th) B v_(b(_a_+ Jh )(\fu +/b)

a-b a-b '
ab+b® ~2vab' _ [bl(a)? —2vab + (Vb))
‘|(1+7\fh) {-b a’ +2avb +(\/h)’

_ \/b(\,,il = ‘Jh): _ \flb(\.il- \/h)

(a+Vb)* a+vh -
Do do:
vi= Yb@+Vb)a +vb) Vb(a b
a-b d+\fh
= b(\/a_ * ?/h)(l:/.u-—-_--\—/-ij-') = b, dpcm.
a-

Bai tap 7:
a. Bién doi phuong trinh vé dang:
2Jx -4 +Jx -4 - Jx -4 =4=2Jx-4 =4
> VYx-4 =2 x-d=4ex=4
Vay, phuong trinh ¢6 nghiém x = 8.
b. Bién doi phuong trinh vé dang:

3k =1 = 2% =1 +4x =1 =3dx=1 =

S2x—1 =16 Jx-1 =8¢ x - | =64 & x =65,

Vay, phuong trinh ¢6 nghiém x = 65.

Bai tap 8:

a. Bién doi phuong trinh vé dang:
VR al-1-(ralel) 00 =2 o g0
(Vx+1+D)/x+1-1) x+1-1
<> x=1.

Vay, phuong trinh ¢o nghicm x = |,
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b. Nhan xét rang:

2x 2x(Y5+43)  2x(5 +V3)

. = - e 2 o = = =x(v/5 ++/3)
V5 - V3 (V5 -3)\5 +4/3) 5-3
2X Ix(v/3 =1 Ix(v3 = 1) y
= \ | ) _ (V = x(V3 = 1).
3+l (W34 I3 -1 3-—1

Do do, phuong trinh duoce chuyéen vé dang:

x(V/5 + ¥3)=x(V3 =1)= ¥5 + 1

> X(VS + \"f-‘ -\N3+D)= \-"IS + | < X( \';S +1)= \/5 + 1
& x=l.

Vay, phuong trinh co nghiem x = 1.
Bai tap 9:
a. Patt= Vx ., diéukiént > 0.

Khi do, phuong trinh ¢6 dang:

2C-7N+5=00-1)21-5=0

S =1 Jx =1 X = I
&S < 5 =2 &~ 25
21—5'—‘-() l‘—- Qx:s X =

2 | 2 4

25
Vay. phuong trinh ¢6 hai nghicm x = [ vax =

b. Datt= Vx -3, diéu Kién t > 0. Suy ra:
F=x-3&Sx=r+3,
Khi do. phuong trinh ¢o dang:

r+3-61-10=0

S -6-7=00+ DH1-7)=0

t+ 1 =0vonghiém
< &>t1=7
(-7=0

> Jx-3 =T x-3=49 e x=52.

Viay. phuong trinh ¢6 nghi¢cm x = 52.
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Bai tap 10:
a. Diéu kién dé A ¢6 nghia:

x>0
x>0 \
. T : <3
{x—\/x+lae() (sfx—lj +4,¢()

Vay, vai x > 0 thi A cé nghia.
b. Nhan xét ring:
X+ Ux = Ix (xVx + )= Vx (VX ) + 1]
= Vx (VYx + Dx=Vx +1).
2x + VYx = Vx 2Vx + 1).
! Do dé, biéu thirc A duoc bién déi vé dang:
A = UKD =X 4D JxExs
x —vJx +1 Vx
=Jx-(_s/i'+l)—(2\/x +D)+1=x- Jx.
c. Nhan xét ring, . véi x > 1, ta cé ngay:
x> Yx ox-JYx >0A>0= A=A, ‘
d. Dé A =2, diéu kién la:
x-VJx =2 x-Jx —-2=0.
Patt = +/x , didu kien t > 0. '
Khi do, phuong trinh ¢6 dang:

& x >0,

-l-)+l

x t+ | =0vonghic
r-t1-2=00+1Ht-2)=0& * vonghicem Si=2
t-2=0
o Jx- =2 x=4.
Viy, diéu kién la x = 4.

e. Tacé:
A=x-x (4') . 8
2 4 4
Dodé A,,, = —i , dat duoc khi:
w/;--l— =0 x= L .
2 4
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CnuU BE 1y EN PHEP TINIL RUT GON
6 BIEU THUC €O CiUA CAN BAC BAI

I. KIEN THUC CU BAN
D¢ rit gon biéu thire ¢ chira can bac hai ta thue hién theo cic budc:
Birocl:  Thuc hién cdc phép bién doi don gian:

. Pua mot thira s6 ra ngoai dau can.
2. Dua mat thira s6 vao trong diu can.
3. Khir miu cia biéu thic duéi dau can.
4. Truc can thitc & mau.
Buéc2:  Thuc hién phép tinh.
Ta co két qua
avA —bJX +cVA +d=(a-b+¢) JX +d
vdi A>20vaa,b,c,d e R.

Biy gid, ching ta s€ xem xét ciic dang todn lién quan thong qua cic
thi du sau.

Thidy 1: Thuc hién phép tinh:

a. 3J8 - VI8 -—5‘/1; V50 .
b 2_ —_ . ] + 2_
42 B=2 3l
Giai

a. Ta bién déi:

38 V18 -5 |1 450 <3042 - Y92 -5 [2 4 382

i

—642 342 - ; J2 +542

5 - 12
=6-3-2 +5)/2 = —*7,
( 2+ )J 5
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b. Ta bién doi timg thanh phin trong biéu thiic:
2 2)°
\;2 (‘{/—‘}— =42, o day ta sirdung phép phan tich tu so.
LI € L
V3-V2  (V3-V2)W3 +42)
'\/"‘ + \/2 J‘% " \/7 .

. oday ta stardung phép nhan licn hop

3-2
2 3-1 _(W3-DW3+1 i3]
Jiol Bor Y3 o
Nhur vay:
2 |

2 = (BBl
NI T SN
Nhan xét:  Nhu vay, voi yéu cau " Thue hién phdp tinh " cua cac
biéu thue chita cdn bac hai ching ta can linh hoat su
dung bon quy tac bieén doi da biét, cu the:
1. O cau a), chung ta da su dung quy tic dua mot thira s6
ra ngodi diu can cho 348, VI8, V50 . Con d6i voi
I . . , 2
5\/9 ta bién doi né vé dang €6 miu s6 binh phuong 1 5 J’J .
- 1at phién ciing ¢6 thé bién doi:
1.5 52
N2 \/-) 2
2. O cau b), mbi thanh phén déu ¢6 nhiéu cach bién doi,
cu thé ngoai cach da trinh bay trong 1oi giai trén
chung ta con ¢6 thé thuc hién nhu sau:
2 7./ :
_____ _ 22 w2y
V2 V242 2
| 3-2 (3-V2)3+42)
-8 B-h Bk
=3 +42. ;
2 23+ 1) "(\/34-1) =341
Bol (BonEen 3 '
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Thidu 2: Rut gon cic bicu thire sau:
a. A=2 r’h + J"?x - V{RK + J50x + Jx
b. B= |- +\f\\ # 2 / L Vo XLy > 0.
. v Vx
Grai
a. Tabién doi:
A =23x +3V3x =22x +5V2x + Jx
=2+ 3)V3x +(-2+5)V2x + Vx
=53x +3V2x + Vx

=(5v3 +3v2 + )vx.
b. Ta bién doi-

B= [X)f + \/x;( " X \/X):
‘ U' y Vx°
ny + \fxy + ny

|

= == - X

[Iyl lxly]\[y
[ )
I + 1+ I]ny néux,y >0
\ Y y
) l :

szt ny néux,y <0
oy y

| + 2)/xy
E?z____)\_fx_y_ néux,y >0

(y - ")\/—

~—————— néux,y <0

\

Nhan xét:  Nhu vay, vdi yéu cau " Rut gon " cac biéu thirc chita can
bac hai ching ta van linh hoat sir dung bon quy tic bién
d6i da biét. Tuy nhién, trong céu b) ching ta luu y tdi

Ja® = |a|, tird6 thue hién them viée pha dau tri tuyét doi.
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Thidy 3;: Chimng minh rang:
5+206 ) (s-2V6 ) _, g
V3+v2) \V3-42
Giai
Nhan xét rang:

5+2J3=(-J§)1+2\/§,\[§...(\[2_):___(\/3‘4_\/2)3
54296 ) _ (3492 Y _ i e s e
ﬁ((/:u}/_i] ‘[‘73;@ ] =(V3+V2y=5+276.

5-26 = (V3 -23.42 +(¥2y=(¥3 -2

s-2J6) ((3-v27) _ e
3[*\7—;’3—5} ['—:ﬁj‘ﬁ—] -(\/g-xfz_)u—S 26 .

Do dé:
VT=5+26 —(5-26)=46,dpcm.
Nhan xét:  D6i voi biéu thixc da cho, néu khong khéo léo danh gia
dugc S+2v6=(V3 + V2 va5-2J6 = (43 - V2)

ma thuc hién phép nhan lién hop dé khir mdu thi sé nhan
i duoc két qua rat phic tap.

Thidy 4: Giai phuong trinh:

a. 3v2x — V18x' +4 1; - lli J128x =0.

L EXS T s
= 1.

6 Wx-7 . 3Vx-5
3
Gidi
a. DiéuKiénx > 0.
Bi¢n do6i phuong trinh vé dang:
3V2x —3xV2x +242x —-2V2x =0 3V2x(1-x)=0

7—-_' =0
= V2x =0 = * , thoa min diéu kién.
]-x=0 x=1

Viy, phuong trinh ¢6 cic nghiémx =0 vax = .
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b. Diéukién x > 0.
Bién doi phuong trinh vé dang:

N B N
SR P B B
YR TFTVRE TGN TS

¢:>(g+l—§-)\f;=l+z—-5--
a 2 3. 2

& —é Jx = -2 & Jx =5 x =25, thoa man diéu kién.
Vay, phuong trinh ¢6 nghiém x = 25.

11. CAC VI DU MINH HOA
Vidul, Thuc hién cic phép tinh:

a. A=72+50 —98. 6 C=—t =3 _ 433,
o 43 2]
b. B=15 J§+J§
. S . \ D’JL‘Jﬁ _J7+\[6
7+ 6 7-J6
Giui
a. Taco:

A=+72 + J45 - J96 = 362 + V252 + J49.2
=642 +52 =72 =442,

b. Tacé:
15(\/-+J] (%JI§+%J|§]=15.%JIS=8Ji§.

=82 3B
2443 2-43

3(2 \[3) 5(2+J3)+%J3(2+J1u)_.,'3.

2+ V3)2-3)

= 3(4-3 -
s *‘_‘[,3H._'92_§?_+.3_‘/ @=3 6. 1043,
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d. Ta ¢6 thé 1am theo 2 cich:
Cdch 1 Sir dung phuong phip quy dong miu so, ta ¢6:
: /
5o [7-e J7+J6 J1-YJ6  J7++6
7+ 6

7-J6 746  J71-46

(1-46) -(J1+96)  7-do-1-4e.
J7+ V676 J7 + V6)7-6).
=-26.
Cdch 2: St dung phuong phip truc can thie o mau, ta co:

\/71Jf{ J'ﬁ}/é;
D= . J5i= R
7+v6  \7-+6
_ / a-Jor | asdey
V7 +v6)7-v6)  V(7+v6)T7-6)
_ JW—JM“ ey

7-6 71-=6

=7-vJ6 -7-+J6 =-246.

v - - ?. . o o »
Cac em hoc sinh ¢an phai linh hoat trong viée lua chon cach
o a? als * . R .. . Ve . 7 = .
bi¢n doi. Trong nhiéu bai toan viéc truc can thuc 0 mau se¢
- " - 4 o7 I
lam cho cac budge quy dong don gian hon nhiéu.

Cho biéu thic:
X+2 \[x + 1 \/x + 1
A=1: f=c— Fe= ==
x«/x—l x+Jx+l )
a. Tim tap xac dinh cia A.
b. Riit gon biéu thiic A.
c. Sosianh A vai 3.

Giai
a. Diéu kién dé biéu thic A co6 nghia:
x>0
: 0
xVx =120 < {x> :
x # 1
x+1#0
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b.

C.

Ta co:
X+2 Vx +1 Jx +1
A=1: S e
xe—l x+Jx+l x -1
__l.”____r_x+’? Jx +1 \/x+l_ i
.(JX*I)(X+Jx+l) x+\/x+l (\/§+l)(\/x'—l)
o I X+2 Jx +1 |
(JI—I)(H&H) el Ax =1
- +"+(\/x+l)(\fx—l)—(x+\/x+l)
i (Wx = I)x +Vx + 1)
-1 x+?+x—'1_—x—\/x-l
| x=Dx+x +1)
x = Vx
| Wx < Dx Vx s D)
Yx(x = 1) x+Jx+l
=11 - -
(Jx = D(x + Jx +1) Jx
X¢t hiéu:
A—3= X +Vx +1 3= _"fl/;.”_,:’_‘/g
) Vx Vx
_x=2Vx 41 _ (x-1)?
vx Jx
Nhin thay:
(Vx =1)* 20
Jx 20 aa (Vx =1)* >0 Q(_{f_-—_l_)i)
O<x#1 ‘/;>0 &
S A-320.

Vay A =2 3.
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Nhin xét:  ‘Ta c6 thé thuc hién rit gon biu thic A véi cach khac nhu sau:
Dit: Vx =a,0<a«1.
Ta duogc:

A s ¢1‘+2+ "‘l+_.l__ __a‘+l
a -1 a +a+l a -1

. i a’+2 asl | ]
(a—l)(a +a+l) a~ +a+l a-—1

=1 '_q_a_-:—_d }=:}:‘+u+l.
(a—-l)(a +a+1l) a

Thay a= Jx vao bidu thic A vita rat gon, ta dugc:

@  Cho biéu thitc:
1-ava . | +ava =~
P= [I-Ja ++/a )[ : -w/d].

a. Rt gon biéu thic P.
b. TimadéP<7-443.

Giui
a. Diéu kién:
a>0
. a=>0
I—Ja 20 & = = >0<a=zl.
= Ja(\/a-l)::()
I++va #0
Ta co:

_(l—a\ﬁ; l+‘l\/a -'
b= L i B4 } [ 1+ va J“J

_ !_l‘—_sfﬂ(ﬁlj\/a +a) ‘\/d] [(I+\/.|)(I _a ta) Jal
I+\/‘|

\ I -
=(l+Ja+a+ Jd)( I-va+a-+va)
=(1+2Ya+a)1 = 2Va+a) = (1+va) (I=va )Y = (1 —a)".
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b. Taco:
P<7-4V3 o (1-2)'<7-43 & (1-2)7<4-223 +3
e (l-a'<2-V3ye [1-al <2-43
& J3-2<a-1<2-BBeaH-1<aci- .
Vay, v6i ¥3 — 1< a<3- 3 thi P<7-443.
Chii y:  Tacan chu y tinh chat:
Al <a¢> —~a<A<a
Vidud. Cho biéu thic:
P (2\/:( \& 3x+3J [wax—_ IJ'
\/x+3 Jx-3 x-9 Jx -

a. Rt gon biéu thic P.
b. TimxdéP<- ll;

c. Tim gid tri nho nhat cua biéu thic B.

Giuai
a. biéu Kién:
:?310 & 0<x#9.
Ta co:
po 2VXGEX =34 Vx(x+3)-3x =3 2Jx-2-x +3
x-9 Jx =3
_7x—6\/x+x+'¥\fx—3x—3 Jx+l
N x -9 \/x—
__-3«/)(—3_ Jx +1 —3(Jx+l) J;_:_ -
Cox-9 'Jx—X %-9 Jx+l-\fx+3
b. Tacé:
P<—--l¢:> =9 g =2 L <0

— <:>.-,-. +
Jx +3 2 Jx +3
—6+J_+3 Jx -3
Lo

s St S 20

—-<0&e Jx -3<0
Z(Jx +3) 2(«/;+3)

i \[x <30<x<9.

Vay, voi 0<x<9thiP< - g
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_ 3
\/.:c+3
Nhan xét:
gzlies oJx 20 Sdr+izies ' .5 ]
Jx+3 3
o —l—(i) > 143 = =3 >2-1leoP>2-1

Jx +3 3 Jx +3

Vay, suyra P =~ | dat dugc khi x = 0.
Chii ¥:  Bat ddng thirc d6i chiéu khi d6i ngudc phan s6 hodc nhan
ca hai v& vdi mot s6 am.

IIL. BAI TAP DE NGHI
Bai tap 1. Thuc hién phép tinh:
a A= \[f;+2\[5 —\ﬂS—Z\E.

o B 7r 4 e
i)

d.D:ﬁE+¢;b%-&%+&ﬁﬁ.

-

c. C=12

Bai tap 2. Rt gon biéu thic:
I 1

2. A= —o— — — 4],
Jx =1 Jx+1
b Bat ~24 2%
\/x+2

c. C= < - ! + Jx .

Jx+3 Jx-3 9-x
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Bai tap 3. Cho biéu thiic:

A"[K_B’J;—l]-{-— J= \/R-* CJx+2
N x e x-2) dx-2 Jx+3

Xx-9
a. Rut gon biéu thitrc A.
b. Timxdé A<-1,
Bai tap 4. Cho biéu thiic:
A~ ISVx—11  3x-2 2v/x +3
X + 2Jx -3 1-+/x \/;4 3
a.  Rut gon biéu thiic A.
|

2

b. Timxdé A=

3]

c. Chung minhrang A < =

(]

Bai tap 5. Cho biéu thic:

A:__[\faH ! ]J{JZ-I_JQHJ
2 2Ja) (Va+l Va-1)

a. Rut gon biéu thic A.
b. Timadé A <0.
c. TimadéA=-2.
Bai tap 6. Chimg minh ring biéu thic sau 12 hing s6 véi moi gid tri x va y

P_[ & 2J§+J’Jx[ yx

_M—y ﬁx(J—I)

Bai tap 7. Giai phuong trinh:
a. (Vx-3)4-vx)=9-x
3 3

b. — + — = ().
2x' +1  x—-v2x' +

Fix i
\/x+5 Jx-2
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IV. HUONG DAN - DAP SO

Bai tap 1:
a. Taco:
A= \[:2\51-5—\/1 _ﬁ M—V{l+\, \f(l JS)
=1+ 5-(J5 1)=2
b. Taco:

B= 74443 -\7-43 = J8+2283 +3-4-22/3+3
= J2+3)Y —J2-B3) =2+ V3 -2-3)=243.

c. Taco
C=12 J3-+ O =12(J1+J3} = 43 +12/3 =1643.
6 V2] V3
Bai tap 2
a. Taco:
(Vx D)= (Gx =) +Ex - DX +1)
A = Bl 0 ; -
(Vx = 1)(x +1)
__2_+x—l_x+l
x—1 X -1
b. Tacé
g 10-x+Gx+2(x-2) _10-x+x-4 _ 6
J;+2 \f;-i-2 \/;+2.
c. Taco
c Jx

2 1
= — + e
Yx+3  Ix-3 0 B-Vx)3+Vx)
3 2(3—\[;)+(3+\/;)+J; _ 6—2\/;+3+Jx—+\[;

G-Y)3+vx) 3-Vx)3+Vx)
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Bai tap 3:
a. Diéukién:
x>0 x 20
x=920 &x=0,
Jx =220 x#4
Taco: |
x=3x = (x=9) 9-x+(Jx ~x +3) - (Vx +2)(vx -2)

A= A T AN L)

x—9 (Vx +3)(Wx -2)

—3\/;<+9 9-x+(x-9)-(x-4)
x=9  (Ix+3)x-2)

_-Wx#9 o 4-x
-9 (Jx+3)x -2)
-3 Jx+3 -3

Jx+3 Jx+2_ Jx+2_
b. DéEA<-I tacé:
1(Jx +3)
(Vx - 3)(Jx+2)

o S(Jx +3)+_(§_/§_ 3)(Vx +2) <0

Wx-3)(x+2)
3(Jx+3)+x J_ 6
L]

o |

e
x +2x + ‘& <0
T WhAxed
Nhan thay:
X+2vx #3>0va Vx +2>0
Do do, '
x+2vx +3

Ot U¢:>J_ 3<0<:aJx <3 0<x<9.
(ﬁ-’*)h/x +7)

Vay, véi 0<x <9, A<-1.-
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Bai tap 4:
a. Diéukién:
x>0 _
. : >0
I—Jx:t()c::»{x )
. x # 1
«/x +3=0

Ta co:

An 15Vx — 11 Wx-2  2Jx 3

xDx+3)  Tovx Axe3

15vx — 1= (3Vx =2)(Vx +3) - 2Vx + 3)(/x - 1)
((Wx-Dx +3)

15vx = 11-3x - 7v/x +6-2x - x +3

(\[X - l)(«.& +_3)_
_ =Sx+TVx =2 (X -D(=5Vx +2) _ —5Vx +2
Wx -DVx+3)  (Ix =(/x +3) Jx +3
b. Dé A= ;,lacér

—5Jx +2

|
Jx +3 2

& 2=5vVx +2)=Jx +3

> —10Vx +4-Vx-3=011Jx =1 x=

121

Vay, véi x = -—l—.laduch= 4
' 121 2

c. Xét hiéu:

- 5\[; +2
J; +3
Nhan thay:
3(vJx +3)>0.
Do d6:
-17dx
3k +3)

-15&+o 2Jx -6 _ —17Vx

2
3 3(Jx +3) T 3dx+3)

0=>A< E
3
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Bai tap 5:
a. bicu kién:
a>0 a>0
. o .
Ja—-1=20 a#l
Ta co:
[a —IJ: ((\/d - l)(\m —l}“(\/t +l){\/d “ l}]
!\= = .
(Va +1)(a =1)

2va
(u-_l__): [a ”Ja+l——1-—7\fd—l]

43 d—"l
_(a-D" -4va _a-1
4a a-—| J; '
b. Dé A <0, ta cé:
d—l
-—— <0 a-1<0e=ac<l.
Ja

Két hop vai diéu kién, tadugc: O <a < |.
c. DéA=-2,tacé:

._l - —
=2 =—2c::>a—l+2s/a =0 a +2Ju +1-2=0

e (Ja +1)2 —2=0 (Va + 1) =2

J;+ [ £ -—Jf!(loz;i)

Vay, véia= (V2 -1y thiA=-2.
Bai tap 6: Ta co:
{ Jx 2Vx +y | JxyWx-\y)
N ST QY s T o o) (PN PO o
x/x«f;+(2\/;+f)\[)-f \/‘(\/X \/y)
T Sy -y (Vx +4y)*
=x+2\/x_);+y_(~/;+\{y)
Wx+Jy)P  (x+yy)

@[‘/5“‘-'*5 e i s 5 e { Tt

=1 —dpcm.
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Bai tap 7:
a. Dicéukién: x 2 0.
Ta co:
—x+7Jx -R=9-x7Jx =2l =x=9
b. Diéu kién:

{2x‘+120 xzi/--l
= 2

2_'2 A ' 0 L]
) x (I=-x)2x  +x+1)=0

Ta c6:
3 3
i — - —_——— - = = ()
x+\[2x‘+l x—-JZx“ +1
c. Taco:
J4 + x _ Jx +3

v"x +5 \,’x—E
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cnvu Pi

7

CAN BAC BA - CAN BACN

L. KIEN THUC CO BAN
1. CANBACBA

Pé xay dung khdi niém can bac ba cua mot s6, ching ta sé bit diu véi
bai toan sau:
Bai todn: Tim canh cta hinh 1ap phuong c¢6 thé tich bang 8.
Giai )

Goi canh cua hinh 1ap phuong la x, diéu kién x > 0.

Tir gia thiét, ta co:

x'=8=222=%=2
Vay. canh hinh lap phuong bang 2.

Nhan xét:  Khi lam quen véi khai niém can bac hai, ching, ta nhd rang;
x>=ax=+a. vdia0.
Vay, d6i vdi phuong trinh x* = &, ta ciing ¢6 ki hiéu:

x=8 =2* =2,

Tir d6, ta ¢6 dinh nghia can bic ba:

Dinh nghia: Cin bac ba ciia mot s6 a, ki hiéu Ya , 13 mot s6 ma luy
thira bac ba ciia n6 bang a

i x=Va ©x’=aGuyra(¥a) =a).

Thidu1: Tacé:
Y8 =2vi2'=38.
10,027 =0,3 vi (0.3)' = 0,027.
V=125 =-5vi (-5)' =-125.
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Tém lai, véi moi aeR luén ton tai Va.
» Néua>0thi Ya>0.
* Néua<O0thi Ya<0.
= Néua=0thi x/a— 0.
Chi ¥y:  Chung ta déu biét rang;
al=b'ea=b
do do, ta ghi nhan dugc hai két qua:
Va. b = Vab.
Va _ Ja VG b £ 0.
b
Thiduy 2: Thuc hién phép tinh:
~ —% V18 - V-3,
b. (V=2 +1)(V4 +32 +1).
Giui
a. Ta bién doi:

1-— AR -V-3 = —513(3)_J7_3

b. Ta bién doi:

(V-2 + (V4 + V2 + )= (V-2 + D(V-2 7

~Y-2 +1)

=(-.‘\/::‘7_‘)'1+l=—-2+|=—|.

Nhéan xét: Nhu vay:

1. Trong ldi giai cta cau a), ching ta da su dung két qua:

Va. Vb Ve = Vabe

2. Trong loi giai cua cau b), ching ta da si dung hang

dang thuc:

a'+b'=(a+Db)a’- ab+b).

Nhé ring, ngoai ra ta con co:

a'- b'=(a-Db)(a’+ab+b?).
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Tht du 3: Gaai cac phuong trinh sau:
a. Y2x+1=3. b Vx+l=Vx'-1.
Girai
a. Bién doi twong duong phuong trinh vé dang:
(§{2x+l)1 =3 o 2xx+1=27T2x=26¢x =13,
Vay, phuong trinh ¢6 nghiém x = 13.
b. Bién doi tuong duong phuong trinh vé dang:

Ax+1Y =@Ax* =1 ox+1=x =1 ox+ 1 =(x-Dx+ 1)

x+1=0 X =-1
Sx+D)x-1-1=0e & !
x—=2=0 X &= 2

Viy, phuong trinh ¢6 hai nghiém x = -1 va x = 2.
2. CANBACN

Can bac n (n € N, n > 2) cia mot s a 1a mot day ma luy thira n biang a.
Tong quat:

*  Hoi voi can bac le (n = 2k+1): Moi s6 déu ¢6 mot cin bac 1é duy
nhat. Can bac 1¢ cua s6 duong la duong, cta so 0 1a 0, cua s6 am la am.

Ki hieu: **/a 1a gid tri ctia can bac 1¢

*  Poi voi can bdac chdn (n = 2k): S6-am khong ¢6 can bac chan. S6 0
6 can bac chan la 0. S6 duong c6 hai can bac chan la hai s6 déi nhau.

Ki hicu: ¥a va- ¥a (trong d6 %/a >0 ) Ia gid tri clia cdc can
bac chan ctia mot s6 a khong am.

Thidy 4: Thuc hién cic phép tinh:
a. A=481 -1327.

b. B= Y7-4v3 +y2-43.

Giai
a. Taco:

A=481 -327 =43333 - 333 =0.
b. Taco:

B={7-443 + 23 = 44220343 + {213
={2-3) +2-3 =243 #2-=22-43.
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I1. CAC Vi DU MINH HOA ,
Yidu l. Thuc hién cdc phép tinh:

a. A= V—64 + V27 - VS )

b. B=3Y125 - V54 - Y-128.

g, C= {/(s/3 - l)(4;iJ3).
Giai
a. Taco:
A=V-64+327 - V8 =-4+3-2=-3
b. Tacé:
B= 125 - V54 - Y128 =5- 272 - V-e642=5-7V2

¢c. Taco:

C=YW3-14-243) = Y3 -1)3-2V3 + 1)
=V3-D3-1 =YWB-n =B -1
Nhan xét: Nhu vay, trong Idi giai cda vi du trén dé thue hién cac
phép tinh ching ta méi chi su dung, tdi dinh nghia cua can
bac ba. Vi du tiép theo sé minh hoa viéc su dung cac hang,
dang, thirc bac ba, bao gém:
a'+b'=(a+b)a’- ab+ b’) =(a+b)'- 3aba + b).
a'-b'=(a—-b)@@+ab+b’)=(a- b)'+3ab(a b).
(@a+b)'=a’+3a’b+3ab’+b".
(@ b)y'=a' 3a’b+3ab’-b’.

Yidu 2. Thuc hién cic phép tinh:
a. A=(VY3 +¥2) V9 - Vo + Va).
b. B=(V5 - 1)V25 - V5 + ).
c. C=(1-Y3) +1+V3).
Gidi
a. Ta bién doi:
A=(V3+¥V3r-Y3. V2 +(V201=(B)y+ 2)

=3+2=5.
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b. Ta bi¢n doéi:
B=(V5 - DIV5) - V5 +1)=(V¥5)' - 1=5-1=4.
c. Ta bién doi:
C=(-¥3 +1+3y-30- B+ B -3 +1+ 3)
=2'-3[1 - (V3))2=8-6 +63Y Z2+6Y9.
Vidu 3. Chimg minh rang:

SERLNN Y

Giai
Ta co:
B=1Y  5S5-15+375-1 8JS~16
= e e = =-J5-2
2 8 8
< -\-/5:—-' = JJ‘S—_E , dpcm.

2

Vidud4., Biétring néua=>bthia =b'vanguoc laia’'=b' thia=b.
Chimg minh ring:

;‘;; = *J;-,w’rib:().
Giai

Ta co:

Va) _ (Va)' _a
i) = s
Viy:

Va \/
=} ( dpem).
, (dpe

Chiy:  Ching ta déu biét tdi phuong, phap nhan lien hgp dé khu can
bac hai d mau, va cau hoi dude dat ra la " Vor cdn bdc ba thi
sao? ", cau tra loila " Cang nhan licn hop", tuy nhién o day:

a+bueolienhgplaa’® ab+ b’ va ngugc lai.

a - bedlien hop la a® + ab + b va ngugc lai.
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Vidu 5. Khircan thic ¢ miu:
. b e
V3-32 Vs -Vs+n
Gidai
a. Thuc hién phép nhan lién hop, ta dugc:
1 V9 + V6 + /4 _ Y9+ V6 + V4
B T e h T 32
=39 + V6 + V4.
b. Thuc hién phép nhan lién hop, ta duoc:
6 e(Wsel_6(s+1) _ 0 o1
Vs -¥s+1 @5+nd2s-Us+) S+ |
Nhéan xét:  Nhu vay, trong 1di giai cua vi du trén dé thue hién khi can
thitc & mau chiing, ta Sl’l"dl_lng phuong phap nhan lién hop.
Tuy nhién, ta con ¢6 the trinh bay theo phuong phap tach,
cu thé:
1 3-2  (V3-V2) V9 + Ve +Va)
G- BT B
=39 + Vo + V4.

Vidu 6. Giaiciac phuong trinh sau:

a. x*-5x'-24=0.

b. 3- V3x+6 =0.

c. V2x+1-1=2x.
Giuai
a. Bién doi phuong trinh vé dang:

X*+3x' - 8x'-24=0x'(x"+3) -8 (x'+3)=0

x'=-3 - [:x:{/-—__;.

Sx+3)(x'-8)=0 &
x' =8 X =2

Vay, phuong trinh ¢6 2 nghiém x = Y-3 vax=2.
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b. Bién doi phuong trinh vé dang:
V3x+6 =33 +6=3'3x=21x=T
Vay. phuong trinh ¢é nghiém x = 7.
¢. Bién doi phuong trinh vé dang:
Vax+1 =2x+ 1> (V2x+ 1) =2x + 1)

S+ 1=2x+ 1) @x+D2x+1)'=1]=0

2x+1=0 x=-1/2
2x+1=0
& . S| 2x+1=1 & |x=0
2x+1) =1
2x+ 1 =-1 X =-—1

- ~ , . l ~
Vay, phuong trinh ¢6 3 nghiém x = —g k= Ovax=-I.

el

1. CAU HOI ON TAP LI THUYET

Cau hoi 1: Hay xay dung khdi niém can bac ba ctia mot s6.
Cau hoi 2:  Phit biéu dinh nghia can bac ba cia mot so.
Cau hoi 3:  Néu két qua tong quit trén R.

Cau hoi 4:  Phat biéu dinh nghia can bac n ctia mot s6 (néu cic trudong
hop can bac 1€ va can bic chan).

IV. BAI TAP TU LUYEN

Bai tap 1. Thuc hién phép tinh:
a. A= if&i— m — Vg '
b. B=4-125 + 128 - 2.
g. C= ifgf - V27 -343.

Bai tap 2. Thuc hién phép tinh:

b. B=(V3-1)+(3 +1).

c. C=B-1)(Y9+¥3+1)
d. D=(V3 - V29 + V6 + V4).
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Bai tap 3. Ruit gon cdc biéu thirc:
a. A=(Va +1y-Va-1)"
ST

%“—V;H

e C= -‘Jl—x"+3x(x-l).

Bai tap 4. Giai cic phuong trinh:
a. 2+ VYx+5 =0.
b. 3-V2x-7=0.
c. Vx®+6x'=x+2.
d. “\/x-—-'i + 1 =x.
e. Vx+5-VYx-5=1.
V. HUONG DAN VA DAP SO
Bai tap 1.
a. Taco:
A= V64 - V1000 - Y8 =4-10-2=-8.
b. Taco:
B=4-125 + V128 - V2 =-5+442 - Y2 =3V2 5.
c. Taco:
C= V81 - V27 =343 =3V3 -3-Y3 =-3.
Bai tap 2.
a. Taco:
A = V2 +D3+242) = Y2 + DR+ 2V2 +1)
= ‘\{(\/2#‘1-)(‘;.!;2 +1) = V(Jz vyt =t
b. Ta¢o:
B=(V3-1+¥3+D)'-33B-DAB+ DB -1+¥3 +1)
=2V3)Y-6Y3(Y9 - 1)=24-18+613 =6+6V3.
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c. Tacé:
C=(V3-1)(Y+V3 +1)=(V3)-1=3-1=2.
d. Tacé:
D=(V3 - V2)¥9 + VY6 + Va)=(V3y-(¥2)=3-2=1.
Bai tap 3.
a. Taco:
A=|(Va +1)-Va-Df+3Va +1xVa - Va +1)-Va= 1)
=2 +6(Y¥a’ —1)=2+6Va’ .
b. Tacé:
po . l*a _ (+Va)dfa® ~Va+1) it
Va? ~Va +1 Va? —Va +1

c. Taco:

C= ‘\ﬁ—-x}+jx—(;_—ﬁ = Y1-3x+3x7 -x*

= ij(-l - xi; = |—x.
Bai tap 4.
a. Bién ddi phuong trinh vé dang:
Vx+5 =2 (Vx+5) =(-2)
Sx+5=-8x=-13.
Vay, phuong trinh ¢6 nghiém x = -13,
b. Bién ddi phuong trinh vé dang:
V2x-7 =3 (V2x-7) =3 o2& -7=27ox=17.
Vay. phuong trinh cé nghiém x = 17.
c. Bién d6i phuong trinh vé dang:
Vxb +6x' =x*+2 ( Yx® +6x° )= (x*+2)
S xP+6x =x"+6x'+ 12x" + 8
& 12x° + 8 =0, v6 nghiém.

Vay, phuong trinh v6 nghiém.
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d. Bién d6i phuong trinh vé dang:

Yx—1 =x-lex-1=x-1)

Sx=-Dix=1y=1]=0

x=-1=0 x =1
x—1=0
P ? l<:> x=1=1 &|x=2.
(x=1)" = x=l==] |lx=0

Vay, phuong trinh ¢6 3 nghiém x =1, x =2 vax =0.

Nhém Cie Mon chiing t6i di va dung theo dudi muc tiéu viét ra dicoc
mot bo gido trinh Todn pho thong (PTCS va PTTH) véi néi dung bao gom:

|8
2,

Day chi cac kién thite theo guy chudn ciia BGD va OT.

Kién thite dicoe trinh bay theo kiéu dar van dé va cdc yéu can
hanh déng dé thay doi kiéu day hoc theo 167 thu dong.

Sau méi chii dé kién thite déu 6 phdan hiong dan st dung mdy
tinh Casio Fx570 Ms hodc cdc phan mén mday vi tinh dé tro giiip
cho viéc gidi todn (gidm thiéu cdac bai todn tinh todn plitc tap).
Nhitng chu dé kién thite can thiét sé dugce chia nho thanh phan Iy
thuyét va cdc dang todn dé gitip cho viéc day va hoc ndang cao.

Cé dia CD kém theo dé":

»  Gido vién ¢6 thé thue hién bai gidng bang mdy chiéu.

»  Hoc sinh ¢6 thé hoc ngay trén mdy tinh.

Do vdy, chiing téi rat mong nhdn dicoc nhitmg y kién déng gop 6 tinh
xdy dimg cuia tat cd cde Thay gido, C6 gido, Nha nghién ciau, Phy huynh
va Hoc sinh trén toda: moéc.
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U BE SO LUGC Vil
NANG CAOQ PHUOGNG TRINI -BAT PHUGNG TRINII
CHUA CAN BAC HIAIL

I. PHUONG TRINH VO TI

Chiing ta hian da duge 1am quen vai viée giai phuong trinh chira can
bic hai va thdy ring ¢6 hai phuong phép thuong duge sir dung, bao gom:

1. Phuong phép bién doi tuong duong.

2. Phuong phip dat an phu.

D¢ gitp cdc em hoc sinh muén nang cao kién thitc cua ban than, ¢
phan nay s€ trinh bay cu thé hai phuong phap trén.
1. PHUONG PHAP BIEN POI TUONG PUONG

Ta sir dung céc phép bién ddi co ban sau:

V/l'-(.x) = \[1:;'(-)'() < f(x) = g(x) 2 0 vai diéu kién f(x), g(x) co nghia.

\/f(x) (x)¢;> Jg(x)conghia & g(x)=0
:g { = .- s
lf(x):g'(x)

khong can dat diéu kién f(x) > 0.

k]

f(x),g(x),h(x)conghia
JIx) +4/g(x) =h(x) & {f(x)2 0, g(x) 20
f(x)+g(x)+ 2\/f(x)g(r) = h(x)
Trude nén, chung ta xem xét cac phuong trinh dang Jf(x-j = \[g__:h(_xh)
Vidul. Giaicdc phuong trinh sau:
a. V2x+1 =J/x+6. b. Vax+2 =+x> +4x +1.

Giai

a. Bién doi twrong duong phuong trinh:

\/2->'cl+ | = V/x%?é S2x+1l=x+620

x+620 X2 -6
<> = X =D
2x+1=x+6 Xx=5

Vay, phuong trinh ¢6 nghiém x = 5.
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b. Bién déi twong duong phuong trinh:

Jax +2 = Jx* + 4x ] ax+2=xX"+4x+120
4x+220 xz-l xZ__I
s et 2 & 2 &S xe=|
dx +2=x"+4x +1
:l x:+l

Vay, phuong trinh ¢6 nghiém x = 1.

Nhan xét:  Trong 1di gidi ctia vi dy trén: :

l. Ocau a), chung ta lua chon diéu kién la x + 6 2 0 hoac
2x + | 2 0 la nhu nhau vé dé phuic tap.

2. Ocau b), dé thay rang dé giam do phic tap ching ta
lua chon diéu kién la 4x+ 2 > ().

Nhén xét trén s€ rat ¢6 ich véi cac phuong trinh chita tham
s0. Vi du sau sé minh hoa diéu nay.

Yidu2. Cho phuong trinh:
m-2x =vx-1. (1)
a. Giai phuong trinh véi m=5. |
b. Tim m dé phuong trinh cé nghiém.
Gidi
Phuong trinh tuong duong véi:
m-2x=x-120

x 21
- x-120 - x 21 - 0
m-2x=x-1 Ix=m+l xzm;l.

a. V@i m=5, ta duoc:
X2l
(< { &x= 2.
Xx=2
Vay, v6i m = 5 phuong trinh c6 nghiém x = 2.
b. Phuong trinh cé nghiém

< (I) c6 nghiém < m_;-_l c2leom+l23iom22.

Vay, véi m 2 2 phuong trinh cé nghiém.
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Vidy 3. Tim m dé phuong trinh sau c6 nghiém:
e Y o)
Giai
Phuong trinh dugce bién doi twong duong vé dang:
X +3x-2=2m+x -x>0
—x3+3x—-229 - l<x<2

> :
x=m+I XxX=m+ |

Do dé dé phuong trinh ¢6 nghiém, diéu kién la:
l<m+1<20<m<l.

Vay, véi 0 < m < |, phuong trinh ¢6 nghiém.

Nhan xét:  Trong trudng hdp, viéc lua chon hai biéu thie diéu kién
la f(x) > 0 hoac g(x) 2 0 cé do phiic tap nhu nhau va déu
kho giai, khi d6 ching ta sé khong di gidi bat phuong
trinh diéu ki¢n ma sir dung phép thir lai.

Vidu 4. Giai phuong trinh:

Vax' = x = x+1 = x4 x2 -1,
Gidi
Phuong trinh duoc bién déi tuong duong vé dang:
2x'=x’ = x+ 1 =x'+x"-120
(x'+x* =120 x"+x? =120
=R .
X =2x"-x+2=0

A 2 L] R,
[2x - X" —-x+l=x"4+x" -1

. x'+x' =120
X +x" =120 x =
&

, 9l x =21
(X" =1)x=-2)=0
% =2

Viy, phuong trinh ¢6 nghiém x = | va x = 2.

Chi y:  Nhu vay, phuong phap giai cac phuong trinh vo ti dang,
J f(x)= J 2(x) da dugc miéu ta kha chi tiét. Tiép theo, chung,

ta quan tam tdi cac phuong, trinh dang, J f(x) =g(x).
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Vidus. Giai phuong trinh:

Giai

et

Phuong trinh tuong duong véi:

3—-x20 x<3 X <3
, gy — = ¢<>x=1.
X" +x+2=(3-x)" 7x-7=0 x =1

Vay, phuong trinh c6 nghiém x = 1.

han xét: Trong 10i giai cua vi du trén, viée sa dung phép binh

phuong dé khir cin chiing, ta thu nhan dudc mot phuong,
trinh bac nhat (da dudc hoc cach giai). Tuy nhién, trong,
nhiéu truong hgp chiing ta sé nhan dugc mot phuong, trinh
béac cao va khi do can van dung ot phuong phap phan tich
da thie thanh nhan tir dé dua phuong trinh vé dang, tich.

Vidu 6. Giai cic phuong trinh sau:
a. x-v2x+3 =0. b. x'+ Vx+1 =1.
Gidi
a. Phuong trinh twong duong vaoi:
- x20 x 20
V2x+3 =x & -2 .
2x +3=x" X" =2x=3=0
x>0
x20 x20
L s (=} &> <l x=-1
X" =1-2x-2=0 (x+I)(x-1-2)=0 3
X =

&x =3

Vay, phuong trinh c6 nghiém x = 3.
b. Phuong trinh twong duong véi:

. _ , 1=x*>0
Vx+l =l1-xe{ o
X+1=(-x") (¥)

Giai phuong trinh (*):
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x+D=x+1 -1V x+Dx+Dx=1Y-1]1=0
S+ DX -x-x)=0x(x*=-x-Dx+1)=0

(x =0 % =0
x =0 . .
e |x® —x ~12 0 23 (‘) L3 |5 123
2 4 2
X+|=0
x:—l X=—|-




Kiém tra cic nghiém tim duge cho diéu kién 1 — x~ = 0, ta thu duoc

cac nghitmx =0, x=-1,x= -

Viay. phuong trinh ¢6 nghicmx =0, x =-1,x =

Nhin xét:

1—&3

-

| =5
2

Trong 10i giai cua vi du trén:

1.

O cau a), dé giai phuong trinh x* - 2x - 3 = 0 chung ta
da sur dung phuong phap tach dé phan tich da thie
VT vé dang, tich, tuy nhién cach lam hay nhat van la
bién doi vé dang binh phuong, cu thé:

X 2x-3=0¢>(x-2x+1)  4=0

. x=1=2 X=3
o x-1)y=4¢<]. <>
X=1==2

O cau b), dé giai phuong trinh (*) ching ta da lan lugt
st dung, phép nhom nhédn tu chung, tiép tai la khai
trien da thie dé nhan dude nhan tu chung, x, va cudi
cung, la st dung, phép bién doi vé dang, binh phuong,

Vidu 7. Giai phuong trinh:

Gl'r."f

Picu Kién:

(x+3)\/l()-x: =x—x-12.

10-x"20e x| <410, (*)

Nhan xét rang:

X" Xx—=12=x"-9-x-3=(x+3)x - 4)

do do, phuong trinh duge viét lai:

(x + HV10-x = (x +3)(x — 4)

o (x+3VI0-x* —(x=4)]=0
x+3=0 (1

JI0=x* =(x=4)=0 (2)

= Giai (1), ta duge nghiém x = -3, thoa min diéu kién (*).
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*  Giai (2), bing phép bién déi tuong duong:

- x-42>0
¢:>Jl()-x' =x-4& , ,
0-x"=(x-4)
x >4
x=>4 x4 T
<9 . A =4 << x =1 ,vonghitm
X" -4x+3=0 (x-1)}x-3)=0 [ 3
X =

Viy, phuong trinh c6 nghiém x = -3.

Nhan xét: Nhu vay, vi du trén la mot dang md rong, chinh vi vay
ching ta can thiét lap diéu kién 6 nghia cho phuong
trinh trude khi di bién déi né.

Tiép theo, chung ta quan tdm tdi cac phuong, trinh dang;
\/f(x)+\/g(X)=Jh(x)

va dé tranh phai bién d6i mot hé phiec tap, trong nhiéu

truong hdp chuing ta di thiét lap diéu kién ¢6 nghia cho

phuong trinh trudc. '

Yidu8. Giaicdc phuong trinh sau:

a. Jx—-2 +Jx+1 =3. b. Vx+4 —Jl1-x = J1-2x.
Giai -
a. Diéu kién:
x—220 x>2
= & x 22 (*)
x+120 x2~1

Phuong trinh tuvong duong véi:
(Vx-2 + Jx+1)=9

¢:>x——2+?.\/(x-—_2ﬁ)(_xv-|:l) +x+1=9

B 5-x20
@J(_x—2)(x+l)=5-x<:> . .
(X=2)x+1)=(5-x)"
- Xx<5 c;xs.‘:@ 3. thod man (*)
x = 3, thoi .
9x-27=0.  |x= ot man

Vay, phuong trinh ¢6 nghiém x = 3.
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b. Phuong trinh viét lai dudi dang:
VI-x +4/1-2x =/x +4
l-x20
< <1-2x20

| =% #+ 1 =254 251 ~X)1 - 2%) = % +4

f

x <1 L
1 2
CMXS") S <2x+120
T o) 2
.J(l"x)(l'*2X):2x+] ( x)(1 x)=(2x+1)

\

] |
=KX <~
) 2 2 ©x=0

2x* +7x =0
Viy, phuong trinh co nghiém x = 0.

Chiay:  Néu cac em hoc sinh thay cach thuc hién nhu vay hoi go bo
thi co thé trinh bay nhu sau:

Diéu kién:

x+42>0 I
1-x20 >-4<x< =
1-2x20

Phuong, trinh viét lai dudi dang;:
Vi-x+y1-2x =V/x +4
e J=x)(1-2x) =2x+1

J2x+120 X > -
> ') 5 ]2 <> 2
{1 =x)l=2x) ={2x+1]) 2% +7x =0
xZ—J
2
o d[x=0 <eo>x=0
7
X=——
{ 2

Véy, phuong, trinh ¢6 nghiém x = 0.
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2. PHUONG PHAP DAT AN PHU

Phitong phap ding an phi 1a viée si dung dn phu dé chuyén phuong
trinh ban diu thinh mot phuong trinh da thirc véi mot an phu.

Ta 6 cic dang dat an phu thudmg gip sau:

I. Né&u bai toan chita /f(x) va f(x) ta dat t=/I(x). diéu kién 16i
thiéu t > 0, khi dé f(x) = t°.

2. Néu bai todn chita /f(x). {g(x) va Jf(x).\/a(x) =k khong déi,

ta dat t=+/f(x) . diéu kién t6i thicu t > 0, khi d6 /g(x) = &,
{

3. Néu bai todn chita \/f(x) + /a(x), Jf(x).g(x) vaf(x) +gx) =k
.. & = e o fEE -k
khong doi, ta dat t= Jﬁx) + \/g(x) , khi do \/f(x).g(x) e
Chi y:  Vdicac phuong trinh can thite chia tham s6 su dung, phuong
phap dat an phu, nhat thiét ta phai di tim icéu kién dung cho
an phu.
Dé tim diéu kién ding cho an phu déi vai cic phuong,
trinh vo i, ta c6 thé lua chon mot trong, cac phuong, phap sau:
*  Su dung tam thic bac hai, thi du:

t=\{}-(r—_23l(;5_=\f(x— l)j +4 > 2.
* St dung cac bat ddng thirc, thi du:

t=v/3+x +/6-x
Khi do:
P=(V3+x+V6-x )P <@B+x+6 x)(1+1)=18
= =4 3\[2
E=(V3+x +/6-X ¥=3+x+6- x+2/3+x)(6-x) >9
S>3

Vay, diéu kién cho 4n phu tla3 <t < 32
____!i du 1. Giai cic phuong trinh:
a. 4x+ V2x-1 =5.
b. 2(x*—2x)+ Jx¥-2x-3 -9=0,
Gidi
a. Patt=+2x-1,1>0. )
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Khi d6, phuong trinh duge viét lai:

22x — 1)+ V2x -1 =3=0e520+1-3=0
S -24+t-1=00-DR20a+D+1]=0
t=1
S(t-D2t+3)=0 % Sit=le y2x-1 =1
t = - loai
5 108
S2x~-1=lSx=1.

Vay, phuong trinh c6 nghiém x = 1.

b. Patt= Vx’-2x-3,120.
Khi do6 phuong trinh ¢6 dang:

2x*—2x —3)+ Vx*=2x-3 -3=020+1-3=0

= 3 c:>t=lc>\/;3_—.-.x3=l<:>x"—2x—4=0

ox=1+45."
Viy, phuong trinh cé nghiémx = | + V5.
Nhan xét:  Chung ta cang c6 thé lua chon cach trinh bay:

1. 6c‘éua),khidatt= 2x =1, suy ra:

F=2x-1ox= %(tz-i-l).

2. Ocaub), khiditt= \/x: -2Xx -3, suy ra:
= x?-2x-3 o x - 2x=t"+3.

Vidu 2. Giai phuong trinh:

X+ 1

(x=-3)x+1)+4x-3),/— =-3.
x-3
Giai
Diéu kién:
>3
x_tl >0 X . (*)
x-3 x <—1
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Datt=(x - 3){3(‘%—; ysuyra(x =3)x+1)= t.
Khi dé phuong trinh ¢6 dang:
4 L= -3
r+41+3=0 [ ;
t=-]
e V@i t=-3,taduoc:

+1 -3<0 x <3
(x-3) ”; =—3a{" < @{

X = (x=3)x+1)=9 x:-2x-12=0
x<3 . ‘
& e X= - ﬁ3 , thoda mén diéu kién (¥*).
x=1++/13
e Véi l=—l,faduqc:
X+ 1 -3<0 x<3
(x—B)Ji-J(—I =] & X = R
=3 (x=3)x+1)=1 x*-2x-4=0
XxX<3 . _
= x=]= JS, thoa mén di€u kién (*).
x=1+/5
Vay, phuong trinh ¢6 hai nghiem x = 1 - V13 vax=1- /5.
Chi¥:  Nhiéu em hoc sinh khi thuc hién bai toan trén méc phai sai
1Am tir phép bién d6i:
(x-3) -5% = J(x=3)x+1),
x-

d6 duong nhién khong phai la phép bién doi tuong duong,
Cén nhd ring;

x+1 { J(x=3)x+1) néux-3>0
(=3 =
x =

-—J(x——3)(x+l) né’ux-3<().

Yidu 3. Giai phuong trinh:
Wx+9+4x +YVx+9-Jx =4,
Giui
Diéu kién x 2 0.
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Nhan xét rang:
\[\/x+9 +Jx J\/_x +9 ;_\/x_ = \f(\/x -+.§.)" '(\fx)l-
=Jx+9-x =9 =73
do do, néudat t = \/:/x +- 9+Jx , 123, suy ra:
3t U SO |
x+9 +x !

Khi do, phuong trinh c6 dang:

-

1+ =4 r-4+3=0r-1-3t+3=0
t

t = lloai
t=3

<::>(t——l)(l—3)=(l<:>|: S>t=3

-

S J\K;‘j-&ﬂ: = 3¢ Ji':(}}«fi =9

SX+9+x +2,/x(xh4--”9')- =8l

Sp—— 72-2x20 x <36
&2 x(x+9) =72 -2x

-
4x(x+9)=(72-2x)"

< x = 16.
Vay, phuong trinh c¢é nghiém x = 16.

Nhan xét: Nhu vdy, ching ta da trinh bay vi du minh hoa cho
phuong phap dat &n phu dang 2. Tiép theo, ching ta sé
minh hoa vi du st dung phuong phap dat an phu dang 3.

Yidu4. Giai phuong trinh:
Vx+3 +J1-x +8J(x+3)1-x) =2.
Giuai
Diéu kién:
x+320
l-x20 o -3<x< 1. (*)
(x+3)(1-x)=20
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Patt = v!k+3 +«../i—;c,t20,suyra:

‘—x+’i+l—x+2\/(x+3)(l—x)<:>\/(x+%)(l—x) ,l; t—4).
Khi dé phuong trinh ¢é dang:
t+8.£—(t3#4)—’?<:>413+t—18=U<::>41:~I6+l*2=0
o - X (23—4) =()

SU-2)@1+9)=0 < 1=2 J(x+3)(1-x) =
X==3 _ e
o |: , thoa man diéu kién (*).

% =]

x+3=0
l-x=0

ay, phuong trinh c6 hai nghiém x = 1, x = -3.

ViduS. Giai phuong trinh:

Vx?=3x+3 + Jx* =3x+6 =3.
Giai
Patt=x"-3x + 3, 1a cé:
3 3 3
I=(x= =)= 2~
2) 4 4
do d6 diéu kién cho 4n phutlat> 4

Khi d6 phuong trinh ¢6 dang:
Jt+/t+3 =3<:bl+l+3+2\/t(l+3} =0 \ﬁ(t+3) =

3-120 t<3 N X
St=]l © x-3x+3=l &
X

o -

I

t(t+3)=3-1)° t=1
Viy, phuong trinh ¢6 hai nghiégm x =1, x =2

Vidu 6. Giai phuong trinh:
V3x=2 + Jx-1 =4x - 9+2J3x —5x+2.

Giai
Diéu kién: _
3x-220
x> . (*)
x—=120
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Viét lai phuong trinh dudi dang:

VIx =2 4+4/x=1 = [3x = 2) + 243x° =5x+2 + (x ~1)| - 6
e 3x —2+Vx =1 =(V3x-2+J/x-1)-6.

Patt=y/3x =2 +/x -1, 1> 1.
Khi dé:

l:~1-6=o@[ & Bl =3

t==-2(1)

SIN=24x~1 +2\,f(.:%x_—_:?')(x—lj =9
= \/(‘3:::‘2-)(&—1) =6 - 2x
Jb-zxz() x <3
<> = .
|G3x = 2)(x=1) =(6-2x)°  |x* =19x+34 =0

&> x = 2, thoa man di¢u kién (*).
Viy, phuong trinh ¢é nghiém x = 2.

I1. BAT PHUONG TRINH VO TI

Chiing ta hin da duoc lam quen véi viée giai bat phuong trinh chita
can bac hai dang don gian va thay rang ¢é hai phuong phip thuong duoc
str dung. bao gom:

[. Phuong phip bié¢n doi tuvong duong.

2. Phuong phip dat an phu.

Dé gitp cic em hoc sinh mudn niang cao kién thite cua ban than, o
phan nay sé trinh bay cu thé hai phuong phap trén.
1. PHUONG PHAP BIEN BOI TUONG DUONG

Ta str dung cic phép bién doi co bin sau:

Dang 1. Va&i dang:
g(x)>0

\a"f(x)<g(x) = \
0<f(x)<g (x)

Dang 2. Vo dang:

2(x) <0

- {f(x)zt)

Vi) > a(x) < 2(x) 2 0
h{ﬂ:ﬂbg:(x)
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Yidu l. Giai cic bat phuong trinh:
a. Jx-7 >3. b. v2x-1 <1.
Giuai
a.  Bi&n doi bat phuong trinh vé dang:
X—-7>9¢ x> 16
Viy, bat phuong trinh c6 nghicm x > 16.
b. Bién déi bat phuong trinh vé dung:
|
2x-120 X > I
— 28 -—-<x<|.
2x—-1<1 2 -
X <l

’ : . ) S
Viy. bat phuong trinh ¢6 nghicm , Ex<l
Nhan xét:  Nhu vay, vi du trén chi mang, tinh minh hoa kho dau de
chang, ta dan tiép can vai cac bat phuong, trinh vo ti phue
tap hon, vi 0 do bao g6m nhicu bat phudng, trinh bac cao.

Viduy 2. Giai bat phuong trinh:
ijxz =1} £x.+1,

Gidi
Bat phuong trinh twong duong véi:
X+120 x 2 -l
x+120 .
. VX" =120 x>
0<2(x -1 <(x+1)° : . :
2Ax" =1 <(x+1) x~=2x-3<0
x2-1 x> -1 I
x| x> <>['\' |
<x<3
(x+1)(x-3)<0 -1<x<3

Viy, nghiém cta bat phuong trinh la tap (-1} 1. 3].

Nhan xét:  Trong 19i giai cua vi du trén, dé nhan dudc cac nghiém
cua mOt bat phuong trinh bac hai ching ta su dung,
phuong phap phan tich da thue thanh nhan tr réi lap
bang xét dau. '




Vidu 3.

a. \Xx: -3 >x-1.

it

Giai cdc bat phuong trinh:

a. Bién d6i bat phuong trinh vé dang:

|

x—=120 x> 1
x?=3>(x-1)° [ [x>2

X"

x—1<0 {xd

-320

|x 1> /3 - [xs-\f_%

x>2°

Vay, bat phuong trinh ¢6 nghiém (o, — V3 )U(2, +).
b. Bat phuong trinh twong duong vai:

|

|

2x=3520

X" +4x-3>2x-95)"

2x-5<0
—x* +4x-320

2<% < —

Vay, bat phuong trinh ¢6 nghiém | <x < l; '

Nhéin xét:

b. V-x7+4x-3 >2x-5.

Nhu vay, vdi bat phuong trinh dang, J f(x) > g(x) chung
ta thuding, phai giai mot hé gém nhiéu bat phuong trinh. D&
tranh viée sai s6t khi két hop nghiém, ching, ta ¢o thé trinh

bay theo kiéu chia trudng hop, cu thé vai cau a), ta xét:
Truong hop I: Néux 1<0<¢>x<1.
Khi d6, ta chi can:
x-320esx >3¢5 x| > V3.

Két hop vdi trudng hop dang xét, ta duge x < - J3.
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Truong hop 2 Néux -1>20<> x> 1,
Khi do, ta binh phuong hai vé:
X 3> (x 1)7¢>2x>4 <> x> 2, thoa man truomy; hop.

Vay, bat phuong trinh ¢6 nghiém x < - V3 hoac x> 2.

Vidu 4. Giai bat phuong trinh:

l—x Zx+—l.
4 2
Giai
Bién déi bat phuong trinh vé dang:
KS_"I‘ B l
r I 2
X > - [ l
i 2 x>._
X+-—SO [ ( l 2
2 =
X <~ l
' 4
1 X <
X+ ->0 ) ) l:¢:> $ 4
. < ——xz(H J X +2x <0
LH_ (3] |1, x>
)
. X2
4 41
‘ I | x*+- <0
X— 2| X+- L 2
IESEI
< x<0.
Vay, nghiém cua bat phuong trinh 1a x <0.

Yéucdu: Cac em hoc sinh hay trinh bay lai vi du trén theo kiéu
. chia truong hop.

Vidu$S. Giaicdc bat phuong trinh:
a. Jx+3 >J2x-8+J7-x. b. V5x+1 - Vax-1 <3+/x.
Giui
a. Diéu kién:
Xx+32>20
2x—-820&4<x<7. (*)
7-x20
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Bat phuong trinh twong duong voi:
(2x — 8) + (7 - x)+2\ﬁ2x—8)(7—x) <x+3
e 1 x26
e J2x-8)(T-x) <2’ - 11x+3020 &
X <5
Két hop vai dicu kién (*) ta duge
4<x<5
6<x<7
Vay, nghiém cua bat phuong trinh Ia [4, 5]U[6, 7].
b. Diéu kién:
Sx+120
4x-120 & x 2 -:i :
x20 .
Bat phuong trinh twong duong voi:
3Vx + Vax—1 2 V5x+1

S 9% + (4x — 1)+ 6. /x(dx—1) 25x + |
[ — Jk'(*d;(——_l-) > | = 4x luon ding boi (*).

Vay, bat phuong trinh ¢6 nghiém x > %
Vidu 6. Giai cic bat phuong trinh:
. 1-1-4x° b. ~—2x.—>2x+2.
R E VZxs -1
Giai
a. Diéu kién:
P
il
{1—4:&20 ;<x <0
=
3 #0 0<xs?

Cach I Thuc hién phép nhan lién hop:
(=V1-4x" )1 +41-4x)
Cj = P —. YA
X

¢;>4.\<3+3\/I e c:)_’w’Jl—«lx’ >4x -3

(1) <31+ V1-4x> )

(*)
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:_"EC-

4x-3<0 T
1-4x° >0 le<I
— <> |\ 2
4X—320 [ 3
|90-4x*)>@x-3)°  |[*Z
{901 =4x7) > (4x = 3)°
B
- <x<0
E x=l) 2
O<x<
>

Cdch 2: Xét hai truomg hop dua trén diéu kién.

x| . .
e Vdi =3 < x <0, bat phuong trinh trong duong:

— f!~.§x > X < |
\/1_-4x-<1~3x¢;-l o 3

-_4‘: = n .
| -4x~ <(]-3x) 132 —6x 0

&S x <.

Két hop van dicu kién dang xét duge nghiém 14 - " <x <.

e Val<x< —; bat phuong trinh tuvong duong:

JI-4x? >1 - 3x
) [x>|—
1-3x<0 ] 3 g |
1-4x2 20 el 5 k=3
o L2 2 & i‘
1-3x20 r <l Dexe:
| [1-4x7 > (1-3x)° =3 | 3
_]l3x:—6x<0
S0<x < —l—
2

Két hop vdi diéu kién dang xét duge nghiém 1a 0 < x < ] :
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; ; ; o | 1
Viy bt phuong trinh ¢o nghiém 1a |- 3 , O)yo(0. 5 ].

b. Diéu kicn:

2x+120 | :
& 02+ 1lz21--<x=z20. (%)
Va2x+1-120 2

Truc can thie. ta bién déi bat phuong trinh vé dang:
. c- ") ’
VX401 +1>2x+2e V2x+1 >2x+ 1 & 4x°+2x <0

|
&> —-- L x<().
p)

-—

: T I |
Viy, nghi¢m cua bat phuong trinh 1a - S <x< 0.

Chu y: 1. Trong cach giai 2 trong, cdu a) ta da dua vao diéu kién
cua an s6 de bién déi tuang, duong bat phuong trinh.

2. Vi du tiép theo minh hoa viée st dung hing da’ng
thice dé khua dau can.

Vidu 7. Giai bat phuong trinh:

— S 3
\fx+2vx—l +\/x—2Jx—l > e,

]

Giai
Viét lai bat phuong trinh dudi dang:

\/x—l_%2\/;_:l +l+w[x—l~—2.\/x_—-——-l‘+l->g-

o JWx=1+1)7 + JWx-1-1)° > ;
Picu kién:

x-120=x21. (*)
Khi do, bt phuong trinh tro thanh:

rJJi"—"i 120
= 3
“¥ _ =
' 3 -Jx l>2 ‘>
Ix-1 +1+1dx=-1-lI>Z |’ < Vx.
. Jx-1-1<0 [x<2
2>2
"2

Két hop vdi diéu kién (*) duge x 2 1 1a nghiém cia bat phuong trinh.
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Nhan xét:  Trong vi du trén bang viéc them bat 1 vao cac bidu thic
trong, can, ching ta da nhan ra dugc rang cac biéu thire

- » 1 = ] =, = - -
do ¢o dang, A~ dé roi \/A = =|A|, tuy nhién sé co nhung,
biéu thae nhu vay nhung duéi dang, ¢o an hon, vi du:

X 1 J?.ax at

cac em hoc sinh hay thuc hién viéc bién no vé dang, A",

Yidu8. Gaibat phuong trinh:
\/x_.r—f'n; %2 +\fx5 —4x +3>2 \/x _5x+4.
Gidi
‘Piéu kién:
x*=3x+2>0
x?—dx+320 o ["24
x°=5x+42>0 —
Triong hop 1: Vi x > 4 thi bat phuong trinh duoc bién doi:
Jx=1)(x=2) +4/(x=1)x =3) 22J(x -~ 1)x - 4)
o Yx-2 +Jx-3 22/x-4
s J3-3 — fiB 2 S - i3,
luén ding vi véi x 24 taduge VT > 0 va VP < 0.
Viy, x 2 4, 1a nghiém bat phuong trinh.
Truomg hop 2: V@i x < | thi bat phuong trinh duge bién doi:
JO=x)2=x) +J(1=x)3=x) 22/(1 - x)(4 -x) "
V@i x = |, bat phuong trinh nghiém diing.
Vi x < 1, bat phuong trinh cé dang
2ok 4 3ox 224Ax
o V3 x - JaTx 2 YAk - J3-x
- Nhin xét rang véi x < | thi VI'< 0 va VP> 0, bat phuong tr‘ml; vo nghi¢m.
Viy. bat phuong trinh ¢6 nghiém x = | hoiac x 2 4,
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Chu y: I.  Khong duge nham lan ny =Jx Jy ;
Nén nhd ring, diéu trén chi dang, khi x, y > 0, con vdi
xv<01h1\/xy-—\{— \/ y.

2. Phép nhan lién hdp trong nhiéu truong hgp o ra rat
hiéu qua.

2. PHWONG PHAP DAT AN PHU
Vidu 1. Giai bat phuong trinh:
(x — l)m <3(x-1).
Giai
\ Diéu kién:
|

2x-120<::>x2—2~. (*)

Patt= V2x -1, l>():>x—-—(t +1).

Khi dé bat phuong trinh c6 dang:
I I
—(F+ D)= 1t <3[ =+ 1) -1
l2( | 12( ) =1]

SU-30-1+3<0 @+ 1)t-1)(1t-3)<0
113 1<2x-1<3
<> | < x <5 thoa man diéu kién (*).
Vay, nghiém cia bat phuong trinh 1a 1 < x <35.
Chayv: | Ta khﬁt}g thé binh phuong hai v€ cua bat phuong,
trinh ban dau vi chua khang dinh dugc ddu cua hai vé.

2. Hoan toan c6 thé sir dung phép bién déi tuong duong,
dé thuc hién vi du trén, cu thé:

[ (x=120
{sz}"—l-asu
x-1<0
_{fzf—_l—.%zo

x-1)(¥2x=1 -3)<0¢>
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x2>1
i | [V2x-1<3 0<2x-1<9
<> |, <> ¢>1<x<5.

Jx< l {x <1
V2x-123 [ [2x-129
Vay, ngl;iém cua bat phuong trinh la 1 < x <5,
Vidy 2. Giii bat phuong trinh:
(x+ 1)(x +3) < —x* +4x+5.

Giui

Viél lai bat phuong trinh dudi dang:
(X*+4x +3) + \/x +4x+-5 <0
& (XP+4x +5)+ Jx +4x+5-2<0

Patt= Vx’ +4x+5.12 1.

Khi d6 bat phuong trinh ¢6 dang:
C4l—2<0e-3<1<1=0<1<1 e Vx +4x+5 <1
X +HI+4<0 x=-2.

Viy, bat phuong trinh ¢6 nghiém x = -2.
ViduJd. Cho bat phuong trinh:

5Jx + -5-_-<2x+ l-+4. (1)
24/x 2x
Diéu kién x > 0. *)
Viét lai phuong trinh dudi dang:
5(~/x+~l--)<2(x+ I—-)+4. (2)
2Jx 4x
bat :

t=Vx +-—— (; 2\/};7; =42,

vay diéu kién la 1 > JE . (*¥)
Ta suy ra: :
Jx+—-—~--— =X+ B +l:>x+-l- =t -1l
2Jx 4x 4x
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Khi do kit phuong trinh co dang:
St<2( - +4 220 =S+ 250

t>2 L. / |
¢r 1>2& vx + > 2.
t<l/2 2\/,\(

Dat X=+/x , X>0. khi dé:
>S2&2X =4X +1>0

&>

X +
2
i R /9 o . 2 9] i
X>-"+;' afx>'7+3-/'-' {x>§—+J2
=3 - = 2 L
v B U (o
X(f '\/-2 \/X( VZ LO(X(- \/2
L 2 : 2

Vay, bat phuong trinh ¢6 nghiém (0, ° k\/" )u( - +\/" +ac).

Vidud. Giaibat phlrtmg trinh:
25

Jx

—

(1)

Gidi
biéu kién: _
x*-4>0¢ |x| >2. (*)
Tricong hop | : Véi x < =2, bat phuong trinh vo nghiém (do vé trdi am)
: Voi x > 2, binh phuong 2 vé phuong trinh (1) ta dugce :

Tricong hop 2
x3+ 4’(‘ ———- >45
fx 4
o --5‘—4 e (2)
x® -4 W) T
Pa t=—--—-- 0.

\/x —4

Khi doé bat phuong trinh (2) cé da_ang:

C4d-45501>5 J_ >S5 x' —25x3+ 100> 0
x" —4

|x[<\f5'

x?>25 [|x|>5
1. C:
X~ <5
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Két hop véi truomg hop dang xét, ta duoge nghiém cta bat phuong trinh Li:
(2, V5 )U(S, +).
Viduy 5. Giai bat phuong trinh:

Ix>1+ Yx-1. (1
Giai
Diéu kién x > 0. ' (*)
Ta co:

(1) @—220eitlaslo0 5 o 07 4 Y| )3
ox>1+2¥x-1 +(@x-1)
ex-1-(x-1y-2¥x-1>0. (2)
Patt= VYx-1 2%, (>-1.
Khi d6 bat phuong trinh (2) c6 dang:
t-C-2>02t(C-t-2)>0t(1+ 1) (1-2)>0
t>2. Yx—=1>2
t<0@[m<0

=20, t(t-2)>0<:>|:

- x=1>8 o, [x>9
«— —
x—-1<0 0<x<l

Vay, bat phuong trinh ¢é nghiém x >9 hoac 0 < x < 1.
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ON TAP CHUONG I

I.CAC HO1 ON TAP LY THUYET

On tap cic kién thiic trong chuong theo cic ciu hoi sau:

Cau hoi 1:

Cau hoi 2:

Cau hoi 3:

Cau hoi 4:

Cau hoi 5:

Cau hoi 6:
Cau hoi 7:

Cau hoi 8:

Cau hoi 9:

Cau hoi 10:

Néu dinh nghia va cho vi du vé so vo ti. Néu y nghia cua
cic sO VO L.

Néu dinh nghia va cho vi du vé s¢ thuc. Phat biéu tinh chat
that tr trén R. Néu cdc phép toan trén R va tinh chat cua
ching.

Néu dinh nghia va cho vi du vé tap so R , va R . Ching
minhraing R, UR =Q UL

a.  Hay giai thich tai sao ta luon co:

== a;ay...a
O(ajay.a )= =

99.9

\-_.v—.#
nsoY

b. Néu phuong phip chung dé doi mot so thap phan vo
han tudn hoan sau thanh phan so.

Nhéc lai mot sé tinh chat cda luy thira bac hai va ching
minh cdc tinh chat do.

Hay xdy dung khdi niém can bac hai ciia mét so. Phat biéu
dinh nghia can béc hai s6 hoc cia mot s6. Néu kél qua 1ong
quat trén R.

Hay xdy dung khai niém can bic ba ciia mot s6. Phit bicu
dinh nghia can bac ba cia mot s6. Néu két qua tong quil
trén R,

[
Phdt biéu dinh nghia can bac n clia mot s6 (néu cac trudong
hop can bac Ié va can bac chan).

Néu dinh nghia gidc tri tuyét di cia a. Ap dung dé tinh 2x - 5.

a. Viét diéu kién ctia A dé VA ¢6 nghia.

b. Viét hing ding thicVA? =| Al. Ap dung dé tinh \/(2x - 1)’

C.

Chimg minh ring VA.B = VA .V/B véi A. B khong am.
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Cau hoi 11:
Cau hoi 12:

Cau hoi 13:

Cau hoi 14:
Cau hoi 15:
Cau hoi 16:
Cau hoi 17:
Cau hoi 18:
Cau hoi 19:
Cau hoi 20:

Phit bi¢u quy tic khai phuong mét tich. Lay vi du minh hoa.

Phat biéu quy tic nhan cdc can thie bic hai. Lay vi du
minh hoa.

Ching minh rang véi A 20, B> 0 luon ¢é:

55

Phat bic¢u quy tac khai phuong mot thuong. L.ay vi du minh hoa.
Phét biéu quy tic chia hai can thiic bac hai. Lay vi du minh hoa.
Néu quy tac dua mét thira s6 ra ngoai dau can.

Néu quy tiac dua mot thira s6 vao trong dau can.

Néu quy tac khir miu cia biéu thirc l1ay can.

Néu quy tac truc can thiec ¢ miu.

Viét bang t6m tat mot s phép tinh va phép bién doi cin
bac hai.

I1. BAI TAP ON TAP
Bai tap 1. Thuc hién phép tinh:

/ |
a. SJ._
L VS

{ =
b | V6-
\

+%Ji6—§\/§+\fs']:2\/5.

343 +5V2 - ; Jﬁ)zJé ~53.

c. 2V3-3V22+@3 +1)
d. (3-V3)-243)+(33 + 1)
Bai tap 2. Giai cic phuong trinh sau:

" ng,;_Js,; +g=§.Js;.

3Wx+l_ 8
7Jx -5 15

. J@x-1} =3
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Bai tap 3. Chimg minh cic ding thic sau:

(2V3-J6 216

a. ] =-1.5.
\ \’{3 -2 3 \(()

V4 -7 J;s JSJ |
\ 1 = {2

u\/b+b\/a_ L
Jab  a-+b

_J5

d. [l ‘HJJ][ "—JHJ=I-:1(;|>U.3¢I).

Ja +1 Jar=1

Bai tap 4. Phan tich thanh thira soé:

a. x-5Vx +4;

b. 4x - Jx -3;

c. —8x+3Vx +5;

d. - 6vx +8x - 14;

e. 6y -5y Jx =x;

. x-2Jx=1-a%

g. 6ny ~4x+/x —9y,ﬁ + 6xy.
Bai tap 5. Thuc hién phép tinh:

. 5 .1 6 1-5
S 4-Yyn 3+47 1-2 2 7
poVS-YV3 V543 s+l
543 5B 51

. [9-2J|4]" [9+2J14]_

R V742

d. 140v2 =571 -1 4042 +571:

e, JI12v5-291-+112J5+291.

!Q

=a-b(a.b>0,azb).
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Bai tap 6. Chimg minh c4c dang thiic:

N ( Ja i2 Ja—l]'\/a-fl 2

= vOota>0: a2 1.

d+7Ja+I a—| _Ja a-|

) 1 q - :
b. ‘.‘-:[ '—-l—) —--..‘”'l',’ L =—l.véia>0,b>0:a+b.

Jab \Va b (Va —+vb)”

2Ja +3vb 6 — v/ab a+9
Jab+2Ja-3Jb—6 +ab+24a+3Jb+6 a-9
Bai tap 7. Giai cic phuong trinh:

Jx_z pr d sz_l +\/x+_l =2
\/x -4 \/x - ' X+ 1 2% —1 .
b. x - v4x -20 =20. i \/—zx 3 \/_I_x .
'\[J( _2_ 3'\/)( | - x Ix=3
Bal tap 8. Giai phu(mg Irlnh

) (\/x+\/ ]+6_u

Bai tap 9. Xét biéu thic:

X-y \/y (Wx = \y)* +yxy
Q=|—~-2 i £ .
Jx i-\/y
a. Rut gon Q.
b. Chimg minh Q = 0.
c. Sosinh Q véi Q.
Bai tap10.  Xét biéu thiic:

= +__‘E__ g 2«/11' -
A-(l .a+l]'[Ja_! aJa+Ja_a_|J

a. Rut gon A.
b. Tim cdc gia tri cia a sao cho A > 1.
c. Tinh céc gid tri cia A néu a = 1995 - 2/1994 .
Bai tap 11.  Xét biéu thic:
' = =7
M= XHV9x-3 Vx+l Vx-2

Xx+x =2 Jx-ﬁ-Z e
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a. Tim x dé M ¢o nghia.
b. Ruat gon M.
¢. Tm cic gia tri cua x € Z sao cho Me Z.
Baitap 12.  X¢t bicu thuce:
po 15Vx-11 3Wx-2 2Jx+3
x+2dx =3 1-Jx  Jx+3
a. Tim x dé P co nghia. |
b. Rut gon P.
c. Tim cdc gid tri cua x sao cho P = =

2
d. So sanh P v ;
Bai tap 13.  Xét biéu thiic:
Q_(X—NX"]J [ 9-x Jx—? Jx+"‘

x-9 x+vx -6

X +x -6 f—z Jx+3

a. Rut gon Q.

b. Tim cicgidtrictax de Q< 1.
Bai tap 14.  Tim GTLN (ncu ¢d) va GTNN (néu ¢d) cua cic bléu thue
sau:

a8+ 2% 1 2% =Sx +3 ;2% +x; =2x"+5x + 1.

b. 2x — Vx :3Vx =3x:x-3Vx +2.

c. 1+ /x+9 ;/2x-3 -5:1-2J1-23x.

d. Ja—x2 ; V2x 3:&'}6 1= nf= 50 20 4 §

1 e |

2X—3‘JX+| |+J|—x 3 vl—x -Kr'\"‘\r':
Bai tap 15.  Chidng minh cic bat dang thue:

i.l. —— .__'_ ———— 2 v(,i m(:’il a.

l—— vola = |
\/_ :

c. (Ja + by 222+ b)ab véiaz0:b20.

b. Jl—l-\d'( -
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cuvone n - HAM SO BAC NHAT

Chuong nay, bao gom:

. Ham s bac nhat
. D0 thi cia ham sd bac nhat

Hé s gbc ciia dudng thang. Bubng thang song song va duing
thang cat nhau

1. Nhéc lai va bd sung cac khai niém vé ham sd
2
3

4
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cnU BE  NHAC LAI VA BO SUNG CAC
1 KIIAI NIEM VE HAM SO

1. KIEN THUC CO BAN
1. KHAI NIEM HAM SO VA PO THI

Chiing ta di duge 1am quen véi khdi niém ham s6 o 1dp 7, cu thé:

Mot ham s6'f nr tdp hop s6 X dén tap hop so'Y la mét quy tde cho
tuomg 1ng moi gid tri x € X voi mét va chi moét gid tri y € Y. Ki hiéu
1a f(x), x 12 bién s6, y = f(x) Ia gid tri ciia ham s6 f tai x.

Thidu 1: Ching ta da duoc lam quen vai cdc ham s6:

y =Kkx, xvayla hai dai licong ti 1é thudn voi nhau.

k ‘ “p e op » o2 ’
y = —, xvvaylahai dai higng ti 1¢é nghich voi nhau.
X

Thidu 2: Vai ham s6 y = 2x, ta nhéan thay:
a. N6 la mot quy tic cho twong tmg vdi moéi x € R mot s6 duy nhat
y =2x € R. Vay y = 2x la mét ham s6 tir tap hop R dén tap hop R.

b. Bang mot sO cap gid tri tuong (ing cua ching la:

x| -a4]-2[of 1 3]s[7
y |-8]-4/0)2]|6|10]14

Trén mat phing toa 4o, mdi céip s6 trén (thi du (1, 2)) duge biu dién
bdi mot diém, tap hop t4t cd cdc diém (x, y =2x) véix € Rgmllddthj
cia ham s6 y = 2x

—

Chd ¥: Qua hai thi du trén ching ta da thdy lai dugc rang " Hém 56'co
thé' duoc cho bdng bang, bdng cong thut ". Va mot cAu hdi
thuong dugc dat ra la " Moi quan hé f cho trudc 6 phai I ham
s6'khong 2", khi 46, chiing ta thudng dua vao dinh nghia dé tra
151 cau hoi nay.
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Thidu 3: Cho f la mot quan hé tir tap R dén tap R. Hoi f ¢6 phai la ham
s6 khong, néu:

a. Bang cdc gid tri tuong ung cua ching la: ‘

x |-4] 2013577

)| -9]-5[-1]1[s5]9]13
b. Bing cdc gid tri tuong (g ca ching la:
x [-6]-2]-1Jo [ 1 [1]3
i 8 [ a2 [-1]1 |68

c. C6 cong thic y* = 4x. S
Giai
a. C6 la ham s6, boi vdi mdi gid tri cha x ta luén xiic dinh dugce chi mét gid
tri tuong img.
b. Khong la ham s6, vi véi x = | ta xdc dinh duoc hai gid tri khdac nhau
coaf(x)lal vaé.
c. Khong la ham s0, vi véi x = 4 ta duoc:

y’=44=16c>y=14

tire 13, véi x = 4 ta xdc dinh duoc hai gid tri Khic nhau cua y 1a 4 va - 4.

2. TAP XAC DINH CUA HAM SO

Chiing ta sé bat ddu vai cac ham so:

[. V@i ham so y = 8x, ta nhin thay v&i Vx € R luén tim duoc gid tri
tuong (ng cua y. Khi dé, ta néi ham s6 y = 8x ¢6 tap xdc dinh la R.
: . 1 .
2. Véihaimsoy= —1 ta nhan thay:
x S

LY

-1 0
*  Vai ¥x € R\[ |} ludn tim duoc gia tri tuong tmg cua y.

* Vgix=I1thiy= khong xdc dinh.

Khi d6, ta néi ham s6 y = _1—1 c6 tap x4c dinh 1a R\{ 1.
x —

3. Véiham s6y = v/2 - x , ta nhan thay né chi c¢6 nghia khi
' 2-x20=x<2
Khi d6, tané' a:m s6 y = v/2 — x ¢6 tap xéc dinh 1a céc s6 thuc x < 2.
Tir d6, ta thay:

Tép xdc dinh ctia ham s6'la tdp hop cdc gid tri ctia x sao cho biéu
thitc f{x) cé nghia.
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Va xuat phat tir dinh nghia trén ta ¢6 quy tac:

Muén tim tap xdc dinh ctia ham s6'y = f(x) ta phdi di tim tdt ca cdc
gid tri ctia x suo cho biéu thite f(x) ¢6 nghia.

Thidu 4: Tim tap xdc dinh cua cidc ham s6 sau:

a. y=6x". b. y= -4 c. y= V2x-3.

X+2
Giai
a. Tacd ngay, ham s6 y = 6x” ¢6 tap xdc dinh l1a R.
b. Diéu kién:
X+220& x #-2.

Viy, hiim s0 ¢6 tap xic dinh la R\{-2}.

c. Diéu kién:

L8]

2x-320=x2>2 —.

(g

Vay, ham s6 c6 tap xdc dinh la cic so6 thue x 2

N | W

LC hii y:  Ching ta sé c6 riéng mot bai toan tim tap xac dinh caa ham s6.

3. HAM SO PONG BIEN, NGHICH BIEN
Chiing ta sé bat dau vai ham so:
y = X, ¢6 tap xdc dinh 1a R.
I. Trong khoang (0, 4) cho x cédc gid tri tang ddn tuy ¥, chang han

x=0, 1, —,
2

N R P S
y " 9/4 _

va nhan_il_n‘i'y rang _éac gid tri y cua h:lm sO cling tang.

Khi dé, ta n6i rang ham s6 y = x” dong bién trong khoang (0, 4).

2. Trong khoang (-6, -2) cho x cdc gid tri tang ddn tuy ¥, chang han

3 : ,
= -5. -4, -; .—1, , khidé ta cé bang:

y 25 16 6/4_ 1| -
va nh&r_lﬁay rang cdc gla tn—y CLId ham so giam.
Khi dé, ta néi rang ham s6 y = x~ mglm h bién trong khoang (-6, —2)

2, ,khidotaco bz'mg'
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Tir d6, ta c6 dinh nghia:

1. Ham so dong bién: Ham 56y = f(x) la dong bién trong khodng
(a ; b) nervornivi « . thide Khodng (a ; b) mia x, < x, thi fix,) < fix,).

2. Ham so nghich bien: Hiam s’ v = fiv) la nehich bién trong khoang
(a ; b) nétvér moi x;, x> itde khodng (a : b) ma x, < x5 thi fix,) > fix,).

Thidy S5: Xét tinh chat bién thién cua haim so y = 2x + 1.
Gidi
Ham s6 xdc dinh trong R.

Cho x cdc gid tri thue bat Ki x, X, sao cho x, < x, (ta duoe x,— x, < 0). 1a
di so sanh f(x,) vai f(x,) bang cich xét:

f(x,))—f(x5)=2x, + 1) - 2x, + 1) =2(x,—x,) <0
& f(x,) < f(x,) < ham s6 dong bién trong tap xic dinh ciia nd.
Chia y: 1. Trong dinh nghia trén, néu (a; b) la tp xdc dinh cua ham so,
ta nAi rang, ham s dong bién (hodc nghich bién) trong, tap
xac dinh cta no.
2. Chung ta s¢ o riéng mot bai toan xét tinh dong, bién, nghich
bién (goi chung, 1a su bién thién) cua ham s6.

II. CAC DANG TOAN LIEN QUAN
Cic dang todn lién quan téi kién thic cua cha dé nay, bao gom:
Dang I: Su xac dinh mét ham s6.
Daung 2: Tim tap xdc dinh cua ham sé
Dang 3: Xét su bién thién cua ham sé.

III. CAU HOI ON TAP Li THUYET

Cau hoi 1:  Phét biéu khai niém ham s6. Thé nao 1a ham hang ?
Cau hoi 2: Ham s6 c6 thé duge cho bang nhimg cich gi ? Cho vi du.
Cau hoi 3: Phat biéu dinh nghia dé thi ham sé.

Cau hoi 4: Neéu dinh nghia tap xdc dinh ctia ham s6 va quy tic dé tim
tap xac dinh cua ham sé.

Cau hoi 5:  Phat biéu dinh nghia ham s6 déng bién, nghich bién va cho vi du.

Cau hoi 6: Phat biéu dinh nghia ham sé dong bién (hoac nghich bién)
trong tap xdc dinh cua né khi nao ?
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Bai todn
|

I. PHUONG PHAP

Muon xét xem moi quan hé [ ur tap X vio tip Y ¢o phai la ham so
khong, ching ta thuomg sir dung dinh nghia hiim so dé dua ra 1oi Két Tudn.

SU XAC BINIH MOT HAM SO

I1. CAC VI DU MINH HOA

Vidul: ChoX ={-2,0.1.3.6}, flamot quan h¢ tirtap X den tap R.
Loi f co phai [a ham so khong, ncu:
a. Bang cdc gid tri twong ang cua ching L
x | 2]l0]1]3]6e
fx)| 394809
b. Bang cidc gia tri trong tmg cua chung L

x [2]0 1 T2 e

fx)| 8 [ 2]6]4]0

Gidi
a. Co la ham so. bai vai moi gia tri chia X ta luon xic dinh duge chi mot gid
tri tuong tmg f(x).
b. Khong [a ham so, vi vai x = =2 ta xic dinh duoc hai gid tri Khie nhau
cua f(x) la 8 va 4.

2

Vidy 2: Ham soy = [(x) duge cho boi cong thie f(x) = )

a.  Hay dién cdc gid tri tuomg tmg cua him so y = f(x) vilo bang sau:

< Le| 23]
y = f(x) A ! |
b. Xic dinh f(-12), f(24).
Giai
a.  Ta co duge két qua
X 6 4| 2 { 3|12 |
‘ }
y='2 12!l 3le 4|1 '
x '
. | |
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b. Taco:
: 12
f(=12) = =i =-1,
W2 ]
24 2
VYidu3: Choham séy = f(x) dugc cho bai cong thite f(x) = |2x - 3],
a Tinh f(=2), f(8).
b. Tinhcic gidtrictax imgvéiy=-1.y=3.
Giuai
a. Talan luot ¢o:
f(-2)=12-2)-3l=|-4-3|=|-7] =7,
f(®)=l2x -3 =128-3l =l16-3| = 13.
b. Ta lan luot ¢6:

f(24) =

* Véiy=-1I thi:

|2x — 3| =~1, vo nghiém bai | 2x — 3| > 0.
= Véiy=3thi:

|x-3| =3

2x=3=3 2x =6
= = =
2x=3=-3 2x=0
Vidu4: Chohamséy=3x - |. Tim cic gid tri cua x sao cho:
a. y nhan gid tri am.

b. y nhan gid tri Ién hon 5.
Gidi
a. PEy nhan gid tri am diéu kién la:

3x—-—l<0<::>3x<l<:>x<;.

o b o g s
Viy, vai x < 3 thi y nhan gid tri am.

b. ¢y nhan gid tri I1on hon 5 diéu kién la:
3x-1>53x>6¢3x>2.
Viy. voi x > 2 thi y nhin gia lon hon §.
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I11. BAI TAP pE NGHI
Bai tap 1. Cho X = {-3, -2, -1,0, 3}, fla mot quan hé tir tap X dén tap R.
Hoi f ¢6 phai la hiim s6 khong. néu bang cdc gid tri tuong tmg cua ching la:
X | -3 -1 0 3

fx) | 6| -4]-2] 0 | 6
Bai tap 2. Cho X =1{-4,3.5,7}. flamot quan hé tir tap X dén tip R. Hoi
f co phai [a hiim s6 khong, néu bang cdc gia tri twong tmg cua ching la:

3

T T
8 8

Bai tap 3. Cho X = {-4, -2, 0}, flamot quan hé ti tap X dén tap R. Hoi [

¢o phai [a ham so kh(‘rnl_ neu bang cic gla tri tromg tmg cua ching la:

A

2

-4

8

X

y

Bai tap 4. Ham s6 y = f(x) duoce cho boi cong thie f(x) = 6 :
X

a. Hay dtcn cdc gid tri tuong (ing cuahamsoy = {(x) vao bang sau:
X

x| -9l-e] 3 2]
y=f) | | I L

b. Xic dinh f( - 12), f(72). N
Bai tap 5. 11am s6 y = {(x) dugc cho boi cong thire f(x) = 2x + 9.
a. Hay dién cic gid tri luo’ng lrng clia ham s6 y = f(x) vao bang sau:

X 1216
- f(x) _"f' B EX
b. Xac dgnh f( - 8), f_(:l)_.— -
Bai tap 6. Cho ham sé y = f(x) duoc cho bai cong thie f(x) = x* — 9.

a. Tinh f(=4), {(=2), £(0), f(1), f(5).
b. Tinhcic gidtrictaximgvoiy=-8, y=-5,y=0,y=~-10.

Bai tap 7. Cho haim s6 y = 2x — 6. Tim cdc gia tri cha x sao cho:
a. y nhan gid tri duong.
b. y nhan gid tri nho hon 3.
Bai tap 8. Cho ham s6 y = 6 — 5x. Tim céc gia tri ca x sao cho:
a. y nhan gid tri am.
b. y nhdn gid tri Ion hon 1.
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Bai tap 9. Cho cic ham s6:
fix)=2x"-3x+ I vag(x)=x"—I.
a. Tinh f(—1) va g( l ).
b. Tim s6 a dé f(a) - g(a)

IV. HUGNG DAN - PAP SO

Bai tap 1. C6 la ham so.

Bai tap 2. C6 la ham s6 va day la ham hang y = 8.

Bai tap 3. Khong 14 ham s6, vi vdi x = - 4 ta xdc dinh duge hai gid tri
khiac nhau cuay la4 va 12.

Bai tap 4.
a. Taco dqgc__k__é"l_“qué:__m_ - -
X | -9] -6 3 | 12 ] 36
36
y= -4 -6 12 3 1
X
........ i — , _
b. Tacéd f(-12)= -3, f(72) = é—

Bai tap 5. Hoc sinh it lam.
Bai tap 6.
a. Talan luot co:
f(-4)=(-4)’-9=16-9=17,
f(-2)=(-2y-9=4-9=-5,
f(0)=0-9=-9, f(l)y=1"-9=1-9=-8§,
f(5)=5"-9=25-9=16.
b. Ta lan luot ¢o:
*  Véiy=-8 thi:
xX-9=-8ox'=-8+9=1x=21.
« Véiy=-5thi
XX-9=-5ox’=-5+9=4x=12.
Véi y = 0 thi:
X*-9=0x'=9x=13.
Véi y = ~10 thi:
X" =9 =-10 < x*=-1, khéng t6n tai x.
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Bai tap 7.
a. DEé y nhan gid tri duong diéu kién la:
2Xx =6>0¢>2x>6 x> 3.
Vay, voi x > 3 thi y nhan gia tri duong.
b. B¢y nhin gid tri nho hon 3 dicu kién la:
9

2x —6<3 e 2x <Y x <

b

[§
Viy, vii x < : thi y nhan gia nho hon 3.

Bai tap 8.
a. Dé y nhan gid tri am diéu kién la:

6—5x<0<::>5x>6<:x>-(53.

; 6 .. sy s
Viy, vai x > s thi y nhan gia tri am.

b. Dé y nhan gia tri Ién hon 1 dicu kién la:
6-5x>1 =<5 x<].
Vay, voi x < | thi y nhan gia tri I6m hon 1.
Bai tap 9.
a. Taco:
f(-1)=2(=1 = 3(-1)+ 1 =6.

bl

| 1) 3
g(z)—(;)-)ﬁl-~4.

s

b. Taco:
f(a)y=2a"-3a+ |
ga)=a"-I.

Suy ra:

flay=ga) e 2a°-3a+l=a-1ea -3a+2=0
oSa-2a-a+2=0aa-2)-(a-2)=0
S@-2a-1)=0e|" |
u‘_'

Vay, voi a = 2 hoac a = | thi f(a) = g(a).
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Baitodn M TAP XAC BINI
2 CUA HIAM SO

I. PHUONG PHAP
Pé tim tap xdc dinh cia ham sd y = f(x), ta lua chon mot trong hai
phuong phép sau:
Plurong phdp 1. Tim tap D cua x dé f(x) c6 nghia, tic 1a tim:
D={x e RIf(x) e R }.
Phitong phdp 2. Tim tap E cha x dé f(x) khong ¢6 nghia, khi dé tap xic
dinh cia ham s6 la D = R\ L.
Chi y: Thong thuong f(x) cho bdi biéu thic dai s6 thi:
f .
1. Vi i) = %) gigy kien 14
f,(x)
f, (x), f,(x)co nghia
f,(x)=0 '

' 2. Vaif(x) = Aff,(x) (keZ) diéu kien 1a

f,(x)co nghia
f(x)=0 '

II. CAC Vi DU MINH HOA
Vidul: ‘Tim tap xdc dinh cua cic ham so sau:

X X+ 1 X

a. = e Ly=s —.

X® + X= ] X~ —2x

o}
e
Il

|

Giai
a.  Ham s6 xdc dinh khi:
x>+ 1 # 0 ludn ding.
Viy. tap xdc dinh cia ham s6 la D = R.
b. Ham s6 xdc dinh khi:
x=-12z0&x#1.
Viv.iap xdc dinh ctia ham sé laD = R\{ 1 }.
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¢.  Ham s6 xac dinh Khi:
i x#£0 (x #0
X" —-2x#z0=@2x(x-2)z0« | — ' .
[x ~2=0 |x 32
Viy, tap xdc dinh cia ham so 1a D = R\{0, 2}.

Nhan xét: 1. Cac ham s6 trong cau a), b), ¢) déu c6 tr 56 ludn co
nghia, do d6 chi can thiét 1ap diéu kién cho MS ~ (.
2. Trong cau ¢), néu cac em hoc sinh bién doi ham s6
vé dang;

|
o st
Tox=2
réi khidng dinh ham s6 xac dinh khi :
x-2#0=x22
va do d6 tap D = R\ {2}. Day la loi giai sai vi phép bién
d6i ham s6 khong phai la phép bién déi tuong duong,

Vidu2: Tim tap xdc dinh cua cac ham s6 sau:

a. y=\[2j. b. )'=\/3T£+\/a:;.
Giai
a. Ham s6 xdc dinh khi:
2-x20=xs2
Vay, tap xac dinh cua ham s6 1a D = (-0, 2].
b. Ham s6 xdc dinh khi:

3+x20 x=>-3
o &> -3<x<6.
6-x20 X<6

Vay, tap xic dinh cua ham s6 1a D = [-3, 6].

Nhéan xét:  Nhu vdy, vi du trén da minh hoa viéc tim tap xac dinh
cta ham s6 c6 chira can bac hai dang don gian (g6ém viéc
giai cac bat phuong trinh bac nhat). Vi du tiép theo sé
minh hoa cho cac bidu thitc phic tap hon, va 0 day
chiing ta cin su dung;

* Tinh chéat:
AB>0< A, Bcung dau.
AB<0« A, B trai dau.

= Hodc lap bang xét dau.




Vidu3: Tim1ap xdc dinh cia cac ham s6 sau:

a. y=+-x>+4x-3. b y=vx+l +yx’ -3x+2.
Gidi
a. Ham s6 xdc dinh khi:
~x+4x =320 x"-4x+3<0

Sx-x-3x+3<0ax-1)x-3)<0
[(x-120 [[x=>1

x-3<0 x<3

=

x-1<0 x <1
| [x-320 [ [x23

Vay, tap xdc dinh cia ham s6 1a D = [1, 3].
b. Ham s6 xdc dinh khi:

X 2-1
(>0 hx-lZU
2 > -
xj- — X . &< Ix=220
X" =3x+220 (x-1)(x-2)=20
x-1<0
_x—2$0

(x 2 -1

-le Xx2-1
x22

oS x22 & x22c>[

-1<x<1

{xsl x<1

LLxSZ

Vay, tap xédc dinh ctia ham s6 1a D = -1, 1]U[2, +x).

Nhén xét:  Nhu vay, trong 1di giai cia vi du trén, d€ giai cac bat
, phuong trinh bac hai ching ta st dung phuong phap
phén tich da thic thanh nhan tr va van dung cac diéu

kiéen d6 A.B>0, AB<O.

Cac em hoc sinh hay kiém tra lai két qua do6 bang, viée
lap bang xét dau.
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Vidud4: Tim tap xic dinh cia cic ham s6 sau:

=|x} =3 b. y=\/x+3+2\/x+2+\/2—x‘+2\fl—x”
Giai
a.  Ham so6 xdc dinh khi:

x>0 x 20
& > 0<x 24,
Ix1-4 %0 Xx—4#0

Viy. tap xdc dinh cuia ham s6 1a D = [0, +oo)\{4].
b. Bién doi trong duong ham s6 vé dang

y= \}x+7+”~fx+2+l +\[l X" +2\/l X +l

= JWx124D) + JWI=xF +1)?
= | Vx+2 + 1] +1J1-x7 +1] = Vx+2 +4J1-x* +2.

Ham s6 xdc dinh khi:

Xx2-2 X >-2
. [((1-x>0 [(x <1
x+220 X 2-2
) o S T+#x20 & < |Ix2 -1
l-x" 20 (1-x)1+x)=20
|-x<0 x> 1
{_l+x50 L_xs-l

e=1sSxsl.
Vay, tap xdc dinh cia ham sé la D = [-1, 1].
Nhan xét:  Nhu vay:

1. Trong ldi giai cda cau a), ngoai dicu kién dé MS # 0
chiing ta con c4n tdi didu kién d€ Vx ¢6 nghia. Va trong
hé bat phuong trinh diéu kién, su di ta ¢6 bién doi
[x| -4 #0¢>x -4 #01ado diéu kién ¢ trén ta co x > 0.

2. Trong l0i giai cha cdu a), vdi cac em hoc sinh chua co
kinh nghiém sé thiét lap ngay diéu kién co6 nghia la:

(x+220
1-x*20
X +3+42Jx+220

2-x* +2V1-x* 20
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Vidu$S: Tim tap xdc dinh ctua cac ham s6 sau:

a. y= \ﬁ(—T = l . b o {4_3(

Giuai

Jx* -9 ' yu(x—:'i)\/x_—l'

a. Ham sé xac dinh khi:

x=120 x21 x 21
5 =4 = o x> 3
X" =9>0 (x=3)x+3)>0 x-3>0

Vay, tap xac dinh cua ham s6 la D = (-, 3).

b. Ham s6 xac dinh khi:

4-x20 x<4

x=-3z0c<xz23s
x-=1>0 x>

l<x<4
X#3 '

Vay, tap xdc dinh ctia ham s6 12 D = (1, 4]\ {3}.

Nhan xét:

S

Nhu vay, trong 13i giai caa vi du trén, déi véi cac biéu
thie x* - 9 va x - 1 ngoai diéu kién dé né ¢é nghia trong,
can bac hai ching ta con ghép thém diéu kién dé no co
nghia khi la mdu cua mot ham phan thiac, do d6 phai
thiét lapx’-9>0vax - 1>0.

Vidy6;: Cho ham s6:

Tim m dé ham s6 xdc dinh trén [-1, 1).

Giai

Ham s6 xdc dinh khi:
x-m+2#z0=x#m-2.

Do d6 tap xédc dinh cua ham s6 1a D = R\[m - 2}.

Pé ham s6 xac dinh trén [-1, 1) diéu kién la:

m—ZE[—l.l)@[

m-2<-| [md
&

m-221 m=>3

Viy, véi m < | hodc m > 3 thoa man diéu kién dau bai.
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ViduZ: Choham so:
X + |
y= 5 i S
X" =2(m-Dx+m - 2m

Tim m dé ham s0 xdc dinh trén (0. 1).
Griur

Ham so xdc dinh Khi:

X =2m-Dx+m -2mz0& x - 2mx +m +2x - 2m # 0

Jx—m:() J.\;tm

> x-m)x-m+2)20«< &> .
[x—nn?.:e(_l lxtm-]

Do d6 tap xidc dinh cua ham s6 1a D = R\{m - 2, m|.
Pé ham so xdc dinh trén (0. 1) di¢u kién la:
m <0 m<0
m-2meg (0, e | m-221 <> |(m=3

m-2<0<1l<m l<m<?2

Vay, v6i m <0 hoidc 1 £m <2 hoac m 2> 3 thoa man diéu kién dau bai.

Nhan xét:  Nhu vay, trong ldi giai cua vi du trén, dém - 2, m ¢ (0, 1)
ta xac dinh dugc ba trudng hap la do danh gia duoc

m 2 <mvdi moi m, tir do thict lap:
*  Tlai diem m - 2 va m nam bén trdi (0, 1) va trong,

truding, hop nay chi can m < ().
*  flai diemm - 2 va m nam bén phai (0, 1) va trong,

truong, hop nay chicanm 2 0.

= Dim m - 2 ndm bén trai (0, 1) va diém m nam bén
phai (0, 1) vi khoang, cich gitra hai diem m 2 va m

bdng, 2 don vi.
Yidy8: Cho ham so:
y=\/;.>§4;21ﬁ'—l T :
Jx-m+2
Tim m dé ham sé xdc dinh trén (0, 1.
Giui
Ham s6 xdc dinh khi:

—x4+2m-120 X <2m-|
&> Sm-2<x<2m - 1I.
x-m+2>0 x>m-2

Do do tap xidc dinh caa ham so 1a D = (m ~ 2, 2m - 1],



Dé ham s xéc dinh trén (0, 1] diéu kién la:

O, 1)]c(mM=-2,2m-1] ©m-2<0<1<2m- 1 1<m<2

Vay, véi | <£m < 2 thoa man diéu kién ddu bai.

I11. BAI TAP PE NGHI
Bai tap 1. Tim 1ap xdc dinh ctia cic ham s6 sau:

- x|
* y=-’-‘ +: - YT X ox4d’
Bai tap 2. Tim tap xac dinh clia cic ham so6 sau:
g oy x-1 _ B g= _21_3_+l '
2% -6 2x" -x -1
Bai tap 3. 'Tim tap xdc dinh cia cdc ham s6 sau:
a. y= Jx+2. b. y= V2-x + J7+x.
Bai tap 4. Tim tap xdc dinh clia cic ham s6 sau:
w oy esCe WP v - ey
Bai tap 5. Tim tap xic dinh cua cdc ham sé sau:
a. y=Vl-x + .. b y=- V5~ 2x
\/x —4 (x 2)\/:4 - l

Bai tap 6. Tim tap xdc dinh cta cidc ham s§ sau:

a y= ____i;___ b \_{4 X"
IxIxI=1 '

Bai tap 7. Cho ham sé:
_ J;+_l
yx -1’

Vx+1

a. Tim tap xdc dinh cia ham s6.
b. Tinh f(4 +2+/3), f(a>) véi a < -2.
c. Tim x dé f(x) = /3.

d. Tim x dé f(x) = f(x°).
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Bai tap 8. Tim m dé ham s6 sau xdc dinh trén [0, 1):

X+ 1

yom e

Xx-2m+1

Bai tap 9. Tim m dé ham s6 sau xdc dinh trén (1, 3):

______ PR I
y= V=X +2m=1 = —=—e |
V2x-m
IV. HUGNG DAN VA PAP SO
Bai tap 1.
a. Ham sé xac dinh khi:
x*+ 1 # 0, luén ding.

Vay, tap xic dinh cua ham so 13 D = R.
b. IHam s6 xac dinh khi-

X*—Xx+320 Lx—%} + T # 0, luén ding.

Viy, tap xdc dinh cia ham s6 la D =R.
Bai tap 2.
a. Ham s6 xdc dinh khi:
2x -620=>x#3
Vay, tap xdc dinh cua ham s6 1a D = R\{3}.
b. Ham s6 xac dinh khi:

2% - x- 12022 -2x+x-120=(x-D2x+ 1)=0

=
2x+120 X # —-

x=1#0 x# 1
l -
2

Vay. tap xdc dinh cia ham s6 1laD = R\| I, - 3 }.

Bai tap 3.
a. Ham s6 xac dinh khi:
x+220x2>-2.

Vay, tap xdc dinh cta haim s6 laD = | -2, + ).

b. Ham sé xdc dinh khi:

2-x20 x<2
et ' &S -T<x<2
T+x20 X2 -7

Vay, tap xdc dinh cta ham s6 laD =[ -7, 2].
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Bai tap 4.
a. Ham so xdc dinh khi:

X+ -620x'-5x+6<0= (x-3)x-2)<0

Viy, tip xdc dinh cua haim so 1a D = [2, 3].
b. Ham s6 xdc dinh khi:

{xz -x+120

e c::»\/x:-—x;-l > —X & {—42()

x+\/x3—x+l >0

x>0 )
= { , luoén dung.
x<0

Vay, tap xdc dinh cua ham sé 1a R.
Bai tap 5.
a. Ham s6 xdc dinh khi:

{l—xZO {xél
Pt & x < -2,

X" —4>0 (x=2)x+2)>0

Vay, 1dp xdc dinh cua ham s6 1a D = (-, -2).
b. Ham s6 xdc dinh khi:

5-2x20 x<5/2 5
l<x < -

x=-2#20 ©<{xz2 o 2.

x—1>0 x>l X #2

. " £ a3 - 5
Vay, 1ap xdc dinh cta ham s6 la D = (1, = IN 2.

Bai tap 6.
a. Ham so xic dinh khi:

x>0 x=20 x 20
& & =
XIxl=1>0 xX—=1>0 (x-Ix+1)>0

&> x> 1.
Vy, 1ap xdc dinh cua ham s6 la D = (1, +0).
b. Ham sé xdc dinh khi:
{4-;& > () {(x—Z)(x+2)S() {-—25;{ <2
= <> :

x+120 x #—1

Vay, tap xdc dinh ctia ham s6 1a D = [-2, 2]\ {—1}.
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Bai tap 7.
a. llam s6 xac dinh khi:

x >0 x>0 x=>0
& . ot S0<x# 1.

Jx =120 [Jxz1  |x=zI
Viy, tap xdc dinh cua ham s6 1a D = (0, +0) \ { 1 }.
b. Taco:
f(4+2v3)= RENRY VBT 1 Brlel 342
‘/‘“”\h—l \f(/3+l) -1 “V3ei-1 43
f(a) = ‘/'__"ll lal+l "’: —a+l _ a-1
\f{a:—l .lI—l —a-—1 d+l

c. bé f(x) = \/1 diéu kién la:

= = = )
c:>(~/3—l)\/x=\f3+lc>\/; J—3-t-l- EHX= 4+ 23
, J3-1 4-23
d. Dé f(x) = f(x?), diéu kién la:

\/;+l _x—l J;H J;+l)(\/;—l_)
Jx -1 —x+l Jx-—l x+1
c::»x+l=(\/_—l)'<:>\/x =0 x=0.
Bai tap 8. Ham s0 c6 nghia khi:
x-2m+ 120 x#2m- 1.
Pé ham s6 xéc dinh trén |0, 1) diéu kién la:

- |
2m -1 <0 m< —
2m-1 ¢ [0, ) < o %
2m-12>1
m 2|
Bai tap 9. Ham 56 c6 nghia khi:
<Y —
—x+2m-120 %5 dan ]
= m
2x-m>0 X > -
Pé ham s6 xdc dinh trén (1, 3) diéu kién la:
m<2
ms1<352m—l¢:>{ Sm=2.
2 m>>2
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Baitoan  XET TINH CHAT BIEN TIHEN
3 CUA HAM SO

I. PHUONG PHAP

Pé xét tinh chat bién thién cua ham s6 y = f(x) trong (a, b), ta lva
chon mét trong hai phuong phap sau:
Phicomg phdap 1: Sk dung dinh nghia.
Phitong phap 2:  Thuc hién theo cdc budc:
Buoc 1: Lay X, X,€(a, b) véi x,#x, ta thiét lap ti so:
A= Jx)—f(x,)
X, = X3
Bioe 2: Khi dé:
*  Néu A >0 voimoi x,, x. € (a, b) va x,#x,
thi ham s6 dong bién trong (a, b).

*  Néu A <0 véi moi x,, x, € (a, b) va x, # X,
thi ham s6 nghich bién trong (a, b).

I1. CAC Vi DU MINH HOA
Vidyl: Xét subién thién cia ham s6:
y=f(x)=x-2.
Gidi
Ta c6 thé trinh bay theo hai cdch sau:
Cadch I1: Ham sé xdc dinh trong R.

Cho x céc gid tri thuc bat Ki x,, X, sao cho x, < x, (ta dugc x,— x, < 0), ta
di so sénh f(x,) vai f(x,) bang cich xét:

f(x,))-f(x))=(x,-2)-(x,-2)=x,-x,<0
&> f(x,) < f(x,) < ham s6 dong bién trong tap xac dinh ciia né.
Cdch 2: Ham s6 xdc dinh trong R.
Véi x,, x, € R va x, #x, tacé:
f(x,)-f(x,) (x,-2)-(x,-2) _
X -Xs X =%,
Vay, ham s6 dong bién trén R.
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Tong quat:  Xét su bién thién cia ham s6:

y=f(x)=ax+b,vdia=z0.
Giai
Ham s6 xac dinh trong R.
Vai xy, x; € R va x; # x, ta co:
A= S0 )-1(xy)  (ax, +b)—~(ax, +b) __
Xy =X, Xy =X
Khi do:
* Néu a > 0 thi ham s6 déng bién trén R.
* Néu a <0 thi ham s6 nghich bién trén R.
Yidy2: Xét su bién thién cia ham sé:
y = f(x) = x.
Criai
Ta c6 thé trinh bay theo hai céich sau:
Cach I: Ham s6 xdac dinh trong R.

Cho x cdc gid tri thuc bat ki x,, x, sao cho x, < x, (ta dugc x, - x, <0), ta
di so sdnh f(x,) vdi f(x,) bang céch xét:

f(x,) = f(x:s) = X] = X3 =(X;= X (X, + X,).
Khi do:
=  Neéux,, x,>0 (urc la x € (0, + o)) thi:
X, + X, >0 = (X, = x)(x, +X,)>0
<> f(x,) - f(x,) >0 < fix,) <f(x)
<> ham s6 dong bién trong (0. + x).
» Néux,x,<0(ticlax e (-0, 0)) thi:
X, + X% <0= (X, = x_)(x. +x,)< ()
& f(x,) — f(x,) <0< f(x,) < f(x,)
<> ham s6 nghich bién trong (- o, 0).
Cdch 2: Ham s6 xdc dinh trong R.
Vi x,, x,€R va x, #x, taco:
f(x,)—f(x,) %] =x;

A= —-—= =X, + Xa.
Xy =X, Xy =X
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Khi do:
*  NéGux,, x,> 0 thi A >0 suy ra ham s6 déng bién trén (0, + ).

*  Néux,. x,<0thi A <0 suy ra him s6 nghich bién trén (- 2. 0).

Tong quat: Xt su bicn thién cua ham s6:
v=1{(x)=ax’, vdia # 0.
Giai
I 1am s6 xac dinh trong R.
V@i x, xs¢ Rvax, 7 x,taco:
Az f(x,) - f(x3)=;|x: - ax:

T o=algtxg).
Xy =%, Xy =X

Khi d6:
1. Vaia>0
= Néu x,, x,> 0 thi A > 0 suy ra ham s6 dong,
bién trén (0, +o).
*  Néu x;, x,< 0 thi A <0 suy ra ham s6 nghich
bién trén (-, 0).
2. Vaia<\(
*  Néu x;, x:> 0 thi A <0 suy ra ham so nghich
bién trén (0, +).
« Néu x;, x; <0 thi A > 0 suy ra ham s6 dong,
bién trén (- », 0).

Vidu 3;:  Xét subién thién cia ham sé:
y = f(x)=-x",
Giai
Ta ¢6 the trinh bay theo hai cich sau:
Cdach I: Ham so xac dinh nong R,

Cho x cie gid tr thue bat ke L xosao choy < yoinduge 8, - g < O, ta
di so sanh f(a ) vai fix.) Bang cich xét:
fx) - ) = ¢ X3 (a2
-3 3 _ 2 2
= XD T =K Xy K+ TS0

<> f(x,) > f(x3) < ham so nghich bicn tong tap xac dinh cua no.
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Cach 2: Ham so xdc dinh trong R.
Véi X, x-€ Rvax, # X, taco:

3 1 1 3

f(x,)=F(x,) _ (=x))=(=x;) _ %, =X,

A= -
X, — X, X, =X, X =X,

=X, M(X] + X, X, + X3 : .
SRR XX XD +X,X, +X;)<0.
X, —X; '
Viy. ham s6 nghich bién trén R.
Tong quat:  Xét su bién thién cda ham s6:
y = f(x) =ax’, viia 7 0.

Giai
Ham s6 xac dinh trong R.
Vi x,, x, € R va x, # x, ta co:

f(x,)=f(x,) _ axj—ax;

A= et 2 778020 T 77
X, — X, X, =X,
_ X, =X )(XT 4+ XX,y +X3)
S
=a( X3 # X; X5 + X} ).
Khi do:

*  Néu a > 0 thi ham s6 dong, bién trén R.
i *  Neéu a <0 thi ham s0 nghich bién trén R.
Vidud4; Xétsubién thién cia ham s6:

y =f(x)= Vx> + 1 trong (0, +).

Giai
Ta ¢o thé trinh bdy theo hai cich sau:
Cdch 1: Cho x cic gid tri thue bat Ki x,, x, € (0, 4+) sao cho x, < x, (ta
duge  x,— ¥, <0), ta di so sianh f(x,) véi f(x,) bang cich xét:
f(x,) - f(x:) = /X2 +1=/x3 +1
N "‘“ s '_""' - f
(+/X] +l-\/x3 + (Y
VXI 1 +x3+1

LY o I' ]l
Xp +1+4x3+1)

(X; 4+ D= (xI+1) X =+ %3

= — —- l X
fo+l+Jx‘;‘+l fo«‘-l+\/

¢ f(x,) < f(x,) © ham s6 dong bién trong tap xac dinh cua no.
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Cdch 2: V@i x,, x, € (0, +0) va x, # X, ta co:

N f(x,)-—f(x) Cxiri=yxiel
- X, ) X, =X,

B ()_t_il) (x +1) XX, 50

TR RN A1 yxE +1) \/f—fl},/x +1

Vay. ham s6 déng bién trén (0, +0).

{ Chi ¥: Trong l5i giai trén, ching ta da sir dung diéu kién x,, x,€(0, +)

dé nhan dugc két qua x, + x,> 0.

Vidy5: Xét su bién thién cua ham sé:
X
y=f(x)= ~-— trong (1, +x).
x =1
Gidi
Ta c6 thé trinh bily theo hai cich sau:
Cdach I: Cho x cic gid tri thue bat ki x,, x, € (I, +90) sao cho x, < x, (ta
duoge x, - x, < 0), ta di so sdnh f(x,) véi f(x,) bang cich xét:
X X, X, — X,

f(x,)—f(x;) = —'—- —Eeee = >
e x, =1 x_—l (x, =I)(x, =1

<> f(x,) > f(x,) < ham s6 nghich bién trong (1, +x).

Cach 2: Vai X, x,€(1, +2) va x, # X, ta co:

X_,-____)_(_;
Az!(x’)-{(xz_)= ~1 -xl_' =— l--~—--<0.
X, —Xa X, —X, (x, =IXx,=1)

Vay, ham s6 nghich bién trén (1, +x).

Chi ¥: Trong I0i giai trén, ching ta da s dung diéu kién x,, x,€(1, +w)
dé nhan dugc két qua x, =1 >0, x, - 1> 0.

———— m————

I11. BAI TAP PE NGHI
Bai‘tap 1. Xét sur bién thién cua ciac ham so6:
a. y=f(x)=2x+3. c. y=f(x)=(m + 1)x-2.
b. y=f(x)=1-3x. d. y=f(x)=mx +4, vdim =0.
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Bai tap 2. X¢ét surbién thién cua cac ham so:
a. y=f(x)=2x"trong (0, +»). c. y=0(x)=x"+2x+3.
b. y=f(x)=-6x"trong (0, +w). d. y=f(x)=-x"+4dx + I.

Bai tap 3. Xét su bién thién cua cac ham s6:

a. y=f(x)= L ] trong (1, +).

X
b. y=f(x)= - - trong (-, -2).
y 2x+3 &

Bai tap 4. Xét su bién thién cua cic ham so:

a. y=f(x)=~./;jl‘. b. y=f(x)=w/2—x.
Bai tap 5. Xét su bién thién ctia ciac hiim s6:

c. y=Hxy= \/;11_-: 3. trong (0, +,).

d y=f(x)= Jx‘ +_4x;5 trong (-, -2).
Bai tap 6. Xét su bién thién cta cic ham so:

a. y=f(x)=3x" c. y=fx)=x"+x+1.

b. y:f(x):x‘-}x:-{-ﬁx-{-l_ d. y=|'(x)=x‘+2x3+3x+l.

IV. HUONG DAN VA PAP SO
Bai tap 1.
a. Ham s6 déng bién trén R.
b. Ham s6 nghich bién trén R.
c. Ham s6 xdc dinh trong R.
- Vai x,, x,€ Rvax, #x,taco:
f(x,)=f(x;) _ [(m* +Dx, =2]=[(m" + )x, =2]

A= i o) . J .. o

Xy =Ry Xy = Xy

_m D %) el s

X, — X,

Vay, ham s6 dong bién trén R.
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d. Ilam s6 xdc dinh trong R.
Véi x,, x, € R vax, #x, ta co:

L(_x,)—f(xz) (mx, +4) (mx +4)

A=

Khi do:
*  Né&um > 0 thi ham $6 déng bién trén R.
* Néu m < 0 thi ham s6 nghich bién trén R.
Bai tap 2.
a. Ham s6 dong bién trong (0, +o).
b. Ham s6 nghich bi€n trong (0, +=).
c. 11am s6 dong bién trén (-1, +0) va nghich bién trén (-, 1).
d. 11am s6 dong bién trén (-0, 2) va nghich bién trén (2, +=).
Bai tap 3. _
a. Ham s6 nghich bién trén trong (1, +x).
b. Ham s6 dong bién trén trong (-0, —2).
Bai tap 4.
a. Ham s6 c6 nghia khi:
x-120=x21.
Vay. 1dp xdc dinh cia haim s6 1a D = [ 1, + ).
Cho x cic gid tri thue bat ki x,, x, € [1, +o¢) sao clio x, < X, (ta duge
X, — x, < 0), ta di so sdnh f(x,) véi f(x,) bing cich xét:
f(x,) - f(xy) = [x f-"l' - J{,_- I

_ W =T =yxs = DG =14 x, -1

fx, -1 +\[x3 =1 -

(x]—l) (x‘l_l) B x| 2
\/x,—l-{»\/x —1 Jx,—l+\/x,
<> f(x,) < f(x,) <> haim s0 dong bién trong tdp xdc dinh cta nd.
b. Ham s0 c6 nghia khi.
2= x20&xL2.

Vay, tap xdc dinh cta ham s6 1a D = (-0, 2].
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Vi x,, X, € (-, 2] va x, # X, ta co:

x "x‘u x ._x'\

(=T _ {38, -,

(f_" V2-x )02 x, +2-x,)

Vay, ham s6 nghgch bién Irung tip xdc dgnh clia no.

Bai tap 5.

a.

b.

Ham so dong bién trén (0, +=).
[am s6 nghich bién trén (-o0,-2).

Bai tap 6.

QA
b.
c.
d.

[am s0 dong bién trén R.
[lam so6 dong bién trén R.
[{am s6 dong bién trén R.
[1am s6 xdc dinh trong R.
Vdi x,, x,eR va x, # x, ta cé:

A=

X) =X,

(x,f:_i;;)-S(x -X3 )+6(x,—.x )

X ==K

=X, XX+ X —3(X,+ X))+ 6

[(X,+ X,)" = 6(x,+ Xx,) + 9| +

—

N N - N -

Vay ham s6 dong bién trén R.

| 3
(XX =3+ S (X + X))+
2( ; 2

(X, + X)) 2—(xf +Xx3) - 3(x,+x,)+6

I 3 3 -
_)(x,‘ + X3)+ -

> ().

- - l- - <0
\/l—x, +J2—x_;

I

f(x,)=f(x,)  (x; =3x]406x, +1)=(x3=3x3+6x, +1)
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T Bk . " n A
""5" HAM SO BAC NHAT

1. KIEN THUC CO BAN
. PINHNGHIA
Pé xay dung dinh nghia ham s, ching ta sé bit dau véi bai toin sau:

Bai todn: Mot 616 tir Hai Phong di Ha Noi véi van 16¢ 60km/h. Ot6 khai
hanh & mot dia diém cach Hai Phong 8km vé phia Ha Noi. Hoi sau x gid,
6t0 ciach Hai Phong bao nhiéu kilomet ?

Giai

Goi y la khoang cdch tir 616 t6i Hai Phong sau x gid.

€

Ta co:
y = 60x + 8.

Nhu vay, ta dugc mot tuong quan ham s6 y = 60x + 8, trong dé x la
bién s6, y 1a ham s6. Va biéu thirc mé ta ham s6 ndy 1a bac nhat d6i voi
bién x nén ta goi dé 1a ham s6 bac nhdt.

Tir dé, ta c6 dinh nghia:

Ham s6 bdc nhdt la ham s6 ditoc cho boi cong thic:

y=ax + b, voi a #0,

trong dé a va b la cdc s6 thue xdc dinh.

Thidu 1: Véi ciac ham so:
* y=3x—21amot him s6 bac nhat.
= y=-6x la mot ham s6 bac nhat.
= y=(m- I)x -5 1a mét ham s6 bic nhat khim # 1.

* y=x"+x+ | khong phai 12 mot ham s6 bac nhat.

Chi y: Néu b =0, ham s6 ¢6 dang, y = ax la ham s3 biéu thi su tuong,
quan t1 1é thuan.




2. TINH CHAT
= [lam s6 y = ax + b xdc dinh véi moi gid tri x € R.
*  Trong tap xdc dinh R, hams6y =ax + b
Pong bién néu a > 0.
Nghich bién néu a < 0.
Thidy 2: Cho ham so:
y=mx -m’ —Xx + |. .
a. Tim m dé ham s6 da cho 1a ham s6 bac nhat.
b. Tim m dé ham s6 nghich bién trén R,
¢. Tim m dé dé thi ham s6 di qua géc tea do.
Giual
Viét lai ham s6 dudi dang:
y=(m-=I)x-m’+ 1.
a. 1am s6 trén [a ham s6 bac nhat khi va chi khi:
m-lz0om=l.
Vay, vdi m # | ham s6 dia cho 1a ham s6 bac nhat.
b. Ham s& trén nghich bién trén R khi va chi khi:
m-1<0&emc<l].
Vay, vdi m < | ham s6 nghich bién trén R.
c. Ta biét goc toa do O(0, 0), do d6 d6 thi ham sé di qua gde toa do khi
O=m-D0-m+1lom=1lom=1+1.
Vay, véi m = £1 doé thi ham s6 di qua goc toa do.
Chi y: Trong loi piai cau ¢), khi m = 1 ham s6 khong con 1a ham s6
bac nhat.

I1. CAC Vi DU MINH HOA
Vidul: Choham sé:
y=3x-2.

a. Tim tap xdc dinh cta ham s6.

b. Xét tinh bién thién ctia ham s6 trong 1ap xdc dinh cua né.
Giui
a. Ham s6 xdc dinh trong R.
b. Via=3>0nén ham s6 déng bié¢n trong R.
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Vidu2: Cho ham so:

P
y=mx— vl-m.

a. Tim m dé ham s6 da cho 12 him s6 bac nhat.

b. Tim m dé ham s& déng bién trén R.

Giai
a. Ham so trén la ham sé6 bac nhat khi'va chi khi:
m=#=0 m=#0
o ~0#m<l. (*)
l-m=0 m<|

Viy, voi 0 # m < | ham s0 di cho la ham s0 bic nhat.

b. Ham s6 trén dong bién trén R khi:
m > 0.

Két hop vé6i diéu kien (%), ta duge 0 <m < 1.

Viy, v6i 0 <m < | ham s6 dong bién trén R.
Nhan xét:  Trong 10i giai trén:

« Ocau a), nhiéu em hoc sinh médc sai ldm khi chi thiét
lap diéu kién m # 0.

»  Ochu b), nhiéu em hoc sinh médc sai lam khi thiét lap
didu kién m > 0 nhung lai khong két hap vai (*).

Yidu 3: Cho ham so:
y =f(x)=ax, véia # 0.
a. Ching minh riang f(kx,) = kf(x,) va [(x, + x,) = f(x,) + [(x,).
b. Cic hé thitc trong cau a) con ding véi ham s6:
y = g(x) = ax + b, vdi b # 0 hay khong ?.
Giai
a. Tacé:
f(kx,) = a(kx,) = akx, = k(ax,) = kf(x,), dpcm.
f(x, + x,) = a(x, + x,) = ax, + ax, = (x,) + f(x,) , dpem.
b. Ta lan luot xét:
= Vi hé thic:
g(kx,) =kg(x,) < a(kx,) + b=k(ax, + b)

heli

< akx, +b=akx, +bk < bk-1)=0 <> k=1.
Vay, hé thite g(kx,) = kg(x,) chi diing véi k = 0.
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* V@i hé thic:
g(x, + x,) = g(x,) + g(x,)
&> a(x, + x,) + b=(ax, + b) + (ax, + b)
& ax, +ax,+ b=ax, + ax. + 2b < b =0, loai.
Vay, hé thirc g(x, + x,) = g(x,) + g(x,) khong dung.
Vidud4: Cho hai ham sé:
f(x) =(m" + 1)x =4 va g(x) =mx + 2, véim # 0.
Chimg minh ring:
a. Cic ham s6 f(x), f(x) + g(x), f(x) — g(x) la cic ham dong bién.
b. Ham s6 g(x) — f(x) la ham nghich bién.
Giai
a. Talan luot xét:
*  Ham s6 f(x) c6 hé s6 a=m" + | >0 do d6 n6 1a ham déng bién.
*  Ham so:
fix) +gx)=(mM + Dx —4+mx+2=(m +m+ 1)x - 2.

co hé so:

% 1Y)
a=m+m+ 1= m+;’- + - >0

do dé n6 1a ham déng bién.
*  Ham so:
f(x)—gx)=(m + Dx =4 —(mx +2)=(m’ —m+ |)x - 6.
cO hé so:
1

azmz—m+l=(m—-l-) +° >0
2 4

do dé no6 1a ham dong bién.
b. Ham so:
g(x)-f(x)=mx+2—[(m3+ I)x — 4] =—(m*—m + 1)x +6.

}_ +-3]<0
4

cO hé so:

|...JI—

a=—-(m-m+1)= —[(m—

do d6 noé 1a ham nghich bién.

179



YidyS: Cho ham s6:
y=f(x)=ax+b,véiaz0.

a. Chimg minh rang v&i mot gia tri x, tuy y cho trude, bao gir ciing
tim duoc hai s6 m va n sao cho f(m) < f(x,) < f(n).

b. Chimg minh ring ham s6 bac nhat khong cé gid tri 16n nhat va
nho nhat.

Gidai
a. Ta biét rang vai méi x,, tuy y cho trude, bao gid cling cé:
X,— I <x,<X,+ .
Ta xét hai trudong hop:
Triong hop 1: Vi a> 0, khi dé ham s6 dong bién, do dé:
fix,— 1) <f(x,)<f(x,+ 1)
wrdo,tachonm=x,- Il van=x,+ 1.
Tricomg hop 2: Véi a < 0, khi dé ham sé nghich bién, do dé:
f(x,— 1)>f(x,) > f(x,+ 1)
trdo, tachonm=x,+ 1 van=x,- I.
b. Gia surtrdi lai ham s0 ¢o:
= Gid tri Iom nhat f(x,) ing véi x,.
*  Gid tri nho nhat f(x,) (mg vai x,.
Theo két qua cau a), luon tim dugce hai 56 m va n sao cho:
[(x,) < f(n) = f(x,) khong phai la gia tri I6n nhat.
f(x,) > f(m) = f{(x,) khong phai la gid tri nho nhat.

I1. CAU HOI ON TAP LI THUYET
Cau hoi 1: Néu dinh nghia ham s6 bac nhat va cho vi du.

Cau hoi 2:  Néu cic tinh chit cia haim s6 bac nhat. Cho vi du vé mot ham
s0 bac nhat dong bién va mot ham s6 bac nhat nghich bién.

Cau hoi 3:  Chimg minh rang trong tap xdc dinh R, hams6 y =ax + b
dong bién néu a > 0 va nghich bién néu a < 0.

Cau hoi 4:  Chimg minh raing ham s6y = ax + b ( a # 0 ) khong ¢6 gid
tri Ién nhit va nho nhat.
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IV. BAI TAP PE NGHI

Bai tap 1. Mot oto vian téc 50km/h khoit hanh tir bén xe phia Nam céach
113 Noi Skm va di vé phia Nghé An (bén xe nam trén duong Ha Noi -
Nghé An). Hoi sau khi khoi hanh x gig, xe cach Ha Noéi bao nhiéu ?

Bai tap 2. Cho cdc ham s6:

5 y=dng 48, 4 y=3x-2+x
b y=2“\/.§‘. e. y=l+3
X
‘ = l_ 6 : -
£ §E-gAED f. y=2vx +8.

Trong cic ham s6 trén ham s6 nao 1a ham s6 bac nhat ? Xét su bién
thién cua cac ham s6 bac nhat do.

Bai tap 3. Cho ham sé:
y=(m- Dx + ym.
a. Tim m dé ham sé da cho 12 hAm s6 bac nhat.
b. Tim m dé ham s6 nghich bién trén R.
Bai tap 4. Tim m dé cic ham s6 sau 1a ham s6 bac nhat:

a. y=mx+6. c. y:mx+dm+2.
b. y=mx+ V3 -x. d. y=(m’-m)x’+mx +8.

Bai tap 5. Cho hai ham so6:
| f(x)z(m:+5)x-3va‘tg(x)=2mx+1,véri m=0.

Chimg minh rang:

a. Céc ham s6 f(x), f(x) + g(x), f(x) — g(x) 1a cdc ham déng bién.

b. Ham s6 g(x) — f(x) la ham nghich bién.
Bai tap 6. Cho ham s0

y=(m-1)x+2m-3.
a. Tim m dé ham s6 Ia déng bién, nghich bién, khong doi.
b. Chimng t6 rang khi m thay déi dé thi ham s6 luon di qua | diém c6 dinh.

V. HUONG DAN VA PAP SO
Bai tap 1. Goi y la khoang céch tir 616 161 Ha No6i sau x gid. Ta cé:
y = 50x + 5.
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Bai tap 2.

a. Hamsdy=5x+ Y3 11 ham s6 bic nhat va vinocéa=5 >0 nén no

1a ham s6 dong bién.

b. Himséy =2 — Y5 x 1a ham s6 bac nhat vi viné coa = - V5 <0

nén né 1a ham s6 nghich bién.

. ) I s : - s . l
c. Himséy=- S X+ 6 1a ham s6 bac nhat va vi né co a = - =

né la ham s6 nghich bién.

d. Hims6y=3(x -2)+x =4x — 6 13 ham s6 bic nhat va vi no ¢ i =4 >0

nén no 1a ham sé dong bién.
e. Khong la ham s6 bac nhat.
f. Khong Ia ham sé bac nhat.
Bai tap 3.
a. Ham s6 da cho Ia ham s6 bac nhit khi va chi khi:
m-120 [mzl
{m 20 it lrn 20
Vay, v6i 0 < # | ham s6 dé cho la ham s6 bac nhat.
b. Ham s6 da cho nghich bién trén R khi:
m-!<0e <l
Két hop vai dicu kien (71, tadugc 0 <m < |.
Viy, voi 0 £ m < | ham so nghich bién trén R.
Bai tap 4.
a. m=#0.
b, m=#*tl.

c. -2<m=0.
d. Ham s6 da cho 1a ham s6 bac nhdt khi va chi khi:

s . m:O
m -m=0 m(m-1)=0
& S im=1 ©&©m=1.
m#0 m=#=0
m=#=0

Vay, véi m = | ham s6 dj cho l1a ham s6 bic nhat.
Bai tap 3. Hoc sinh tie lam. *

182

< () nén

(*)



Bai tap 6.
a. Taco:
= [iam so6 1a dong bién khi va chi khi:
m-1>0om> 1.
* Ham s6 la nghich bién khi va chi Khi:
m-l<0eom<l.
*  Ham s06 1a ham hang khi va chi khi:
m-l=0om=1.

b.  Gia st M(x,, y,) la diém ¢é dinh ma dé thi ham sé luon di qua, khi do:
Yo=(m = 1)x,+ 2m - 3, vén ¥Ym
X+ 2)m—-x, -y, - 3=0, vdi Ym

{x(,+2=(l {x.—:m:
= > :
Xo +Y,+3=0 Y, ==l

Viy, dé thi ham s6 luon di qua diem ¢ dinh M(-2, -1).
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BO TIN HAM SO BAC NHAT

I. KIEN THUC CO BAN
1. POTHICUAHAMSOY = ax,a#0
O 16p 7, ching ta da biét dén két qua:

i i 2 A Al e it

D6 thi ham sé';v = ax (a #0) la mot dieomg thdng di qua goc dé va
diém A(1, a).

Nhu vay, dé vé dé thi ham s6 y = ax (a # 0), ta thuc hién:
= Xic dinh vi tri diém A(1, a).

= N&i O vdi A ta duge do thi ham s6 y = ax.

Ta ¢6 minh hoa:

Ys
a>0vab=0 .| y = . .
0O A »Pucong thang y = ax nam trong goc
B phdn ne (1) va phan ne (1)
a<Ovab=0 7} .
\ i Ducong thdng y = ax ndm trong goéc
9] X phan ne (1) va phdn ne (IV)
a A y =ax
Thidu l: Védo6thihamsdy = x.

Gidi
Pé vé d6 thi ham s6 y = x, ta thuc hién:

= Xéc dinh thém moét diém A(l, 1) (hoac
c6 thé B(2, 2)).

*  N6i O véi A ta dugc d6 thi ham s6 y = .
Nhén xét: 1. D6 thi ham s6 y = x chinh la dudng phan giac cia goc
phén tu tha [, 111
2. D4 thj ham s6 y = —x chinh la dudng phan giac cua
goc phén tu tha 11, IV.
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2. POTHICUAHAMSOy =ax +b,a=0
Chiing ta sé bat ddu véi thi du sau:
Thidu 2: Cho cic ham s6:
y=f(x)=2x, y=g(x)=2x - I,y =h(x)=2x + 2.
a. Vaix=-2;0;1; 2; 3 hay tinh cac gid tri tuong img f(x), g(x), h(x).
b. Co6 nhan xét gi vé gid tri ciia cac ham s6 f(x), g(x), h(x) img véi
cung mot gia tri cta bién sd x, tir dé dua ra két luan vé d6 thi cic
ham s6 y = g(x) va y = h(x).
Giui
a. Talap bang:

- S (— e = R

3
l'(x) 4] 0 2 4 6
5

b — — s

_ g(x_) -5 -1 1 3

hw [ 2| 2[4 6@

IS SIFEERRSE RSN, BRI | "SR

b. Tir bang, ta nhan thay vai bat ki hoanh dé nao thi
* Tung do tuong img clia diém trén d6 thi ham s6 y = 2x — | ciing nho
hon tung do tuong tmg ctia diém trén dudng thang y = 2x la | don vi.
= Tung do tuong img cha diém trén do thi ham s6 y = 2x + 2 ciing lén
hon tung do tnrong img clia diém trén dudng thang y = 2x 1a 2 don vi.

Viy, ta thay:

= Do thi hamséy = 2x - | la mot dudng
thing song song véi dudmg thing y = 2x va
cal truc tung tai diém ¢6 tung do bang 1.

* 1o thi ham s6 y = 2x + 2 1a mét dudng
thang song song véi dudmg thing y = 2x va
Cat truc tung tai diém c6 tung d6 bing 2.

Viy, ta co két qua:

D6 thi ciia ham s6'y = ax + b (a #0) la mét dwomg thdng cdt truc
tung tai diém c6 tung do bing b. Puomg thang nay

— Song song véi duomg thdng y = ax néu b #0.

- Tr dng va! diomg :hang y=axnéub = 0
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Tir két qua trén ta thdy "Néu da 6 dé thi ham s6'y = ax " thi dé thi
ham s6 y = ax + b (b # 0) duoc suy ra bang céch:

*  Xic dinh vi tri diém M(0, b).

*  Pudng thing qua M song song véi duomg thang y = ax chinh la do
thi ham s0 y = ax + b.

3. CACH VE PO THI HAM SO BAC NHAT

Vi dé thi him s6 bac nhat 1a mot duong thing nén mudén vé ta chi cin
xdc dinh hai diém phan biét bit ki trén duong thiang do.

Thidu 3;: Cho ham so:
y=2x+ 1.
a. V& do thi ham soé.
b. Tim tung do giao diém cua truc Oy véi dé thi ham so.
c. Tim hoanh d¢ giao diém cla truc Ox véi d6 thi ham s6.
Giuai
a. Ta ldy hai diém thuoc d6 thi ham sé 1a

M(-1, —=1) va N(I1, 3). Khi dé d6 thi ham s6 la
dudmg thing di qua M va N (hinh vé).

b. D6 thi cit truc Oy tai A cé:
x=0=2>y=20+1=1=A(0,1).

c. Do thi cit truc Ox tai B ¢6:

y=():>0=2x+lc:>2x=l—!ax=-; :913(—;.0).

Chiy: KhiveddthihamsGy=ax+b,as0

1. Tanén chon hai diém ¢6 toa d6 chin.

2. Théng, thuiing, ta chon hai diém A0 ; b) va B (- ; 0)
il

theo thu tu la giao diém cua d6 thi véi true Oy va Ox néu

. 4 # . - " At = - ) .
hai diém do khong, ndm qua xa goc toa do (thi du y = x + 2005)
hodc toa o vua chang, Khong, qua phuc tap trong tinh

toarc i adu y = V2 x+ VNY ).
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II. CAC VI DU MINH HOA

Vidul: Choham s6:
I

=K,
Y=7%

a. V¢ do thy ham so.

b. Xic dinh toa d6 diém B thuoc do thi him so sao cho x, = 4y, + 2.

Giai
a. Ta lay thém diém A cé: P Ty
y= ,X
x=2=>y=-_.2=-1. 5
2 2
o e B . ol O g
b. B thuoc do thi ham so, suy ra: X
-1
I
Ys="— 7 Xg - (1)

Thay x; =4y, + 2vao (1), ta duoc:
I

I I I
\-i’:--é(4yﬂ+2)¢:>ya=—-—-§ :xﬂ=4(_3’)+2="j’-

Vay. diém B(- { , = ;A) 1a diém cin tim.

Vidu 1: VEé trén cing mot hé truc toa do Oxy do thi ctia cic ham sé:

|
=2XVdy=-—X.
y y 5

C6 nhan xét i vé do thi cta hai ham s6 nay ?
Giai

Pé vé do thi ham s6 y = 2x, ta thue hién:

*  Xic dinh thém mot diém A(l, 2).

*= N6i O véi A ta duge do thi ham s6 y = 2x.

Pé vé d6 thi him s6 y = - % X, ta thuc hién:

*  Xic dinh thém mot diém B(-2. 1).

= N01 O vai Btaduge do thi hamsoy = 5 X

Nhin x¢t rang, dé thi ca hai ham s6 nay vuong géc vai nhau.
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Vidu 2;: VE trén ciing mot hé truc toa do Oxy dé thi ctia ¢ic ham so:
y=23x vay=-3x.
Co nhan x¢ét gi vé do thi cua hai hiim so nay ?
Gidai
Pé vé dé thi ham s6 y = 3x, ta thuc hién:
* Xic dinh them mét diém A(l, 3).
= N&i O vdi A ta duge dé thi ham sé y = 3x.
Pé vé d6 thi ham s6 y = -3x, ta thuc hién:
= Xic dinh thém moét diém B(-1, 3). y=axly= i
= NGi O vdi B ta duoc do thi ham s6 y = -3x.

Nhan xét ring, dé thi cha hai ham s6 nay déi ximg véi nhau qua Oy.

Nhan xét: |. Ta biét rﬁng:
{Sx khix >0
|3x| = .
—-3x khix <0
Do d6, néu lay hai phan dé thi la:
*  Phéan 44 thj cia ham s6'y = 3x trong, goc phan tu tha L.
*  Phéin dé thicuaham sy = - 3x trong goc phan tu tha 1.
ta nhan dugc d6 thj cia ham s6y = | 3x]|.
2. Tudé, déve db thihams6y = |ax| ta thue hién nhu sau:
=  Vétia OA, vai A(x,, ax,), x, > 0.
= Ve tia OB, vai B(-x,, ax,):
hodc chi cdn vé tia OA sau dé 1ay d6i ximg, OA qua Oy.

Yidyu 3: Choham séy=ax. Hiy xdc dinh hé s6 a, biét:

a. D6 thi ham s6 di qua diém A(3, 2).

b. D6 thi ham s6 1a dudng phan gidc coa géc phan tu tha 11, 1V,
Giai
a. Vidiém A(3, 2) thuéc dé thi ham sé nén:

A
2=aleoa= -‘-;-

Vay ham s6 cédang y = iix

b. D6 thi ham s6 1a duong phan gidc cia géc phin wr thi 11, IV, ta cé
ngay a= -l.
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Vidud4: Do thi cua ham s6 y = ax nam ¢ nhimg géc phin tu nio cua
mat phang toa do Oxy, néu:

a. a>0. b. a<(.
Grai
a. Vdia> 0, ta co nhan xét rang vai diém A(x,. y,) thuoc do thi thi:
YA = ax, = X, va y, ciing dau
<> D0 thi ham s6 thude goc phan tu tha 1 1L
b. Vdia <0, tacé nhin xét rang véi diém A(x ,, y,) thuoc dé thi thi:
Yo = aX, = X, vay, trdi dau
<> Do thi ham so thuéce géc phin wr tha 11, TV,
ViduS: Choham so:
y=-x+3.
a. Xidc dinh giao diém cta do thi ham s6 vai true tung va truc hoanh.
Vé do thi ham sé.
b. Goi A va B theo thit tu 1a hai giao diém néi trén. Tinh dién tich
AOAB (O la gdc toa do).
c. Goi a la géc nhon tao boi do thi ham s6 vai truc Ox. Tinh 1ga,
suy ra so do goc a.
d. Bangdothitimxdéy>0,y=<0.

Giai
a. D6 thi cat truc Oy tai A cé: y=x+3 $Y
x=0=y=-0+3=3= A, 3). NA
Pé thi cat truc Ox tai B co:
y=0=20=-x+3ox=3=B(@3.0). B
| o o) TOX
b. Taco: ‘
l I 9  yea s
S.\UAH = —" OAOB= i‘ 33 = 2 (don V] d|¢n tich).
c. Trong AOAB, ta co ABO = o, suy ra:
3
tgo = N el = | = a=45"
OB

d. Tu dé thi suy ra:
* y>0<¢ x <3, img vdi phhin do6 thi phia trén truc Ox.
* y<0< x 23, ng vdi phhian dé thi phia dudi truc Ox.
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Vidy 6: Cho cic ham sé:
y=2x-1, y=2-x, y=3-2x.
a. V& dé thi ctia ba dudmg thing do trén cting mot hé truc toa do.
b. €6 nhan xét gi vé dé thi cha cic ham so nay ?
Giai
a. Talan luot vé:
*  Vaidothiy =2x — | ldy hai diem A0, 1) va

-

Al _I, . 0). Noi A va A, duoc do thi cin dimg. \i "

*  V6i do thiy = 2 - x lay hai diem B0, 2) va |
B,(2. 0). Noi B va B, duoc dé thi cin dung. o
= V@i do thi y = 3 - 2x 14y hai diem C(0, 3) va

3 " .
G 5 0). Noi C va C, duoe do thi cin dung.

b. D& thi cua cic hivm 56 nay dng quy tai diém © 1),
YVidu7: Choham s6:
y = ax — 3a.

a. Xic dinh gid tri cba a dé dé thi haim s6 di qua diém A(0, 4). V& dé
thi ham s6 véi a vira tim duoc.
b. Tinh khoang cdch tir géc toa do dén dudmg thiang tim dugc trong a).
Giuai

a. D6 thi ham s6 di qua diém A(0, 4) khi va chi khi:

2= alf < Bae Jors ol o5 g . £y
3 \B
. , 4
Viy, haim sé codang y = —_'i X + 4. \[\IA
D¢ vé d6 thi ham s6 ta 14y them diém B(3, 0). O] \ «x

b. Goi I Ia hinh chiéu vuéng géc cua O 1én duong thi’in'g.
Trong AOAB vuong tai O, ta cé:

| | |
= + i
oI’ OA® OB’
)
&5 Ol s —ea D a3 _ _1&

Jort vop Va3 3
5
Viay, khoang cich tir géc toa do dén dudmg thang bang —I;' .
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1Ldu 8: V¢ do thi cdc ham so sau:

a. y=|x|. b. y=Ix-2|. c. y=Ilx-114+2.
(i
a. Tabién doi: ,
“) = Ixl
[ x néux =0 | YR
)'=|x|= ) : BX - AA
]— x néux <0 Z I
el - . O X
Do do, do thi him s6 1a hai tia OA (véi A(L, 1))
va OB (vai B(-1. 1)), IEY L rmeX
b. Ta bicn doi:
y=Ix-2I ty y=ix 3l

_|
l

. - N ---- 4
X -2 neux 2 fx—2 néux >2 B \l//\

—(x=2)néux <2  [2-x néux<2 O], % x

Do dé, dé thi ham so 1a hai tia IA (v6i 1(2.0)  y=» 2 y=2x
va A(4, 2)) va IB (vai B(0O, 2)).

c. Tabién doi: B gsik-fi2
. N
x=1+2 ncux =1 B
~(x-1)+2 néux <1 Bl
; O T i
x+1 néux =1 . § B
v+l $ =k x

|

3—-x nfux <l

Do dé, dé thi ham sé 1a hai tia TA (vai I(1, 2) va A(2, 3) v li (i 1340, 3)).

III. CAU HO1 ON TAP Li THUYET

Cau hoi 1:
Cau hoi 2:

Cau hoi 3:

Cau hoi 4:
Cau hoi 5:

Do thi haim 50 y = ax (a # 0) duge vé nhur the ndo ?

Do thi cia him s6 y = ax nam & nhimg géc phin w ndo cua
mat phing toa do Oxy, néu:

a. a>0.

b. a<0.

Néu vi tri trong déi ctia do thi him s6 y = ax + b vai do thi
himsoy=ax (a#0)?

Néu ciach vé do thi ham so bic nhat.

Néu cich vé dé thi cic ham so:
a. y=|x|. b. y=lx-al. ¢ y=|x|+h.
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IV. BAI TAP PE NGHI
Bai tap 1. Vé do thi cic ham s6:

a. y=4x. d. y=-3x-3.
b. y=x+3. 1

e. y=——x+|
c. y=-x+6.

Bai tap 2. Cho ham s6 y = ax. Hay xdc dinh hé s6 a, biét:
a. D6 thi ham s6 di qua diém A(1, 8).

b. D6 thi ham sé di qua diém B( i , =3).

c. D6 thi ham s6 la duong phan gide cua goc phan tr thar 1, 111
V& d6 thi ciia ham s& trong méi truong hop.
Bai tap 3. Cho ham s6 y = (2a — 3)x. Hay xdc dinh a, dé:
Ham s6 luon dong bién ? Nghich bién ?
b. D6 thi ham s6 di qua diém A(2, 3).

c. D6 thi ham s6 di qua diém B( i ! —% ).

d. D6 thi ham s0 1a dudng phin gidc cua géc phéan tu tha 11 1V,
V& dé thi cua ham s6 trong mdi truémg hop b), ¢), d).
Bai tap 4. Cho ham s6:
y = 2ax — 3a.
a. Xic dinh a biét ring do thi ham so trén di qua diém M(2 : 3).
b. V& dé thi ham s6 tim dugc trong a).
c. Tinh khoing cdch tir goc toa do dén dudng thiang tim duoc trong a).
Bai tap 5. Cho ham so:
y=ax +b.
a. Xic dinh a va b biét ring doé thi ham s6 ¢dt truc tung tai diém cé
tung do biang —4 vi cat true hoanh tai diém ¢é hoanh do bing 1.
b. Vé do thi ham s6 tim dirge trong a).

¢. Tinh dién tich tam giic duge tao boi do thi ham so trong a) va cic
truc toa do.



Bai tap 6. Cho ham s6y = |a — 1| x. Hay xdc dinh a. bi¢t:
a. D6 thi ham sé di qua diém A(l, 3).

b. D6 thi ham s6 di qua diém B(—:—]z , 8).

V& d6 thi cua ham s6 trong moéi truong hop.

Bai tap 7. V& do thi cia cic ham s6 sau:

a y=Ixl. & y=Pxedl
4 4

b. y=|2x—l|. |

c. y=Ixl+2. % Y=o,

Bai tap 8. Tim tap hop céc diém M(x, y) sao cho:

a. y<x+2. y <X
b. ys—x+1. d. {y<-2x+4.
C. y=2-2x+2. y2-x+1

V. HUGNG DAN VA DAP SO
Bai tap 1. Hoc sinh nelam.

Bai tap 2. (Hoc sinh tir vé hinh)
a. Vidiém A(1, 8) thudc dé thi ham s nén:
, 8=a.l > a=8.
Vay ham s6 ¢6 dang y = 8x.

b. Vi diém B( : ~3) thuoc d6 thi ham s6 nén:
3
-3=a. - ¢©a= 4
4

Viy ham s6 ¢6 dang y = —4x.
c. D6 thi ham s6 1a dudng phan gidc ctia goc phan tu tha I, 111, ta ¢é
ngay a=1|.
Bai tap 3. (Hoc sinh tie ve hinh)
a. 1am s6 luon déng bién khi va chi khi:

2a-3>0=a> %
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Ham s6 ludén nghich bién khi va chi khi:

3
2a-3<0eac< 5

b. Vidiém A(2, 3) thuoc dé thi ham s6 nén:

9
3J=Ra-3)2 = 4a=9a= e

X.

S I

Vay ham sé co dang y =

c. Vidiém B( 2 .——;l, ) thude do thi ham s6 nén:

-—I = (2a - 3). i S 10a=13a= 13.
2 4 10

p)
Vay haim so co dang y = - .5: X

d. D6 thi ham s6 la duong phan gidc ctia goc phan e tha L 1V, ta ¢é:
20-3= -le2a=2a=1.
Vay ham sé co dang y = —x.
Bai tap 4.
a. Vidio . M(2: 3) thuoe do thi him so6 nén:
3=2a2-3uac>a=3.

Do d6, him s6 ¢6 dang y = 6x — 9.
b. Ta ldy hai diém A(0, -9) va B( % , 0) = Hoc sinh nie ve hinh.

¢. Goi H 1a hinh chi¢u vuong géc cha O Ién dudmg thang.
Trong AOAB vuong tai O, ta cé:
l 1 1
el S
OH"- OA- OB-

)
= Oll R e e — I — -7 9

3
Y S| S
JOA® + OB’ Jg, (3)3 V333 V37
i
>
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. . . . .. 9
Vay, khoang cich tir goc toa do dén duong thang bang ?

Bai tap S. Hoc sinh nelam.
Bai tap 6. (HHoc sinh neveé hinh)

a. Vidiém A(l, 3) thuoe dé thi ham sé nén:

Vay ham so0 co dang y = 3x.

b. Vidiém B(~ -, 8) thuoc dé thi ham s6 nen:

8=la—1].(-=)vo nghiém.

1o | —

Viy, khong ton tai a.
Bai tap 7. Tham khao vi du 8.
Bai tap 8. (Hoc sinh tie vé hinh)
a. Thuc hién vé d6 thi ham s6y = x + 2.

Khi dé, tap hop cic diém M(x, y) thoa min y < x + 2 nam phia dudi
do6 thi ham so.

b. Thuc hién vé do thi ham s6 y = —x + L.

Khi dé, tap hop cic diém M(x, y) thod min y < —x + | nam phia du6i
d6 thi ham s6 ké ca d6 thi ham s6.

c. Thuc hién vé do6 thi ham s6 y = -2x + 2.

Khi d6, tap hop cdc diém M(x, y) thoa midn y > —2x + 2 nam phia trén
do6 thi ham s6 ké ca do thi haim s6.
d. Thuc hién vé do thicdichams6y =X,y =-2x +4, y=-x + |.

Khi dé, tap hop cdc diém M(x, y) thoa min hé thuéc phdn mat phang
gi0i han bai ba dé thi trén.
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b. Dé vé dé thi ham s6 ta lay hai diém A(0, 2)
va B(2, 0). N6i A va B ta duoc dé thi cin Vé.

Khi dé:
| ]
SL\OAB = 5 OAOB = —2" 22 = 2
Chd ¥: Taco, cac két qua:

1. Véidiém A(0,y,) thiOA = |y,|.
2. Véidiém A(x,, 0) thi OA = |x, | .

3. Vidiem A(xy y) thiOA = x3 +y2 .

3. DUONG THANG CAT NHAU
Dua trén két qua da biét:

| Hai duomg thang y = ax vay = a’x véi a #d’ luén cdt nhau tai géc
f0ad Q.

Chiing ta, thu duoc két qua sau:

Hai duomg thang y = ax + bvay = a’x + b cdt nhau khi va chi khi a #d’.
Dic biét néiva #d’ va b = b, chiing cdt nhaw tai mét diém trén Oy.

Thiduy 4: Cho hai dudng théng:
(d):y=2x+1va(d,):y=x+1
a. Chimg t6 ring hai dudng thing (d,) va (d,) cat nhau. Xéc dinh toa
do giao diém 1 cua ching va vé hai dudng thing nay trén ciing mot
hé truc toa do.
b. Lap phuong trinh dudng thing (d) di qua I va c6 hé s6 goc bang —4.
c. Lap phuong trinh dudng thang (d’) di qua 1 va song song Véi

dudng thing y = % X +9.

Giu'l yu
? y=2x+|
a. Nhan xét ring: é
) [ yv=x+1
* Puong thang (d,)céa, =2vab, = 1. I
» Pudng thing (d,)céa,=1vab,=1. A/J
Suy ra: el o X
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a, za,vab =b,
= (d,) va (d,) cat nhau tai diém I trén Oy.

Gia su giao diém cta hai dudng thang ¢6 toa do 1(0, y,), vi I thuoc (d,)
(hoac (d,)) nén:

Yo=20+1=y,=1=210, ).
b. Puong thang (d) c6 hé s6 géc bang —4, c6 phuong trinh:
(d):y=-4x +b.
Vi I thudc dudng thang (d) nén:
|=—40+bsb=1.
Viy, phuong trinh dudng thang (d): y = —4x + 1.

c. Dudng thing (d’) song song véi dudng thing y = % X + 9, ¢6 phuong trinh:

(d’):y= %x +b,véib#0.
Vi I thuéc dudmg thang (d’) nén:
I = -;—.0+b<:>b= 1.

Vay, phuong trinh dudng thing (d'): y = -%x + 1.

Trong 19i giai cta thi du trén:
1. O cau a), dua trén nhan xét (d,) va (d,) cit nhau tai
diém I trén Oy nén ta mdi gia su 1(0, y,).
Trong trudng hgp tong quat, voi hai dudng th:’;ng:
(dy): y =a;x + by va (dy): y = a)x + b, (a, # ay)
ta gia su toa do giao diém I(x,, y,), réi nhan xét:

Le (dy) = yo=axg+ by. (1)
; I € (dy) = yo = a% + by )
7 Tir (1) va (2), suy ra:
b, -
axgt b =ax+bh e x= —- b,
a; —a,

Thay x, va (1) (hodc (2)) ta nhan dugc gia tri cha y,, tir
d6 suy ra toa d6 diém I.
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Nhén xét: Ldi giai cua vi du trén, minh hoa phudng phép tim s6 do
cha goc tao bdi mot dudng thing vdi tia Ox trong cac
truong hopa>0vaa<0.

; ) . 4
Vidu 3: Lap phuong trinh duong thang (d) cé hé s6 goc bang 3 va:

a. Diquadiém M(-1, -1).
b. Chan trén hai truc toa do6 mét tam gidc c6 dién tich bang 24.

c. Khoaag céch tir O dén (d) bang % .

Gidi
: , . 4 .
Puong thang (d) c6 hé s6 goc bang 5 ¢6 phuong trinh:
(d)y:y= g—x +b.

a. ViM(-I, —1) thudc (d) nén:

-1 = %.(—-l)+b<:>b=l.

4
Vay, tadugc (d): y = §x+ l.
b. Goi A, B theo thit tr 1a giao diém ctia (d) véi cdc truc Oy, Ox, ta duoc:

. VdidiémA:x:():by=—;.0+b=b,dod6A(O,b).

a Véidié'mB:y=0:oO=g.x+b<:>x=——3—:—),dodéB(—J;,O).
Dién tich AOAB dugc cho boi:
SAOAB=-I‘-OA.OB<:>24 =l.lb|.‘—& =£ ty
2 2 8 Al
o bl=64b=18.
B

.. 4
*  V6ib=8, taduoc dudmg thing (d,): y = S x + 8.
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C.

, 4
*  Vai b= -8, taduge duong thang (d,): y = 3 X — 8.

Vay. ton tai hai duong thang (d,) va (d.) thoa man diéu kién dau bai.
Goi A, B theo thir tr la giao diém cua (d) vai cdc truc Oy, Ox, ta duoc:

- V(SfidiémA:x=0:>y= ;1-.0+b:b.d0d6A(0,b).

. 3
* VgidiemB:y=0=0= %.x+b<:>x=——£,dod68(—%t—),0).

Goi H 1a hinh chiéu vuéng géc cha O 1én duong thang (d).
Trong AOAB vuong tai O, ta cé:
OA.
1 1oy OAOB
OH" OA" OB OA” + OB” by

3b

5 Ibl.'— l
o 12 _ 4 =3|b| ‘ l/
5 b 2 5 B/~
b2+[____J 0 X
. 4

<lbl=4b=14.
Khi dé:

= Véi b =4, taduoc dudong thing (d,): y = %x +4.

= V6i b= -4, ta dugc duomg thing (d,): y = % X —4.

Vay, t6n tai hai dudng thing (d,) va (d,) thoa man diéu kién ddu bai.

Nhan xét: Qua Idi giai ctia vi du trén, ta ghi nhan két qua " Moi duong

thing co hé s6 goc k luén cé phuong trinh y = kx + b". Khi
d6, d€ xac dinh phuong trinh dudng thing chung ta chi cdn
xéac dinh b.

Vidu4: Cho duong thang:

(A):y=x+6.
Lap phuong trinh dudng thiang (d) song song véi dudng thing (A) va:
a. Diqua diém M(l, 2).
b. Chin trén hai truc toa do mot tam gidc c6 dién tich bang 2.
c. Khoang cich tir O dén (d) bang 2 J2.
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Giai

a.

Pudmg thang (d) song song vdi dudmg thing (A) cé phuong trinh:
(d:y=x+b. ;
Vi M(1, 2) thudc (d) nén:
2=1+b&eb=1. .
Vay, taduge (d): y=x + 1.
Goi A, B theo thit tu 13 giao diém ctia (d) véi céc truc Oy, Ox, ta dugc:
* VéidiemA: x=0=>y=0+b=Db,dodé A0, b).
* V6idiemB:y=0=0=x+b ¢ x=-b,dodé B(-b, 0).
Dién tich AOAB dugc cho boi:

l I
S\OAB='£.OA.OBC:>2=§_|[)| .l_b|=__ sy

2 AY
oSb=4cb=1+2. /
Khi dé: B

*  Vé6ib =2, taduge dudng thang (d)): y = x + 2.

*  Véi b =-2, ta duge dudng thang (d,): y =x - 2.
Vay, t6n tai hai dudong thang (d,) va (d,) thoa man diéu kién diu bai.
Goi A, B theo thit tr la giao diém cua (d) véi céc truc Oy, Ox, ta dugc:

¢ Véidi€mA:x=0=>y=04+b=b,dodé A, b).

* VGidiémB:y=0=0=x+b & x=-b, do dé B(-b, 0).
Goi H 12 hinh chiéu vuéng géc ctia O 1én dudmg thing (d).
Trong AOAB vuéng tai O, ta c6:

: = __!_.+__L < OH = —OAL__QP—

OH® OA* OB JOA® + OB’ £y
ol |-b

bl _ b |
Jb?+(-b)* V2 B}%

o [bl=4ob=1t4.
Khi do:
=  Vdib =4, ta dugc dudng thing (d,): y = x +4.

<:>2J§=
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*  Véi b= -4, taduge dudng thang (d,): y = x - 4.
Vay, ton tai hai duong thang (d,) va (d,) thoa man diéu kién diu bai.
Nhan xét: Qua 19i giai cua vi du trén, ta ghi nhan két qua " Mor duong
thang song song voi duong thdng y = ax + m luén <o

phuong trinh y = ax + b". Khi d6, dé xac dinh phuong, trinh
duong, thang chung, ta chi can xac dinh b.

Vidu5: Lap phuong trinh dudng thiang (d), biét (d) di qua diém
M(1. 2) va chan trén hai truc toa do6 nhimg doan bing nhau.

Giui
Puong thang (d) cé phuong trinh:
(d:y=ax +b.
Vi M(I, 2) thuéc (d) nén:
2=a+boa=2-b. (1)
Goi A, B theo thit tu la giao diém cia (d) vdi cic truc Oy, Ox, ta duoc

A(0, b) va B(——tz , 0).

a
Vai diéu kién OA = OB, suy ra:
b
bl = |- & |bl = Jl-l & |bb-2)| = |b]
a b-2
" [~ 2 b=0
b--2b=b b--3b=0
=1 — 1 - &S| b=3
b--2b=-b b"-b=0 bos i

Khi do:
()

* Véib=0 = a=2,taduoc duong thing (d,): y = 2x.

i1

= VGib=3 = a=-I, tadugc dudmg thang (d.): y = —x +3.

()

* Vib=1 = a= I, tadugc dudng thing (d,): y =x + |.
Vay, tn tai ba dudong thing (d.), (d,) va (d,) thoa man diéu kién diu bai.

Tdng quat: Cho diém A (x,; yo), ta dé dang chimg minh dugc ring
moi dudng thang (d) di qua A ludén c6 phuong trinh:

(d): y =a(x - xg) *+ y,.
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Vidu 6: Lap phuong trinh dudng thing (d), biét (d) cat Ox, Oy theo
that tu tai A(a, 0), B(O, b) véia, b= 0.

Giuai _
Gia sur phuong trinh dudng thang (d) ¢6 dang y = kx + m.
= Vi B(0, b) thudc (d) nén:

b=k0O+me m=b.
= Vi A(a, 0) thudc (d) nén:

O=ka+meka=-m=-beo k=

Viy, phuong trinh dudng thing (d) c6 dang:

y=—P—x+b<::>i+X= ;

a a

- Qua Ivi giai cua vi du trén, ta ghi nhan két qua " Mor duong
th:ing di qua hai diém A(a, 0) va B(0, b) vdi a, b # 0 lubn c6

:I-;"‘.'- ph[!bhg b'mh — ._y.'_ =7".
e b

-;,",‘u.

FaT j:i'h Vlduhép&neosemuﬁhoavnécsudungphtrdngtrmhdoan
- .c;‘" chin dé giai toan.

xi dy 7: Trén mat phang toa do, cho diém M(4, 1). Mot duong thing
(d) lu6n di qua M cét Ox, Oy theo thit tu tai A(a, 0), B(0, b) véi a, b> 0.
Lap phuong trinh dudng théng (d) sao cho:

a. Dién tich AOAB nho nhat.
b. OA + OB nho nhat.

c. ! - l nho nhat.
OA® OB?
Giai
Tir gia thiét, ta duoc:
X Y
d: —+==1.
(d) r
Vi M(4, 1) thudc (d) nén:
_4.+l=l¢:>a= ,voib> 1. (*)
a b b-1
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a.  Dién tich AOAB dugc cho boi:
S= ! OA.OB= ﬂ
2 2

e

Tir (*), st dung bat dang thic Cosi, ta co:

l=i+lz2 E.l=—d}~_:«:::~abzlfm::'S;:zi;. &g"‘
a b a b Jab g

Suy ra, ta duoc S, = 8, dat duogc khi:

4 1 1 a=38

————— = :
b=2

Viy, phuong trinh dudng thing (d) c6 dang:

X y |
d: -+ =-=lod:y=—-—x+2.
()8 > (d): y 4
b. Ta cé:

= —4—l+b+4

OA+OB=lal+lbl=— +b= -
b-1 b

=2 sborws22 [t bon 4s=g
b1 b-1

Suy ra, ta duoc (OA + OB),,,, =9, dat dugc khi:

4 a=6

2o =bh-l=2& .
b1 {b=3

Vay, phuong trinh dudng thang (d) ¢6 dang:
X |y 1
d: —+==1ledry=-—x+3.
(d) 6 '3 (d):y 5

c. Taco:

I I 1
+

2 2 5 =

OA® OB® a° b’
Theo bat ding thitc Bunhiacopxki, ta cé:
l ., 1 I 1

e 1 4
4'+1°)( — + —=)2(—+—-)=1> .
( . a’ bz) (a b) a*  b> 17
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0
4 | 17
—+—= a=—
a b L4 4 .
4a=>b b=17
& Vay, phuong trinh dudng thang (d) c6 dang:
(d): > -lc>(d):y=—%x+l7.

17/4 17

Chii §:  Sailam thudng gap cua hoc sinh trong cau b) 1a dung, lap luan:
OA+OB=a+b>2ab >8.

Khi d6 (OA+OB),;,,= 8 dat dugc khia=b —~L 3 a=b=5.

Yidu8:
a. Lap phuong trinh dudng thang (d) di qua diém A(-5, 5) sao cho

(d) tao vai tia Ox mot géc a co tgo = ; ;

b. Tim trén dudng thing (d) diém M(x,, yy) 520 cho x;, +y;, nho nhat.
Giai
a. Gia si phuong trinh dudng thang (d) c6 dang:
(d):y=ax+b.

(d) tao vai tia Ox mot goc o ¢ 1ga = ; nén:
1

x

* Vi A(-5, 5) thudc (d) nén:

5=a(-5)+b= -;—(—5)+b<=»b= 125 .

a=lga=

Vay, phuong trinh dudng thing (d) c¢6 dang:

(d):y=%x+ l;

a. Vi M(x,, yx) thudc (d) nén:

l 15
Vg = 5xM+ 5 & Xy =2y, 15.
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Khi do:
Xo +Yu =y — 157+ yy =5y;, — 60y,,+ 225
=5(y,, — 6)°+ 45 > 45.
Suy ra, ta duoc (X;, + Y3y ) = 45 dat duge khi:
Yu=6=>xy=2.6-15=-3.
Viy ta tim duge M(-3, 6).

Nhan xét: Trong 15i giai cua vi du trén:

1. O cau a), ta su dung kél qua " Néu duong thd;:g

(d): y =ax + b tao voi tia Ox mdt goc a thia = lga".

2. Diém M duoc tim trong cau b) chinh la toa dé hinh

chiéu vudng, goc caa O lén (d).

Vidu9: Cho ho dudng thang (d,,) ¢6 phuong trinh:
m— | m + |
(d)y=—--——x+ S .3
1. Xac dinh m dé:
a. (d,)diquaA(2,1).
b. (d,) c6 hudéng di Ién (ham s6 dong bién).
¢. (d,) song song vai dudng thing (A): x — 2y + 12 =0.
2. Tim diém c6 dinh ma ho (d,) luén di qua.
Gidi
Viét lai phuong trinh ho dudng thang (d,,) duéi dang:
(d):(m-Dx+2m-3)yy-m-1=0.
I. Talan luot ¢6: _
a. (d,)diqua A(2, 1) khi va chi khi:

2im-1D)+2m-3)-m-1=03m-6=0m=

b. (d,) c6 hudng di 1én khi va chi khi né c6 hé s6 géc duong

ol soe Ml o
m-1>0 m>|
2m-3<0 m<3/2
& — & l<smc

2;
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c. (d,) song song véi dudng thang (A)khi va chi khi:
m-—| | 5

dm-3 2 " 4
2. Gia sir M(x,, y,) 1a diém c6 dinh ma (d,)) luon di qua, khi do:
(m- Dxy+(2m-=-3)y,-m-1=0, véi VYm
S (Xo+ 2y, — I)m = x, -3y, - 1 =0, vé1 Vm
;:} {x0+2yn -1=0 - {xo =5 |
Xo +3y, +1=0 Yo =2
Vay, (d,)) luon di qua diém c6 dinh M(5, -3
Chid ¥: Vdi bai toan vé su déng quy ctia ba dudng thang
(d)): y=a,xt+by, (d,) : y=a.x+b,, (d;) : y=a.x+b;,
ta thuc hién theo cac bu
Birgc | Xac dinh toa d6 giao diém [ cta hai d uong, th{;ng
(dy), (dy).
Buoc 2: Véiyéuciu:
* D& chimg minh (d,), (d,), (d;) déng quy ta di
chung minh Ie(d,).
. Dé: nhan dudc gia tri cia tham s6 dé ba dudng
thang dong quy ta thiét 1ap diéu kién e (d,).
Vidu 10: Cho ba dudng thing:
(d):y=2x-1,
(d,): y=2-x,
(d)): y=ax + 3.

Xdc dinh a dé ba dudmg thang trén déng quy, réi vé dé thi cla ba
dudng thang dé trén ciing mot hé truc toa do.

Gidi
Gia sir giao diém I cha hai duomg thang (d,)
va (d,) c6 toa doé I(x,, y,), khi dé:
= Vil thuoc (d,) nén y, = 2x,— 1. (1)
* Vilthuéc (d,) nén y, =—x, + 2. (2)
Tu (1) va (2), suy ra:

2xo— 1 ==x,+2 %=1 > y,=1.
Viy (d,) va (d,) cét nhau tai diém I(T, 1).

210




beé (d)), (d.). (d,) dong quy diéu kién la:
led)=l=a+3a=-2.
Vay, vaia=-21hi (d)), (d.), (d,) dong quy va khi dé (d,): y= -2x + 3.

Vé do thi:

= D¢ vé do thi cua (d)) ta 1dy thém diém A(0, -1).
= D¢ vé do thi cua (d,) ta 1ay thém diém B(0, 2).
*  Dé vé do thi cha (d,) ta 14y théem diém C(0, 3).

, III. CAU HOI ON TAP LI THUYET

Cau hoi 1:

Cau hoi 2:

Cau hoi 3:

Cau hoi 4:

Cau hoi 5:

Cau hoi 6:

Néu dinh nghia hé s6 géc cha duong thing y = ax + b. Giai
thich tai sao lai ¢6 duoc dinh nghia nay ?
Néu diéu kién dé hai dutmg thang y = ax + b (a # 0) va
y=a'x+b(a #0)Ila:
a. Trung nhau.
b. Song song vdi nhau.
c. Cit nhau.
Chimg minh ring moi dudng thing (d) di qua diém
A(Xy, Yp) ludn c6 phuong trinh y = a(x — x;,) +y,.
Chimg minh ring moi dudng thang di qua hai diém A(a, 0)
va B(0, b) véi a, b # 0 luén c6 phuong trinh Ry %; = I.

a
Chimg minh ring duong thing (d) di qua hai diém A (x,; y,)
Y= y_!_
Xy =X,

va B (X, y,) Vi X, # X,, Y, £y, 0 hé¢ s0 goc a =

Cho hai dudng thing :
(d): y=ax+b, (d.): y=ax+b,
Ching minh ring (d)) L (d,) <> a,.a,=-1.

IV. BAI TAP DE NGHI

Bai tap 1. Lap phuong trinh dudmg thang (d), biét (d):
a. Diquadiém M (1, 2) c6 hé s6 géc bang 3.
b. Diquadiém A (-3, 2) va tao vdi tia Ox mét géc 45°.
c. Diqua diém B (3, 2) va tao véi truc Ox mét géc 60°.
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Bai tap 2. Lap phuong trinh dudmg thiang (d) c6 hé sé géc bang -: va:

a. Diquadiém M(1, -1).
b. Chan trén hai truc toa d6 mot tam gidc cé dién tich bang 54.

c. Khoang céch tir O dén (d) bang 3 )

Bai tap 3. Lap phuong trinh dudmg thang (d) song song voi dudmg thang
(A): y = =3x va di qua diém M(1 ; 3). V& dé thi cta (d).
Bai tap 4. Cho duong thing:

(A):y=—-x+2.

Lap phuong trinh dudng thing (d) song song véi dudmg thang (A) va:

a. Diquadiém M(I, -2).

b. Chan trén hai truc toa d6 mot tam gidc cé dién tich bang 8.

c. Khoang céch tir O dén (d) bing 9+/2 .

Bai tap 5. Xét vi tri tuong d6i cua hai dudng théng (d,) va (d,), biét:

a. d):x+y+1=0; (d,):2x+2y+3=0.

b. (d):3x-y+1=0; (d,):4x-y+1=0.

c. d)x+2y+1=0; (d):x+4y+3=0.

d. (d):2x+3y+1=0; (d,):4x+6y+2=0.

trong trudomg hop cit nhau hdy tim toa do giao diém.

Bai tap 6. Cho hai dudmg thang:
(d)y=2x-1va(d,):y=-x+2.

b. Ching t6 rang hai duong thing (d,) va (d,) cit nhau. Xéc dinh toa
do giao diém I cua ching va vé hai dudng thang nay trén cing mot
hé truc toa do.

c. Lap phuong trinh dudmg thing (d) di qua I va c6 hé-s6 géc bing 3.

d. Lap phuong trinh dudng thing (d°) di qua I va song song Vi
duong thang y = 5x + 7.

Bai tap 7. Cho hai dudng thing:

(d):y=kx +k, .
2 2
gm0,
2k 2k

a. CMR khi k thay déi (d,) luon di qua mét diém c6 dinh.
b. Vi médi gid tri chak # 0, hdy xéc dinh giao diém I cua (d,) va (d,).
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Bai tap 8. Cho ba dudng thing:
(d)y=2x+3, (d):y=3x+2, (d):y=ax+a- 1.
Xac dinh a dé ba dudong thang trén déng quy, r6i vé d6 thi cia ba
dudmg thang dé trén cing mot hé truc toa do.
V. HUONG DAN VA DAP SO
Bai tap 1. Gia sir dudng thang (d) c6 phuong trinh y = ax + b.
a. Dudmng thang (d) c¢6 hé sé géc bang 3 nén a = 3.
Vi M(I, 2) thudc (d) nén:
2=al+b=31+beb=-1.
Vay, phuong trinh duong thang (d): y = 3x — 1.
b. Pudng thing (d) tao véi tia Ox mot géc 45° nén:
a=1g45"=1.
Vi A(-3, 2) thudc (d) nén:
2=a(-3)+b=1(-3)+bsb=5.
Vay, phuong trinh duomg thang (d): y = x + 5.
c. Ta xét hai truong hop:
Trieong hop 1: Dudng thang (d) tao véi tia Ox mét géc 60°, ta duoc:
a=1g60°= /3.
Vi B(3, 2) thudc (d) nén:
2=a3+b=+33+beb=2-3.3.
Vay, phuong trinh dudng thang (d,):y = V3x +2-3+/3.
Truomg hop 2: Dudng thang (d) tao véi tia d6i ciia tia Ox mét géc 60°, ta duoc:
a=-1g60"= /3.
Vi B(3, 2) thudc (d) nén:
2=a3+b=-y33+be>b=2+343.
Vay, phuong trinh dudng thang (d,): y = - V3x+2+343.
Két luan, c6 hai dudng thang (d,) va (d,) thoa man diéu kién diu bai.

. ; 4
Bai tap 2. Puong thang (d) c6 hé s6 géc bang -3 c6 phuong trinh:

4
(d):y=-—x+b.
)y 3x
a. ViM(l, -1) thuéc (d) nén

-—l=—%.l +beb=1.
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Vay, taduge (d): y = —%x + 1.
b. Goi A, B theo thit tr 12 giao diém clia (d) véi cic truc Oy, Ox, ta dugc:
*  Véidiém A: x=0:.‘>y=—-§—.0+b=b,d0d6A(0,b).

*  Vdidiém B:y=0:>0=—%.x+b<:>x= %,dodéB(%,Oj.

Dién tich AOAB duoc cho boi:

1 1 3b| 3b?
Saoas= —. OAOBe 54 = — |b| . |— = —
ADAB 2 7 |4

oSb=14ob=112.
Khi dé:

=  Vdib =12, ta duoc dudng thang (d,): y =—§—x + 12.

. 4
= Véib=-12, ta dugc duong thang (d,): y =—-§x - 12.

Vay, t6n tai hai dudng thing (d,) va (d,) thoa min diéu kién diu bai.
c. Goi A, B theo thif tr 12 giao diém ctia (d) véi cée truc Oy, Ox, ta duge:

" vaidiémA:x=0=>y=-f;-.0+b=b,dod6A'(o,b).

. VéidiémB:y=0:>0=-§.x+b@x=%b-,dodéB(;;,O).

Goi H 12 hinh chiéu vuéng géc ciia O 1én dudng thing (d).
Trong AOAB vuong tai O, ta cé:

" =] l OH - _ QAOB
OH' OA’ OB ~ ' JOA’:0B
OA~ +OB
| 3b
Ib].| =
g 4 =m<:>'|b|=l@b=il.
5 bz.{_(@)z 5
4

Khidé,
e - -
= Véib =1, ta duoc dudng thang (d,): y=—§—'x + 1.

=  Véib=-1, ta dugc dudng thing (d,): y =—-;—tx-— 1.
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Vay, 16n tai hai duong thang (d,) va (d,) thoa man diéu kién dau bai.
Bai tap 3. -
a. Vi (d) song song vai (A) nén cé phuong trinh: \

k (d):y = “3"" +b. ° \.: - 3x+6
Vi M(1, 3) thuoc (d) nén:
J=-3.1+beb=6. >
Vay, tadugc (d): y =-3x + 6. 9 2\ X
b. V& dé thi cua (d), ta lua chon hai diém A(0, 6) va B(2, 0).
Noi A va B ta duoc do thi cha (d).
Bai tap 4. Puong thang (d) song song véi duong thang (A) ¢ phuong trinh:
(d):y=-x+b.
a. ViM(l, -=2) thudc (d) nén:
-2=-1+beb=-1.
Viy, taduoc (d): y =—x - 1.
b. Goi A, B theo thit tu 1a giao diém ctia (d) véi céc truc Oy, Ox, ta duoc:
* VoidiemA: x=0=>y=0+b=b,dodo A0, b).
* VGidiemB:y=0=0=-x+b<>x =b, dodé B(b, 0).
Dién tich AOAB dugc cho boi:

SIS

Shonp = %.OA.OBch: %.lb] bl =

Sb=16&b=14,

Khi dé:

=  Véib =4, taduoc duong thing (d,): y = —x + 4.

* Vi b= -4, ta dugc duong thing (d,): y = —x — 4.

Viy, tén tai hai dudmg thing (d,) va (d,) thod man diéu kién ddu bai.
c. Goi A, Btheo thit tr 12 giao diém ctia (d) véi céc truc Oy, Ox, ta duoc:

* VGidiemA:x=0=y=0+b=b, dodé A0, b).

= VGidiemB:y=0=0=-x+b<¢> x =b, do dé B(b, 0).

Goi H 12 hinh chiéu vuéng géc clia O 1én dudng thang (d).

Trong AOAB vuéng tai O, ta cé:

I 1 I OA.OB
5 =—+—5 ©0H=
OH- OA" OB’ JOA? +OB?
=92 = bl--o _ M o |bl =18 b=+ 18

Jb? (b V2
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Khi do:

*  Véib = 18, ta dugc dudng thang (d,): y = —x + 18.

* Véib=-18, ta dugc dudmg thang (d,): y = -x — 18.

Vay, tén tai hai duong thang (d,) va (d,) thoa min diéu kién ddu bai.
Bai tap 5. Huwong ddn: Chuyén cic cip duomg thing vé dang
(d):y=ax +b, va(d,): y=a,x +b,, tirdé xic dinh a,, b,, a,, b, va dua
ra 11 két luan.

Bai tap 6.
a. Nhan xét rang:

* Pudng thing (d,)c6a,=2vab, =-1.

* Puong thang (d,) céa,=—-1vab,=2.

Suy ra: '

a, #a,vab, # b, = (d,) va (d.) cit nhau tai diém 1.

Gia sir giao diém cua hai dudmg thang c6 toa do I(x,, y,), khi do:

=  Vilthudc (d,) nény,=2x,- 1. (1)

= Vilthudc (d,) nén y, = —x, + 2. (2)

Tir (1) va (2), suy ra:

20— l=—x+2x,=1>y,=1.
Vay hai dudng thing (d,) va (d,) cit nhau tai diém I(1, 1).
b. Dudng thing (d) c6 hé s6 géc bing 3, ¢6 phuong trinh:
(d:y=3x+b.
Vi I thudc dudmg thing (d) nén:
1=31+b=b=-2
Vay, phuong trinh dudmg thing (d): y = 3x - 2.
c. Dudng thing (d’) song song véi dudng thing y = 5x + 7, ¢6 phuong trinh:
(d’):y=5x+b,vdib=7.
Vi I thudc dudmg thang (d’) nén:
|=5.1+beb=-4.
Vay, phuong trinh dudmg thing (d°): y = 5x — 4.
Bai tap 7.
a. (d,) luén di qua mét diém cé dinh M(=1, 0).
I-k? 2k ]
1+k* 1+k* )

b. Giao diém l[

Baitap 8. a= 1.
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cavene 1 - HE THUC LUGNG
TRONG TAM GIAC VUONG

Trong chuong nay, chiing ta s€ thu nhan dugc cic hé thic luong
trong tam gidc vuong cung bang luong giic, cu thé:

1. Mot s6 hé thiic vé canh va du@ng cao trong tam giac vudng
2. Ti sd lugng giac ciia goc nhon
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(MUBE  mér s6 HE THUC VE CANH VA
1 BUGNG CAO TRONG TAM GIAC VUONG

I. KIEN THUC CO BAN

1. HE THUC GIUA CANH GOC VUONG VA HINH CHIEU CUA NO TREN
CANH HUYEN

Dinh li 1: Trong mot tam gidc vudng, binh phuwong mét canh géc
vuong bang tich ctia canh huyén va hinh chiéu cua canh goéc
vuéng dé trén canh huyén.

Nhu véy, trong AABC vuoéng tai A, ta nhan duge: A
AB'=BCBH < ¢’ =ac’, C b
AC'=BCCH< b =ab’, .

Thidgl: Cho AABC wuong i A, AB=3, ~-&H b 7C

AC =4, AH 1a duimg cao. Tinh BC, BH, CH va AH. Ca
Giai
Ta co:
BC = VAB? + AC® =+9+16 =5.
, A
BH = AB = 2
BC 5§
cu=0¢ _16 B C
BC 5

AH'= AB'-BH =3’ - (g] = L < AH= E
5 25

2. MOT SO HE THUC LIEN QUAN TOI PUONG CAO

Dinh lf 2: Trong mot tam gide vuong, binh phuong duomg cao
img vai canh huyén bdng tich hai hinh chiéu cia hai canh géc
vitong trén canh huyén.

Nhu vay, trong AABC vuong tai A (hinh trong dinh Ii 1), ta nhan duoc:
AH’=BHCH & h'=b'c".
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Thidy 2: Cho AABC vuong tai A. Tinh do dai cdc canh va duong cao

AH cita AABC, bict Bl =3, CH = 12
Giui A
Ta co:
S.
BC=BH+Cll=3+ I6 = ~2‘ .
3 3 B “ C
AB’ = BH.BC = 3. 2;— =25 AB=S.
5
AC’=CH.BC = ‘16 .'-5 = 400 S AC= 2(—) .
3 3 9 3

AHZ=BH.CH=3.§—) =16 AH=4.

Ta c6, ta c6 hé thic lié'p theo duoe mo a béng dinh Il' sau:

Dinh If 3 Troug mét tam gidc vuong, tich ha: wnh goc vuéng
bung m h cia canh Imveu va d:(dng cao MGNg :mg

Nhur vay, Irong AABC vuﬁng tai A (hinh trong dinh Ii I) ta nh"\n du‘oc
AB.AC = AH.BC © bc = ah.

Dinh lf 4: Trong mét tam gidc vudng, nghich ddo binh phitong
duomg cao img véi canh huyén bdng téng cd: nghich ddo ciia
binh phuong hai canh géc vudng.

Nhu vay, trong AABC vuodng tai A (hinh trong dinh Ii 1), ta nhan dugc:
1 | I I (|
e R ok i e TR =S
AH?  AB®  AC’ h™ b™ ¢
Thidy3: Cho AABC vuong tai A, AB = 6, BC = 10. Tinh d6 dai
duong cao AH. A

Giai
Ta cé:

AC=VBC?-AB? =100-36 =8. B C
_.l_.; = - .!..’-4._.!.:‘.. = _.l’.- ._!_ - 25 o Al = 5 .
AR AB® ACT 6 8 576 24

Nhan xét:  Néu khong sir dung két qua trong dinh li 4, d& tinh dugc
AH ching ta can thuc hién tuong tu nhu trong, thi du 1.
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II. CAC VI DU MINH HOA

Vidul: Cho AABC vuong tai A; Al la duong cao. HE, HF lan
L cie dudmg cao cua AAHB, AAHIC. Ching minh rang:

luot

a. BC=3AH+BE+CI-. ¢
b. ¥YBE? +YCF? =B
Giai
a. Tacé: I H
3AH+BE+CF=3AIFP+BIFP-HE+CH-HF".
=3AIF -EF*+(BH+HC)-2HB.HC. A E B
=2AH+BC-2AH = BC’
b. Trong AAHB:
2 4 4
B]:__}_’_l_{‘_ BL_?‘i-:J“ _ B”_ (1
BA BA? BH.BC BC
Trong AAHC: ‘
2 4 4
cp=CH? _ o CHY _ _air’ 2)

CA> CHBC BC
Tur (1) va (2) suy ra:

YBE? +Ycrr =B CH _ BC _vic

J””L VBC _ VBC

Vidy 2: Cho hai tam giic vuéng AABC va AA B,C, vuong tai A va

A, va déng dang véi nhau. Chimg minh rang:
a. aa,=bb +cc,.
I | I
hhy - bby e
Gidi
a. Trong AABC , ta cé:
b=acosa, c=asina,
Trong AA B,C,, ta c6:
b,=a,.cosa, ¢,=a,.sin
Tir d6 suy ra:

bb,+cc,=aa,.cos’a+ aa,.sin“a=aa,.(cos’a+sin’a)=aa, , dpcm.

b. Trong AABC, tacé:
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Trong AA B,C,, ta c6:
b1=".hl* 3 L= hy .
sina cosa

Tir dé6 suy ra:

I P N N 1 _sinfoteosTa 1 dpem
bb| CCl __]1"‘_!__ hh_l hh| h]'l| ) '
sinza Cosza

Vidy3: Cho AABC, biét
s=% (a+b-c)(a-b+c). (1)

chimg minh rang AABC la vuong.
Giui
Sir dung cong thitc Hérong, ta bién déi (1) vé dang:
JP(p-2)(p-b)(p~<) =(p-c)(p-b)
< p(p-a)(p-b)(p—c) =(p—c)’(p-b)’ <> p(p-a)= (p—¢)(p-b)
&> (a+b+c)(b+c—a)= (a+b—c)(a+c-b)
& a+b® = ¢’ < AABC la vuong tai C.

I1L. BAI TAP PE NGHI

Bai tap 1. Cho AABC vuobng tai A, AB=15, AC =20, AH la duong cao.
Tinh d6 dai BC, BH, CH, AH.

Bai tap 2. Cho AABC vuéng tai A, dudng cao AH. Biél ring

AH= 9’%_?‘ , BC=13. Tinh AB, AC, HB va HC.

Bai tap 3. Cho AABC vuong tai A, th:% va dudmg cao AH =12. Tinh

d6 dai doan BH, CH, AB, AC.

Bai tap 4. Cho AABC vuong tai A, duong cao AH. Biét ring BH =1,

AC=2a+/5 . Tinh do dai canh BC, AB, AH.

Bai tap 5. Cho AABC vuéng tai A, AB=3, AC=4, dudng cao AH. Diém

I thu6c canh AB sao cho IA=2IB, CI cat AH tai E. Tinh d6 dai CE.

Bai tap 6. Cho AABC vuéng tai A; AD la phan giic trong cia A,

Chimg minh rang: '
AD= —‘E—bc

b+c¢
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Bai tap 7. Cho AABC vuong ¢ A, dudng cao AH; r. r, r, lan luot la ban
kinh cac duong tron néi tiép tam giac vuong ABC, AHB, AHC. Ching
minh rang: |

€ A b
d a

tr do suy ra: 1
R =0
Bai tap 8. Cho AABC vuong tai A; D la hinh chi¢u cua A trén BC; E va
F lan luot 1a hinh chiéu cta D xuéng AB va AC. Chimg minh rang:
A [A__Bf - DB, rA_BJ“ _ BE
~ \AC DC " LAC CF’
b. AD'=BC.EB.CF.

IV. HUONG DAN VA DAP SO

Bai tap 1. BC=25,BH =9, CH = 16, AH = 12.
Bai tap 2. Ta c6 hai dap so:
AB=2,AC=3,HB= % HC=%
hoic AB=3, AC=2, HB = %,HCz %.
Bai tap 3. HB=9, CH = 16, AB = 15, AC = 20.
Bai tap4. BC=5,AB= J5,AH=2.

Bai tap 5. CE = %;.
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cnU BE  Ti SO LUGNG GIAC
2  CUA GOCNHON

I. KIEN THUC CO BAN

1. TiSO LUQONG GIAC
Cho AOAB vuéng tai O, ta cé:
canh d6| OB

singl = ——————-=-——,
canh huyén AB
canhké OA
COSOL = ~ e D
canhhuyén AB
o= canhd6i _ OB
canhké OA
canhké _OA
cotga =
canhdéi OB’

2. (.m TRl LUUN(, (‘lAC (.UA CAC (.UNG PAC BIE,T

CRT SRS A HE T =T, | R g e RS

Sl st
45° 60° 9"
E | &
2 2 J
2 1
2 2 9
e 0| " A ! V3 I
T e B e
cotgt I} Vi I J Y

3. HAMSO LU(NG GIAC CUA HAI GOC PHU NHAU

sin(90"-a) = cosa.
cos(90°-a) = sina.
tg(90°—a) = cotgor.
cotg(90"-a) = tgat.



I1. CAC VI DU MINH HOA

Vidu l: Tinh gid tri ciia biéu thic:
a. A =4 —-sin"d45" + 2cos’60" - 3cotg'45".
b. B=1gd5"cos30".cotg30".

Giai

a. Taco: A=4—(-‘-/22] +2‘.[.'.]'-3=1.

b. Tacé: B=I. ‘_[_. V3 =§.

Vidu2: Tinhgia trg cua biéu thic:

a. A =3a.cos0’+ b.sin90" - a.

b. B=4a’sin"45" - 3(a.tgd5")’ + (2a.cos45")’.
Gidi
a. Taco: A=3a+b-a=2a+b.

2 axd '
b. Taco: B=4a".[‘—fz_—2-J —3a3+4a3.[—-‘?} =a.

I11. BAI TAP PE NGHI
Bai tép 1. Tinh gia tri cua biéu thirc:
A=8-c0s’30"+2sin’45"- /3 1g’60".
" Bai tap 2. Tinh gid tri cia biéu thic:
A=(a’+1).sin0°+ b.cos90".
Bai tap 3. Tinh gi4 tri cla biéu thic:
a’sin90° —b’cos0”
a.cotgd5" —b—-2a.cotg90’
Bai tap 4. Cho AABC vuong tai A, biét AB =3, AC = 4. Hiy giai AABC.
Bai tap 5. Cho AABC vuong tai A, biét AB = 6, BC = 10. Hiy giai
AABC.
Bai tap 6. Cho AABC vuong tai A dutmg cao AH, biét Bl =4, CH = 1.
Hay giai AABC.
Bai tap 7. Cho AABC vuong tai A dudng cao AH, biét Bl =1, AH = 9.
- Hay giai AABC.
Bai tap 8. Cho AABC vuéng tai A dudng cao AH, biét BH =4, AB = 5.
Hay giai AABC.

A=
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cavonG 1 - PUONG TRON

Trong chuong nay, chiing ta sé thu nhan duoc khdi niém vé duong
tron cung céc kién thic lién quan, cu thé:

1. Dinh nghia va su xac dinh duong tron

2. Budng kinh va day cung

3. Vi tri tuong d6i ciia dudng théng va duang tron
4. Tiép tuyén cua duong tron

5. Vi tri twong d6l cua hal duong tron
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(MUDE " pinn NGHIA PUONG TRON
1  SUXACHINIG BUGNG TRON
I. KIEN THUC CU BAN
1. DINH NGHIA PUONG TRON

Dinh nghia: Tap hop (quy tich) cdac diém

cdach diem O cho nwae mot khoang cdach

khong doi R > 0 dicoe goi la dicong tron tam O O M
Dan Kindt R.

Puong tron nhu viy duge ki hicu (O @ R),
trong truong hop khong can chi y dén bin
kinh ¢6 thé sir dung ki hiéu (O).

Thidul: Chodoan thing AB, fim tap hop cic diém M sao cho AMB =90
Gidii '

Goi O Ia trung diém AB, khi d6 véi diém M thoa man AMB =%, ta duoc:
M

: l
AABM vuong i M => OM = _ AB m
l A 9] B
<> M thudc duong tron (O, 5 AB).
Chd ¥v: 1. Cach trinh bay trén chi ¢6 tinh minh hoa, con dé c6 dugc

161 giai dung cua mot bdi toan quy can thuc hién theo ba
budc - Diéu nay sé dugc miéu ta chi tiét trong bai todn 2.

2. Tir nay, ching ta dugdc quyén su dung két qua " Néu
AMB = 90’ thi M thuéc dudng tron duong kinh AB".

2. VI'TRI TUONG POI CUA PIEM VA PUONG TRON
Cho duomg tron (O, R) va diém M, ta c6: :
*  NéuOM <R < M nam trong dudng tron. ‘ M
*  NéuOM =R & M nam trén dudng tron. M

= Néu OM > R < M nam ngoai duong tron.
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Thidy 2: Cho dudng tron (O; 2cm). Xéc dinh vi tri cdc diém A, B, C
doi vai duong tron biét OA = Iem, OB = 2cm, OC = 3cm.

Giai
Ta thuc hién phép so sanh dé dua ra két luén:
» NéuOA <R < A nim trong dudng tron.
* NéuOB=R < Bniam trén dudng tron.
* NéuOC >R < Cnam ngoai dudng tron.
Dinh {:ghia: Hinh tron 1a tap hop céic dién ¢ bén trong dudng tron va
cic diém cta chinh duong tron dé.
3. CUNG VADAY CUNG
Ta can nhé két qua:

Ducong kinh la day cung 1oy nhat cia diromg tron.

Thidy 3:
a. Hay dung mot doan thing AB = 6cm va ba duong tron phan biét
nhan AB lam mét day cung.

b. Trong tat ca cic dudng tron nhan AB lam mdt day cung thi
duong tron ndo c6 dudng kinh nho nhat ? Giai thich tai sao ?

Giai
a. Taldn luot thuc hién: d
*  Dung doan thing AB = 6¢cm.

= Dung trung truc d cia AB. Trén d 13y bon
diém O,, O,, O,, I (112 trung diém AB).

«  Dumg bén dudmng tron (O,, O,A), (O,, O,A),
(0., 0:A) va (1, IA).

b. Goi (O) la mdt dudng tron nhan AB lam mot
day cung. V& dudng kinh AC, ta cé:

AC > AB véi AB 12 hing s6.
Do dé AC,,, = AB, dat duoc khi C = B.

Vay, dudng tron c6 duong kinh nho nhat 1a duong tron dudng
kinh AB.
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4. SUXAC PINH MOT DUONG TRON - DUONG TRON NGOAI TIEP TAM GIAC
Theo dinh nghia mot dudng tron sé hoan toan duoc xac dinh khi
biét 1tam va bdn kinh, viay v&i cau hoi " Hdy vac dinh tam O clia
dicony tron, biét:
a.  Duong tron di qua diém A va ¢6 ban kinh bing R.
Khi do:
AO =R
<> O€(A, R) — Duong tron tam A, bdn kinh R.

b. DBudng tron di qua hai diém A va B. B.
Khi do: /T\ y
OA = OB \l()/@ '

&> O thuoe dudme e true cha doan thang AB.

c.  Duong tron di qus ha diém A, B, C khong thang hang.
Khi dé:
' OA = OB <= O thuéc dudng trung truc cia doan thing AB.
OA = OC <> O thuoc duong trung truc clia doan thing AC.
OB = OC < O thudc dudng trung truc ctia doan thing BC.
Viy, O 1a diém déng quy clia ba dudmg trung truc clia ba canh cia AABC.

&

Truong hop ddc biét: Néu AABC vubng thi tam cua cia dudng tron
ngoai ti€p AABC 1a trung diém cuia canh huyén.
Ta ¢6 cic két qua:

1. Mot diém O cho trude va mot s& thuc R > 0 cho truée x4c dinh
mot duomg tron (O : R).

Mot doan thing AB cho trude x4c dinh mét dudng tron dudng
kinh AB.
3. Ba diém khong thing hang A, B, C x4c dinh mot va chi mot dudmg

tron di qua ba diém dé (goi 1a ditong tron ngoui tiép AABC).

o
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Thidy 4: Chimg minh ring qua ba diém thang hang khong thé ¢é maot
dudmg tron.

Giai '
Ta di chimg minh bang phan chimg.
Gia st tén tai duong tron (O) di qua ba di¢m thing hang A, B. C.
Ta cé:
A, B € (0O) = OA = 0B = O thudc trung truc Ex cua AB
B, C € (O) = OB = OC = O thuoc trung truc Fy cua BC
suy ra O = Ex n Fy. (%)
Mat khdc, vi A, B, C thing hang nén:
Ex // Fy, diéu nay mau thudn vai (*).
Vay, qua ba diém thang hang khong thé c6 mot duong tron.
Chii y:  Ti két qua " Ba diém khong thing hing A, B, C xac dinh mot

va chi mot duong tron di qua ba diém J6 ", ching, ta ¢6 thé
khai thie thém nhu sau:

1. Néu cic diém A, B, C, D thudc duding tron (O) va A, B,
C, E thudc duong tron (O') thi (O) = (O'), hay noi cach
khac " Nam diém A, B, C, D, F cuang thuéc moét duing
tron".

2. Mad rong hon " Néu ta co A, B, C, D thuoc duong tron
(O,) va A, B, C E thuoc duong tron (O,) va A, B, €, F
thudc duong tron (O,) " thi (O,) - (Os) = (O1) = (O) va (O)
la dudng tron ngoai tiép ADEF.

II. CAC DANG TOAN LIEN QUAN
Cac dang toan lién quan téi kién thic cua chu dé nay, bao gom:
Dang 1: Chimg minh nhiéu diém ciing ndm trén mot dudmg tron.
Dang 2: Quy tich diém la mot dudng tron.,
Dang 3: Dung dudng tron thoa min diéu Kién cho trudc.

II1. CAU HOI ON TAP LY THUYET
Cau hoi 1:  Phat biéu dinh nghia dudng tron va vé hinh minh hoa.
Cau hoi 2:  Hay néu mot vi du vé quy tich 1a dudng tron va chimg minh.
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(au hoi 3;
Cau hoi 4;
Cau hoi 5:
(au hoi 6:

Cau hoi 7:

Cau hoi 8:

Néu cic truong hop vé vi tri twong déi cua diem M vai
duong tron (O, R).

Phit biéu dinh nghia hinh tron.

Phat biéu dinh nghia cung va day cung.

Chimg minh rang duong kinh la day cung lén nhat cua
duong tron.

Neéu cic cich xdac dinh mot duong tron va néu dinh nghia
duomg tron ngoai 1iép mot tam giac.

Chimg minh ring qua ba diém thang hang khong thé ¢o
mot duong tron.

9
]



Bditodn CcpNG MINH NHIEU BDIEM
1 CUNG NAM TREN MOT BUGNG TRON

I. PHUONG PHAP

Muén chimg minh nhiéu diém ciing ndam trén mot duomg tron chiing
ta lua chon mot trong hai cich sau:

Cach I: Sir dung dinh nghia, ta chimg minh cdc di¢m nay ciing cdch
déu mot diém.

Cdach 2: Sk dung két qua " Néu ABC = 90" thi B thuoe ditomg tron
ditong kinh AC "

I1. CAC VI DU MINH HOA

Vidul: Cho AABC va M Ia trung diém cua BC. 1la MD, ME theo
thit tr vuong goc vai AB va AC. Trén tia BD va CL. lan luot iy cic
diém I, K sao cho D 12 trung diém cua BI, E I trung diém cia CK.
Chimg minh rang bon diém B, I, K, C cling nam trén mot dudmg tron.

Giai
Ta ¢6 thé lua chon mot trong hai cdch trinh bay sau:
Caclt 1: (S dung dinh nghia) Ta ¢6:

* M I trung diém BC nén:
. I
MB = MC = 1[3(_'. (1)

= MD la trung truc cua Bl nén:

MI = MB. (2)
* ME la trung true coa CK nén:
MK = MC. (3)

Tir (1), (2), 3)suyraMB=MC=MI=MK = % BC.

—

Vay bon diém B, I, K, C cling ndm trén dudng tron tam M, bin kinh % BC.

Cach 2: Ta cé: )
* MD la trung truc cua Bl nén Ml = MB = _ITBC <> ABCI vuong tai |
<> | thuoe duong tron duong kinh BC. (4)
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* ML la trung truc cua CK nén:

MK =MC = i BC

e

<> ABCK vuong tai K
<> K thuoc dudmg tron duong kinh BC. (5)
Viy, bon diem B, I, K, C cting nam trén duong tron duong kinh BC.

Nhan xét:  Trong l6i giai trén, dé chimg minh bon diém B, 1, K, C cuny,
thude mot dudng, tron, ta c6 thé st dung, ca hai cach va:
* O cach 1, ta khidng dinh diém M (da cho sdn) cach
déu bon diem B, 1, K, C dua trén tinh chat dudng
trung truc.

« O cach 2, ta khéo léo chimg minh BIC = BKC = 90"
dua trén két qua " Trong tam gidc vuong trung tuven
bdng thuoc canh huyén bing mot nua canh huyén v
nguoc lai". Tuy nhién, cach 2 duge dé xuét thong qua
két LlU'ci cua cach 1

Vidu2: Cho AABC, cic duong cao BD va CE.
a. Chimg minh rang bon diém B, C, D, E nam
(trén cung mot duong tron.
b.  Ching minh ring DE < BC.

B 0O C
Gliai U

a. Taco the Iua chon mot trong hai cich trinh bay sau:

Cach 12T gia thiét ta co:
* BD L AC < BDC =90" = D thuoe dikmg tron ¢6 duong kinh BC.
* CELAB< BEC =90" = L thuoc duong tron co duong kinh BC.
Vay bon diém B, C. D, E thuoe duime tron co duane kinh BC.
Cachi 2: Goi O la trung diém cua BC, ta co:
*  ABEC vuong tai E va co EO L trung tuyén, nén:
OE=0B =0C. (1)
*  ABCD vuong tai D va ¢6 DO la trung tuyén, nén:
OD=0B =0C. (2)
Tu (1), (2) suy ra:
OB = OE =0D = 0C < B, C, D, E thuéc duong tron (O; OB).
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b. Trong dudng tron (O), ta c6 BC la duong kinh cua duong tron, DE
la day (khdc duong kinh) nén DE < BC (duong kinh la day [én nhat cua
dudmg tron)

Nhan xét:  Trong l8i giai trén, dé ching minh bon diem B, C, D, |
cung thudéc mot duong tron, ta c6 thé su dung ca hai
cach va:

*  Ocach 1, ta co ngay:
BDC = BEC =90".
* Ovcach 2 tachira dudc diem O cach déu bon diém B,

C, D, E. Tuy nhién, cach 2 dugc dé xuat thong, qua két
qua cua cach 1.

I1I. CAU HOI ON TAP LY THUYET

Cau hoi 1:  Néu cdc cich dé chimg minh nhiéu diém cung nam trén
mot duong tron.

Cau hoi 2: Ngudi ta ¢6 bao gio hoi " Cluing minh rang ba dién
khong thang hang A, B, C ciing thuée mot dicong tron
kKhong ? Visao?

IV. BAI TAP PE NGHI

Bai tap 1. Cho AABC déu. Goi M, N, P theo thi tir Ia cic trung diem cua
cdc canh AB, BC, CA. Chimg minh rang cic diem B, M. P. C thuoc mot
dudng tron.

Bai tap 2. Cho AABC can tai A, duomg cao All = lem, BC = dem.
Puomg vuong goc vai AC tai C cit dudng thang Al o D.

a.  Chimg minh rang cdc diém B, C thuoc duong tron duong kinh AD.
b. Tinh do6 dai AD.

Bai tap 3. Cho t gidc ABCD ¢6 C + D = 90°. Goi M, N, P. Q theo thir
tr 12 trung diém cia AB, BD, DC va CA. Chimg minh ring bon di¢m
M, N, P, Q cuing nam trén mot duong tron.

Bai tap 4. Cho ur giic ABCD c6 hai dudmg chéo AC va BD vudng goc vai
nhau. Goi M, N, P, Q theo thit tur |a trung diém cia AB, BC, CD va DA.
Chimg minh ring bon diém M. N, P, Q cling nam trén mét dudng tron.

Bai tap 5. Cho tit gidc ABCD ¢6 B =D =90°.
a.  Chimg minh rang bon dinh ctia tif gidc cung thuoc mot duong tron.
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b.  Ching minh rang BD < AC. Tir gidc ABCD ¢6 thém dicu Kién gi
de BD = AC.

V. HUONG DAN - PAP SO
Bai tap 1. Ta co thé lua chon mot trong ba cich trinh bay sau:
Cach 1: Vi AABC déu nén trung tuyén sé la duong cao, do do:
* CMLAB< BMC =90’
=> M thuoc duong tron ¢6 duong kinh BC.
= BPLACe BPC =90
=> P thuoc duong tron ¢o duong kinh BC.

Vay bon diem B, C, M, P thuoc duong tron 6
duong kinh BC.

Cach 2: Ta co:

=  ABMD vuéng tai M va cé6 MN la trung tuyén, nén:

MN =NB =NC. (1)
*  ABPC vuong tai P va cé PN la trung tuyén, nén:
PN =NB =NC. (2)

Tur (1), (2) suy ra:
NB=NC =NM =NP
<> B, C, M, P thuoc duong tron (N; NB).
Cach 3: Vai AABC déu 6 canh bang a. Ta co:

« NB=NC-= ; . (3)
* MN la duong trung binh nén:
MN =< AC= 2. (4)
2 2
= PN la duong trung binh nén:
PN='AB=2. (5)
2 2

Tir (3), (4), (5) suy ra:

NB=NC=NM=NP= —:: > B. C, M, P thuo< dirong tron (N: ; ).
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Bai tap 2.

a.  Xét hai tam gric AADC viae AADB. ta ¢6: EN
AD chung | B C
A, = A,, vi AABC can nen A LA phan gidc
AC = AB, , vi AABC can tai A.

do dé:
AADC = AADB => ABD . ACD = 90"
<> B, C thuoc duong tron dutmg kinh AD.
b. Trong AABD vuéng tai D, ta co:
BC-

All? +

AHLAD = AB = All" + BI" ¢ AD = AR 4 = sem.

Viy, ta duge AD = Scm.
Bai tap 3. Gia sir AD cit BC tai E.
Khi dé tir gia thiét C+ D = 90°. ~uy ra:

I
L= 180" (C+ D)=90". B
E=180"-(C+D)=9 A
N,

Ta lan luot ¢o: Q
MN // AD // PQ D B —\(
MQ //BC // PN

do d6, dua trén tinh chat cua goce ¢o canh tuong ting song song ta duoc:
NMQ NPQ =1:=90".
<> M. NL P, Q thuoe duang tron co duomg kinh NQ.

Bai tap 4. Vi M. N, P. Q theo tha tr [a trung dicm cua AB. BC, €D va
DA n¢n theo tinh chat duong trung binh ta ¢6:

MN // AC // PQ CMPNQ
MQ // BD // PN B>

Mat khdc, theo gia thiét AC vuong goc vai
BD nén: N<]--7

NMQ = NPQ = 90"
- <> M, N, P. Q thuoc duomg tron ¢6 duomg kinh-NQ.

Bai tap 5. Hoc sinh tie vé hinl.
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b.

A, B, C, D thuoc diromg tron duomg kinh AC.

Ta ludn co:

BD < AC, vi diay cung nho hon dudmg kinh.

¢ co:

BD = AC <> BD Ia duimg kinh <> A = C = 9

<> ABCD L hinh chir nhat.

bé ho tro cho viéc tinh toan cdc em hoc sinh hay tim doc b6
sich Giai toan bang may tinh cia Nhom Cu'™Mon.

Bo sich gom 4 cuon :

Cuon 1:
Cuon 2:
Cuon 3:
Cuon 4:

Hudng din sirdung may tinh CASIO fx — 570Ms giai toan

Str dung may tinh CASIO fx — 570 giai toan THCS
Sirdung may tinh CASIO fx — 570 gi{i‘i toiin THPT
81 dé thi Giai toian tren may tinh CASIO




BAi todin QUY TiCH BIEM
2 LA MOT DUGNG TRON

I. PHUONG PHAP

Véi yéu cau " Tim tap hop cdac diéem M thoa min tinh char K ', ta
can trinh bay loi giai gom ba phan:
*  Phdn thudn: Gia si c¢6 diem M thoa man diéu kién K, ta khéo
Iéo suy ra rang M thuoc mot dudmg tron (O), thi du:

Chitng minh OM = r — khong déi.
Ching minh AMB = 90", véi O 1a trung diém AB.
* Phan dao: l.ay M € (O) va di chimg minh rang M ¢6 tinh chat K.

» Kétludn.

I1. CAC VI DU MINH HOA

Vidul: Cho dudng tron (O) dudmg kinh AB = R. C la mot diém chay
trén duong tron dé. Trén tia BC 1dy mot diém M sao cho C Ia trung
diém cua BM. Tim quy tich ctia diém M.

Gidi
Phdn thudn: Gia sit c6 diém M sao cho C Ia
_trung diém cua BM. !
Vi C thuéc dudng tron duomg kinh AB \

= ACB=90" < AC L BM
- = AABM cén vi cé AC vira 1a dudmg cao, vira 1a trung tuycn
= AM =AB=R < Me(A, R).

Phan dao: Lay mot diém M bat ky trén dudmg tron (A. R). BM cat (O)
tai C. Ta phai chimg minh C 1a trung diém cta BM.

That vay:
* AM=AB=R = AABM can tai A
* (Ce(0)= ACB=90"< AC L BM
= AC la duong cao ting véi canh ddy nén dong thot [ trung tuyén.
Vay C la trung diém cta BM.
Két luan: Quy tich cua diém M la dudng tron (A, R).
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Nhan xét: Lo i trén, dé tim tap hop diém M chung, ta da
tuan 1w dung luge d6 cua bai toan quy tich, cu theé:

Phin thuin: Ta gia st co diem M sao cho C la trung
Jicm cua BM, tir A6 suv ra dude Me (A, R).

Phin dao: Ta lav diem Me (A, R) va di chung minh
M thoa man dieu kién C la trung, dicm cua BM.

Két luin.

Vidu2: Cho hair duong thang a va b vuong goc vai nhau tai O. Trén a
va b lay cic diem A, B sao cho AB = ¢ khong doi. Tim tap hop trung
diem M cua doan AB.

A

Grai

Phan thuan: Vi doan thing AB = (| 1a ¢o: /_
AAOB vuong tai O h \0- B
=> OM = 1—\2]3 = ; . trung tuyén bing nura canh huyén. =

[

M

; A S (
Vi khi A hoac B tring O ta van ¢c6 OM - 5"

: T
Viy. diém M thudc duong tron L(); 5}

Phan dao: Lay diém M bat ki thuoc [(); ;J va gia su duong tron

(M; ;\] cat a tai A khic O, AM cat b tai B. Ta sé di chimg minh AB =1
\:Eu M 1 trung diém cua AB.
That vay, vi AOMA can tai M nén:
MOA =A
— MOB = B (cting phu véi hai géc bing nhau).
Viy: _
MA = MO = MB = AB =/ va M la trung diém cua AB.

Két luan: Tap hop trung diém M cua AB la duong tron (O; ;] :
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Vidy3: ‘Irén dudmg tron (O) lay hai diem B, C ¢6 dinh. Diem A di
chuyén trén duomg tron, D 12 trung diém cua BC. Goi M la hinh chiéu
clia B trén duomg thing AD.

a. Tim tap hop diém M khi A di chuyén trén (O)
b. Tim vi tri ctia diém A trén (O) dé BM c6 do dai I6n nhat.
Gidi
a. Huong dan:
BM L DM < BMD = 90"
<> M di chuyén trén dudng tron ¢6 dudng
kinh BD, trir diém B.
b. Ta cd, trong dudng tron ¢6 dudng kinh BD thi
BM < BD (duong kinh la day 16n nhit).
Do d6, BM c¢6 do dai I6n nhat bang BD, dat duoc khi
M=D e AD L BC < AABC can tai A

<> A la giao diém cha dudng tron tam.O véi duong trung truc
cua BC.
Nhan xét: Trong, 18i giai b), d€ chi ra dugc vi tri cAn tim ctia diém A sao
cho BM 16n nhat chiing ta da bit ddu bang bat dang thuc:
BM < BD, trong d6 BD la do dai khéng d6i
—> BM,,,. = BD, dat dudc khi M = D - vi tri cua A.

Nhu vay, lap luzn d6 dua trén tinh chat "Duong kinh la
ddy cung lon nhdt cua duong tron ", tuy nhién, néu
muodn, ching ta c6 thé lap ludn theo cach khac nhu sau:
BD’ = BM’+ DM® -» BM,,,. khi DM, ..
T do, suy ra BM,,,, = BD dat duoc khi:
DM,,,=0<>M=D.

111. CAU HOI ON TAP LY THUYET

Cau hoi 1: D€ giai mot bai toin tim quy tich ta cdn thuc hién theo
may budc ? Hay néu ndi dung can wrinh bay trong moi
bude dé.

Cau hoi 2: D€ chimg 10 ring quy tich cta diém M 12 mot dudmg tron
ta cin thuc hién nhu thé nao ?°
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IV. BAI TAP PE NGHI
Bai tap 1. Cho duong tron (O, R). diecm A ¢o dinh trén duong tron,
diem B di chuyén trén duong tron. Tim quy tich trur g diém M cua AB.

Bai tap 2. Cho dudmg tron (O, R). Hai diém A. B di chuyén trén dudmg
tron sao cho do dai AB = 2/ khong doi (/ < R). Tim quy tich trung diem
M ciia doan AB. N

Bai tap 3. Cho hinh binh hanh ABCD c6 canh AB ¢6 dinh, duong chéo
AC = 2cm. Tim quy tich cua diém D.

Bai tap 4. Cho dudmg tron (O. R) duong kinh BC. Diém A di dong trén
(O), goi P, Q theo tini ur [ trung diém cua AB v AC.

a. Chimg minh rang PQ ¢6 do dai khong doi khi A di dong trén (0).
b. Tim quy tich trung dicm M cua PQ.

V. HUONG DAN - DAP SO
Bai tap 1.
Phan thuan: Gia si ¢6 diém M la trung diém
cua AB.
X¢t AOAB. ta ¢o: . )
OA = OB =R <> AOAB can tai O
=> OM vira la dudmg cao, vira la trung tuyén
= AMO = 90" < M thuoe dudmg tron duong kinh OA.
Phan dao: L.ay mot diém M bat ky trén dudng tron (OA), AM cilt (0)
tai B. Ta phai chiing minh M la trung diém cta AB.
That vay:
M € (OA) & AMO =90"¢> OM L AB.
Khi do. trong AOAB can tai O ta c6 ngay:
OM la trung tuyén <> MA = MB.
Két luan: Quy tich cia diém M la duimg tron (OA).
Bai tap 2.
Phan thuan: Gia st c6 diém M Ia trung diém
cua AB.
Xét AOMA vuong tai M, ta c¢é:

OM'=0A’'-MA’=R’-'e<OM= VR  -1° -
<> M thudc duomg tron (O, \/R =17 ).
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Phan dao: L.iy mot diém M bat ky trén duong tron (O, v’rR e i !
dudmg thing qua M vuong goc véi OM ciat (O, R) tai A va B. Ta phai
chimg minh M 12 trung diém cua AB va AB = 2/.

That vay, ta thily ngay M L trung diém cta AB, ngodi ra:
AB=2AM=2yJOA* -OM® =2,R? —(R" =1%) =21, dpem.

Két ludn: Quy tich ciia diém M la duomg tron (O, YR® ~1° ).

Bai tap 3. Goi O 1a giao diém cia AC va BD.

Phan thudn: Gia si ¢6 diém D sao cho ABCD la hinh binh hanh.
Ta co:

OA = —_I)-AC-—- lem&< 0 e (A, ]).

Gia sir (A, 1) cit dudng thang AB tai O, va
O, (c6 dinh). Goi B, va B, theo thit tr 12 diém 4
déi xing vai B qua O, va O,. Ta ¢6 ngay.

0,00, = 90", géc chan nira dudng tron
DB, // OO, tinh chat duong trung binh \ /
DB, // OO,. tinh chat duong trung binh ~ L -

suy ra:
B,DB, =90" <> D thuoc duomg tron duong kinh B,B..

Phan dao: Liy mot diem D bat ky trén duong tron (B,B,), BD cat (A, 1)
tai O, lay C do6i ximg vai A qua O. Ta phai chimg minh ABCD la hinh
binh hanh c6 AC = 2cm.

That vay, ta c¢6 ngay:
AC=2A0 = 2cm.

Mat khac, dua trén hinh vé cling véi nhan x¢t:
0,00, =90" va B,DB, =90" = DB, // 00,.
Trong ABB,D, ta cé:
BO, =B,0, X ;
<> 00, la duong trung binh = OB = OD.
DB, //00,

Khi do, wr gidac ABCD c¢6 hai duong chéo cat nhau tai trung diém
moi dudng nén né 1a hinh binh hanh.

Két luan: Quy tich cta diém D la dudng tron (B, B,).
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Bai tap 4. Hoc sinh tie ve hinh.
a. Trong AABC, ¢6 PQ la duong trung binh, do do.

PQ = i BC= _ 2R =R, khong doi.

b. Tir két qua cau a), suy ra A, M, O thing hang va M la trung diem
OA. do do:
OM = }) OA = R

9

R
<> M thuoce duong tron (O, )
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Bal :';"’“ DUNG DUGNG TRON

I. PHUONG PHAP

Pé dung mot duomg tron ta cdn biét tam va béan kinh va hay nha lai
" Tam ctia dicong tron di qua hai diém A va B cho tricoc nam trén dicong
trung e cia AB .
Pé trinh bay 1oi giai mot bai toan dung hinh, ta ¢in thuc hién bon phan:
* Phan tich: Gia str di dung duoc dudmg tron (O), tir day suy ra vi
tri tam va dé dai ban kinh cua no.
»  Cdch dung: Dua vao két qua o bude phan tich ching ta suy ra
phép dung hinh.
*  Chitng minh: Chimg minh duong tron duoc aumg o bude dimg hinh
thoa man diéu kién ddu bai.
*  Bién ludn: S6 dudmg tron thoa man diéu kién dau bai.

I1. CAC Vi DU MINH HOA

Vidyl: Cho truéc dudmg tron (O) via mot diém A nam trén duomg
tron dé. Hay dung dudng tron tam P di qua O va A va ¢6 tam nam trén
dudng tron (O).

Giai
Phan tich: Gia sit da dung duge duong tron (P) thoa man diéu Kién dau bai.
Vi O, Ae(P) = P nam trén duong trung true d cua OA.

Viy, tam P la giao diém cia duong trung P
true d vai duomg tron (). \
Cach dung : 'Ta lan hrot: ‘ A

= Dung duong trung true d cua OA.

* Jdeatduong uon (O)taiPva P, , (d)

*  ung duomg tron (P, PO).
Chung minh : Ta thily ngay (P, PO) thoa man diéu ki¢n diu bai.

Bien luan. V1 duomg thing (d) cit duomg tron (O) tai hai diém P va P’ nén
bai todn co hai nghicm hinh, do la hai duong tron (P, PO) va (P, PO).
A
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Vidu2: Dung mot duomg tron (O) ¢6 bian kinh R cho trude va di qua
hai diém A va B cho trude.

Giai

B
Phan tich: Gia su da dimg duoe duomg tron (O)
thoa man dicu kién didu bi, ta ¢o: o
* Ae (O.R)=>0OA=R =0 e (A, R). ,
* Be (O,R)=0B=R =0 ¢ (B, R). A

Viy, tam O la giao cua hai duong tron (A, R) va (B, R).
Cach dung: Ta lan luot:
*  Dung cic dudmg tron (A, R) va (B, R) va goi O la giao diém cua
hai duong tron do. -
*  Dung duong tron (O, R).
Chimg minh: Theo cich dung ta co:
OA=0B=R = A, Be (O,R).
Bién ludn: So6 nghiém hinh cla bai todan phu thuéc vio s6 giao diém cua
hai duong tron (A, R) va (B, R), ta co:
= Néu 2R > AB thi bai todn ¢6 hai nghiém hinh.
= Néu 2R = AB thi bai toan ¢6 mot nghiém hinh.
= Néu 2R < AB thi bai toin khong c6 nghiém hinh.
Néu 2R > AB Ncéu 2R = AB Néu 2R < AB

I11. CAU HOI ON TAP LY THUYET

Cau hoi 1: D¢ giai mot bai todn dung hinh ta can thuc hién theo may
budc ? Hiy néu néi dung cin trinh bay trong méi bude do.

Cau hoi 2: D¢ dung mot dudmg tron thoa man diéu kién cho trudce ta
cén thuc hi¢cn nhu thé nao ?

IV. BAI TAP PE NGHI

Bai tap 1. Cho AABC ¢6 ba goéc nhon, dudmg cao AD. Dung diém M
thuoe duomg thing AD sao cho BMC = 90",
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Bai tap 2. Cho dudmg thing d va mot diém A cich dudmg thang d 13
lem. Dung dudng tron (O) ¢o bdan kinh I.5cm di qua A va ¢é thm nam
trén duong thang d.

Bai tap 3. Dung mot dudng tron (O) di qua hai diém A va B cho trude
va ¢o tam o trén duong thang d cho truoce (A, B khong thuoc d).

Bai tap 4. Cho nam diém A, B, C, D, E. Bié¢t ring qua bon diém A, B. C.
D ¢6 thé vé duoc mot duomg tron, qua bon diém B, C, D, E ciing vé duoc
mot duong tron. Hoi qua ca nam diém A, B, C, D. E ¢6 th¢ vé duoc mot
duong tron khong ?

V. HUONG DAN - DAP SO
Bai tap 1. ‘
Phan tich: Gia su da dung duoc diem M thod man diéu kién dau bai.
- Tacé:
BMC =90" = M ¢ (BC).

Viy, M la giao cia duong thang AD vdi
duong tron (BC).
Cach dung - Ta lan luot:

* Dung (BC) ' B

C
*  Pudng thing AD cit dudng tron (BC) tai M. \/U/
Khi d6, M 1a diém cin dung. '

Chirng minh : Ta thiy ngay BMC = 90",
Bién ludn: Vi duong thang AD cit dudmg tron (BC) tai hai diém M, va M,
nén bai todn c6 hai nghiém hinh, dé 1a M, va M.,.
Bai tap 2.
Phdn tich: Gia sir da dung duge duong tron (O) thoa man diéu kién dau bai.

Ta cé:

OA=1,5cm =0 € (A; 1,5¢cm).”

Viy, tam O 1a giao diém cta dudng thang
d vé&i duong tron (A; 1,5cm).
Cdch dung : Ta lin luot:

*  Dung duong tron (A; 1,5cm).

* dcit duong tron (A; 1,5cm) tai O.

* Dung duong .>n (O; 1,5cm).
Chirng minh : T- “hdy ngay (O; 1,5cm) thoa mén diéu kién dau bai.
Bién Iudn: Vi dudng thang d cit dudng tron (A; 1,5cm) tai hai diém O, va
O, nén bai todn c6 hai nghiém hinh, dé 1a hai duong tron (O,; 1,5cm) va
(O,; 1,5cm).

d
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Bai tap 3.
Phan tich: Gia sirda dung duoe duong tron (O) thoa man di¢u kién dau bai.
Taco:
A, Be(0O)

= O nam trén duong trung truc a cua AB.

d

Viy, tam O [a giao cua a va d. d
Cach dung : Ta lan luot: A B

*  Dung duong trung truc a cua AB.

* dcatataiO.

*  Dung duong tron (O, OA).
Ching minh : Ta thay ngay (O, OA) thoa man diéu kién dau bai.
Bién ludn: Vi voi hai duomg thang d va a ta ¢6 ba truomg hop vé vi tri
twong doi nén:

= Neéua=d < dlatung true cua AB thi bai todn c6 vo s6 nghiém hinh.

* Néua//d<> AB Ld (d khong la ttrung truc cua AB) thi bai todn

vo nghiém.
= Néu a cat d thi bai toin ¢é nghiém hinh duy nhat.

Néu d la trung truc Néu AB L d va khéng la Néu AB khong vuong
clla AB trung true cua AB a6c vai d
ll a
d
O
A B A B
d

Bai tap 4. Goi (O) la duong tron ngoai ticp AABC.
Vai gia thiet:
*  Bondiém A, B, C, D thuoc duong tron (O,), suy ra (O,) = (O).
= Bondiém E, B, C, D thuoc dudmg tron (O,), suy ra (O,) = (O).
Viy, ca nam diém A, B, C, D, E ciing thuéc dudng tron (O).
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PUONG KINH VA DAY CUNG

I. KIEN THUC CO BAN

1. TAM POI XUNG - TRUC DOI XUNG
Cho duong tron (O, R) vi ¢6 duomg kinh AB, ta c6 nhan xét sau:
I. Véi diém M bat ky thuoc (O, R) va goi

M' 1a diém d6i ximg véi M qua O, suy ra: A
OM'=0OM =R

M A
= M'e(O, R) '

Vay O la tam doi ximg cua duomg tron (O, R).

Tam ciia diong tron la tam doi ximg cua dicong tron dé. —]

2. Véi diém M bat ky thudc (O, R) va goi M' 1a
diém d6i ximg véi M qua dudng kinh AB,
suy ra:

OM'=OM =R = M'e(0O, R)
Viy AB la truc déi xiing ctia duong tron (O, P).

Bdt ky diwomg kinh ndo ciing la truc déi ximg cia dicong tron. _‘

2. PUONG KINH VA DAY CUNG
Ta c6 cic két qua sau:

M —_——

1. Duomg kinh vuéng géc véi mét ddy thi chia day dy ra hai phdn
bdng nhau.

2. Duomg kinh di qua trung diém ctia mér day (khéng qua tam) thi
vuodng géc vai day dy.

Ngoai viéc img dung két qua trén trong cdc bai todn dinh tinh va
dinh luong, ching ta con suir dung né trong bai toun dung hinh va bai
todn quy tich. Hai thi du sau sé minh hoa nhin xét nay.
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Thidy l: Cho mot dudmg tron (O) va mot diém P khic O ¢ bén trong
duong tron. Dung moét diay cung AB di qua P sao cho PA = PB.

Griai ~ 3
Phan tich: Gia su da dung duoe diy AB di qua

P sao cho PA = PB, ta co6:

PA =PB = OP 1L AB.

Cdch dung: Dung dudng thing (d) qua P va vuong géc vai OP cat (O)
tai hai diém A, B.

Chimmg minh: V1 :
OP L AB = PA =PB.
Bién luan: Bai toan c6 mét nghiém hinh.
Luu y: Néu P = O; bai todn c6 vo sé nghiém hinh.
Thidy 2: Cho dudng tron (O, R). Tim quy tich trung diém M cta cic

day AB sao cho AOB = 120"

Giai

Phadn thudn: Gia st ¢6 diém M la trung diém cta diy cung AB sao cho
AOB = 120".

Trong AOAM., ta co: n
AOM = 60" = OAM = 30" "

= 0OM= !()A= R = Me(0, R ).
2 2 2

Phan ddo: 1.ay mot diém M bat ky trén duomg tror (O, P: ), dung day

cung AB qua M va vuong géc véi OM. Ta phai chimg minh AOB = 120",
That vay, trong AOAM vuong tai M, ta co:
OM = ; OA = OAM =30"<> AOM =60"
¢ AOB =2A0M = 120",
Két luan: Quy tich ctia di¢cm M la duomg tron (O, %).

B
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3. DAY CUNG VA KHOANG CACH PEN TAM

Ta ¢6 cic két qua sau:

1. Trong mét ducng tron hai ddy bang nhau khi va chi khi chiing
cach déu tam.

to

Trong hai dday khéng bang nhau cia mot dicong tron day lon
hon khi va chi khi né gdan tam hon.

A "B

5 D

Ca hai két qua trén van ding vai trromg hop ha” duong tron ¢6 bin

kinh bang nhau (goi 1a hai duong tron bang nhau) via no to ra rat hicu
qua trong bai toidn cuc tri. Thi dy sau s& minh hoa nhan xét nay.

Thidy3: Cho mot duong tron (O) va diém P o bén trong dudmg tron.

Chimg minh rang trong tat ca cac day cung di qua P thi day cung vuong

goc vai bian kinh qua P la day cung ngan nhat. C
A =B

Giuai ,‘
Goi AB la day cung qua P va vuong goc véi
OP va CD la day cung bat ky di qua P. v
Ha OH vuéng goc vai CD, ta ¢6 ngay:
OH < OP, vi trong tam gidc vuong canh géc vuong nho hon canh huyén

= AB < CD = AB la day cung ngan nhat.
I1. CAC VI DU MINH HOA
Vidul: Cho duong tron (O, R) va mot day cung AB = 2a (a < R).

Goi I la trung diém cha AB. Tia Ol cat cung AB i M. Tinh do dai cua
day cung MA.

Giai
Trong AAMI, ta co:
AM’ = A’ + MI' = a° + MI". (1) M
Mait khac:

MI=OM-0OIl=R -0l
Trong AOAL ta co:

OF=0A - AF=R*-a’= Ol = VR? - 4>
= MI=R-VR?-a?. (2)




Thay (2) vao (1), ta duoc:

AM = AF +MP=a+(R- VR? —a? )

e —
¥ ]

— AM = V2ZR® —2RYR? —a° .

Viy, do dai day cung AM = \/.“ZR2 - 2R\[R: —a®

Nhan xét:

Trong, 10i giai trén dé tinh do dai day cung AM ching ta lua
chon phuang phap trinh bay theo hudng, phat sinh véu cau
roi thue hién véu cau nay dé dat dugc muc dich cudi cung,
la AM, cu thé:

AM® = AP+ MI° = a> + MI° = can xac dinh ML

MI=OM  OIl=R - Ol = can xac dinh OL

Ol duogc xac dinh dua vao AOAL
Tir d6 thay ngugc lai két qua dé nhan dugc AM.
Cach trinh bay nhu vay sé rat dé hicu, tuy nhién né lai to
ra dai dong, chinh vi ly do nay ma cac em hoc sinh hay
luu trir nd trong suy nghi con khi trinh bay 15i giai thi
trinh bay theo ki¢u nguoc lai, cu thé:

Suy nghi Trinh bay
I. D& tinh AM can | Trong AOAI, ta co:
xac dinh ML O =0A?- \'=R- a°

1

- 0l= VR -2’

D& tinh MI can
xac dinh OL -
3. Ol dude  xac } SuyraMI=0OM OI=R"- \/R: —a°
dinh  dua vao | Trong AAMI, ta co:
alal AM’ = Al + M

d )2.

=a3+(R - vaz -a

al

5 AM = y2R! —2RYR? —a” .

Cac em hoc sinh ¢o thé luyén tap bang viéc giai lai vi du
nay voi R = 5cm va a = 3cm.
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Vidu 2: Cho duimg tron (O) vi hai day AB, ('l)_ni'mg nhau vi vuong
gbe vai nhau tai I GiasacIA =2a, IB=2b(a < b).

a. Tinh Khoang cich tir tam O dén moi day.

b. Tinh ban kinh cta duomg tron (O).

Giuai
i
a. Ila OH, OK theo thir tu vuong géc voi ABva CD, A A1 N\y
ta co: I
X KI5
OH = OK vi AB =CD.
2 2 1)
A=l DE MHIB _2ar3b b
2 2 2

Tir gidc IHOK c¢6 ba goc vuong nén L hinh chir nhiit, ngoai ra ¢6 hai
canh lién ti€p Ol va OK bang nhau nén Ia hinh vuong.

Suy ra
OH=0K=Ill=AH-Al=a+b-2a=b - a
b. Trong AHOB, ta cé: ‘
R°=0B =0l + HB =(b-a)y +(a+by=2ua"+b")

=R =+2(a’ +qb£)

Vay, taduoge R = y/2(a” +b?).

Vidu 3: Cho duong tron (O), day AB = 2a va khoang cich tir no 16
tam bang h. Goi I 1a trung diém cua AB. Tia 10 cét duomg tron tai C.

a. Chimg minh rang AABC la tam gidc can. C
b. Tinh khoang céch tir O dén BC.
Gidi . \
a. Tacé: k
A 3

Al=IB=a—= Ol L AB.

Suy ra AABC c¢6 trung tuyén €I la duong cao nén la tam gidc cén.
b. Ha OH vuéng géc véi BC, ta cé:

HB =HC = L BC.
2

Trong AOIB, ta cé:
OB =10 +IB’ =h'+a=> OB = ya +h’.
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Ta ¢co:

IC=10+0C=10+0B=h+ va- +h>.

Trong AIBC,

ta co:

BC=IC+IB = (h + Ju-*}h-‘ )*+uf=2(a3+h\/u-‘ +h? +h)

:3[£=J2(J’+h +h +h )

Trong AOILIB,

=s|IR= i \j:’(a +h\fa?:r_r_|’: +h’ )

—

ta co:

OIF=OB -HB'=(Ya? +h* ¥ [ y2a? + hia® +h? +h)

= Oll =

l (@ + hva? the +h)

2

\[ . hJ::_h + h‘

Nhan xét:  Trong l0i giai trén:

1.

w

O cau a) ta chi cén stv 11y, kot qua " Duomg kinh di qua
trung diém cua mot - Ty i vuong goc vdi ddy dy ", ti
do6 dan tdi tam giac o trung tuyén la dudng, cao, do do
no la tam giac vudng,

O cau b) chiing ta da lua chon phitong phap trinh bay
ngudc sau suy nghi theo kiéu phat sinh yéu cdu, cu thé
ta nghi:

* D@ tinh OH can xac dinh BH va OB.

*» BH-= ‘l; BC va BC dugc xac dinh thong qua AIBC

néu biét OC (tic la OB).
* OB dugc xac dinh thong qua AOIB.
T4t nhién ¢6 thé tinh OH thong qua su déng dang cua
hai tam giac vuéng la AOHC va ABIC - Ban doc tur lam.

Cidc em hoc sinh ¢6 thé luyén tap bing viéc giai lai vi du

nay voia =24dcmva h =7cm.



L. CAU HO1 ON TAP LY THUYET

Cau hoi 1:  Diém nao 1a tam doi ximg caa mot duong tron ?

Cau hoi 2:  Duong thing nao 1a truc doi ximg ctia mot duomg tron 2 Tir
do hay cho biét mot dudmg tron ¢6 bao nhiéu truc doi ximg ?

Cau hoi 3:  Phit biéu dinh 1i vé dudng Kinh vuong goc vai mot day.
Vé hinh minh hoa.

Cau hoi 4:  Phat biéu dinh If vé dudmg kinh di qua trung diém ctia mot
day. V& hinh minh hoa.

Cau hoi 5:  Trong mot dudng tron hai day cung biang nhau khi nao ?

Cau hoi 6:  Trong mot dudong tron hai day cung khong bang nhau ta
c6 duogce két qua gi ?

IV.BAI TAP PE NGHI

Bai tap 1. Cho duong tron (O) va hai day AB, AC sao cho AB < AC va
tam O nam trong géc ABC. Chimg minh rang OAB > OAC.,
Bai tap 2. Cho duong tron (O, R) va hai ban kinh OA. OB. Trén cdc
bin kinh OA. OB lin luot 1dy cdc diém M va N sao cho OM = ON. V¢
day CD di qua M va N (M nam giira C va N),

a. Chimg minh rang CM = DN.

b. Gia st AOB = 90", hdy tinh OM, ON theo R sao cho

CM = MN = ND.

Bai tap 3. Cho duong tron (O, R) duong kinh AB. Goi M va N theo thi
tu 1a trung diém ciia OA va OB. Qua M va N 1idn lragt vé cdc day CD va
EF song song vé&i nhau (C va E cling ndm trén mot nira dudmg tron
duong kinh AB).

a. Chimg minh tf gidc CDFE la hinh chir nhat.

b. Gia sir CD va EF cung tao vdi AB mot goc nhon 1a 30°, tinh dién

tich hinh chir nhat CDFE.

Bai tap 4. Cho duong tron (O, R). Tim quy tich trrng diém M cua cic
day AB sao cho AOB = 60".
Bai tap 5. Cho duong tron (O) va mot diém A & bén trong dudng tron dé
(A # O). Dung hinh thoi ABCD sao cho B, C, D nam trén duong tron (O).
Bai tap 6. Cho AABC ¢6 ba goc nhon. O phia ngoai tam gidc vé cdc
nua dudng tron c6 dudmg kinh theo thir tr 1a AB va AC. Qua A vé
duong ‘tha“ing (d) cat cdc nira dudong tron trén  tha u o E va F. Chimg
minh rang.

a. Néu (d) song song véi BC thi BEFC la hinh chir nhat.

b. Néu (d) vudng goc véi trung tuyén AM cia AABC thi AE = AF.
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V. HUONG DAN - DAP SO
Bai tap 1. Hoco sinl tie vé linh.
Ha OF, OF theo thar nr vuong goc vor AB v AC.
Tt gid thict:
AB < AC < OE > OF.

Trén OF lay diém F sao cho OF = OF, ta thay ngay diém F' nam

eitra O va E. suy ra:

OAE > OAF = OAF. vi AOAF = AOAF (canh huyén vir canh goe vuong)

&> OAB > OAC, dpem.
Bai tap 2.
a.  Ha OL vuong goc vai AB cat CD tai F.
Trong AOAB can tai O, ta co:

OM ON
OA OB

= OF L MN va MF = NF.

— MN // AB

Ta ¢6 nhan xét thém:
OF L MN < OF L CD < CF = DF.
Khi do:
CM = CF - MF = DF — NF = DN, dpcm.
b. bat MF = x, suy ra:
CF = CM + MF = MN + MF = 3MF = 3x.
OF = x, vi AOMF vuong cén tai F.
Trong AOCF, ta co:
OF* =0C - CF & X =R~ 9x* ¢ 10x* = R* &> x = 7[1%
Khi do, ta duoc:

ON=OM=0Fy2 = 2. 2 =R

i
Viy, véi ON =0OM = LY thoa man diéu kién dau bai.

NG
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Bai tap 3.

a. Ha OP vuéng goc vai CD cit EF tai Q, suy ra:
CP = DP, tinh chat duomg kinh vuéng goc vai day cung.
0Q L EF, vi EFF //CD
= EQ = FQ, tinh chat duomg kinh vuéng goc vai diy cung.

X¢ét hai tam gidc vuong AOPM va AOQN, ta cé: E
OM= L0A= ' 0OB=0ON L oy
MOP = NOQ, vi déi dinh P I
dO dé l)

AOPM = AOQN (canh huyén va géc nhon) = OP = OQ <> CD = EF.
Khi d6, wr gidc CDFE ¢6:

Cb iEF <> CDFE la hinh binh hanh.

Trong hinh binh hinh CDFE, ta ¢é:
PQ Ia duong trung binh = PQ //CE = CD L CE
= CDFE la hinh chir nhat.

b. Taco:
Score = CE.CD. (1
Trong AOPM vuéng tai P, véi OMP = 30", suy ra:
OP = -I—OM= ! l OA = B
2 2 2 4
- R
CE=PQ=20P= = (2)

Trong AOPC vuong tai P, ta ¢cé:

RVIS
Thay (2). (3) vao (1), ta duoc:
R RIS RZVIS
S('un—. = R

CD=2CP= (3)

27 2 4



Bai tap 4.
Phan thuan: Gia st ¢6 diem M la trung diém cia day cung AB sao cho
AOB = 60"

Trong AOAB, ta ¢o: A B

OA = OB =R va AOB = 60 i
OAYV3  Ry3

= AOAB déu => OM = - s =

2

3
= Me(0, R;/ ).

p ; .y s s \ . Rv3
Phan dao: L.y mot diem M bat ky trén duomg tron (O, ;/ ), dung day

cung AB qua M va vuong géc véi OM. Ta phai chimg minh AOB = 60",
That vay. trong AOAB can 1ai O, ta ¢é:

: |
b Rx_f _ OAY3

— AOAB déu = AOB=60".

: . V3
Két luan: Quy tich cua diém M la duong tron (O, P;/ X

Bai tap 5. B, B,
Phan tich: Gia st dia dung duge hinh thoi ﬂL’
ABCD thoa man diéu kién diu bai, ta c6: C O L N

AC la duong trung true cia BD = O € AC. “’A

Cdch dung: Ta lin luot thuc hién: D™,
»  N6i AO cit dudmg tron (O) tai C, 1y I 1a trung diém AC.

*  Dung dudmg thing d qua I va vuong géc vai AC cit dudmg trom
(O) tai Bva D.

Khi d6, ABCD la hinh thoi cdn dung.

Chirtng minh: Vi ut gidc ABCD ¢6 hai duge vuong goc véi nhau vi cal
nhau tai trung diém méi dudmg nén noé 1a hinh thoi.

Bién ludn: Vi AO cat duong tron (O) tai hai diém C, va C, nén bai todn
¢6 hai nghiém hinh.
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CHUBE vy TRi TUGNG POI CUA
3  DUGNG THANG VA BYONG TRON
I. KIEN THUC CO BAN

Vi tri tuong doi cia dudng thang (d) va duong tron (O) duge dinh
gid thong qua so diém chung cua (d) véi (O).

id) (d) A

Nhur vay, ta ¢o ba vi tri tuong doi:

= Néu (d)n(0) = D < (d) va (O) khong giao nhau <> d > R, vai
d = OH va H la hinh chiéu vuong goc cua O 1én (d).

=  Néu (d)n(0) = {H} < (d) uép xic vai (O) tai H <> d =R.
*  Neéu(d)N(0) = (A, B} < (d) va (O) cat nhan <> d <R.

BANG TOM TAT BA VI TR TUONG POI
CUA DUONG TIIAN(. VA BU'UN( TRON
N o o [ So diém |  Heé thire
Vi tri tuong doi TR
| DRSinE chung | gitadvaR

1. Puong thing va dudmg tron khong giao nhau 0 d>R
2. Dudmg thang 1iép xiic vdi duong tron | d=R
3. Puong lhdng cat duu‘ng lron 2 d <R

MLL_- Cho duorng lhdng d va dlém 0 khOng lhuoc d llay néu (.d(.h
dung moét dudng tron tam O sao cho:

a. d khong cit (O).
b. dtiép xic vai (O).
c. dcat(0).
Gidi
Goi H la hinh chiéu vuéng goc cua O lén d.
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Hi__R H| R

H /
a _() 3 “LT—()
[y () by
Hinh a Hinli b Hinh ¢

a.  (Hinh a) Lay diém A nam gitta O va H, roi vé dudmg tron (O, OA).
Khi d6, duong thang d khong cat dudmg tron (O, OA) bai:

R=0A<OHl=d

b. (Hinh b) Vé duong tron (O, OH). Khi do, dmmg_. thang d tiep xuc
vair duong tron (O, ()ll) boi:

R =0H =d.

c. (Iinh ¢) Lay diem B nam trén tia doi cia tia HO. roi vé duong tron
(O, OB). Khi d6, duémg thang d cat dudng tron (O, OB) boi:

R=0B>0H=d.

Chi y:  Nhu vay, dé xac dinh dudc vi tri tuong d6i cua duong thing,
d vai duong tron (O, R) cho trudc, ta can thuc hién theo cac
budc sau:

Buoc I Hla OH vuong goc voi duong, thﬁng d.
Buoc 2 'Tinh d6 dai doan Ol L

Buoc 3 Thuc hién phép so sanh Ol véi R, tu d6 dua ra
két luan.

Ngoai ra:
1. Néu ta co:
A ¢ dva A ndm trong (O, R) - > d : &t (O, R)

danh gia trén cho phép chung ta nhan duoc loi giai don gian
hon rat nhiéu.

2. Aed Ac (O R)vaOA I dthid tiép xuc vii (O)

3. Aed A e (0O,R) va OA khong vuong, goc vai d thi d cdt
dudng tron (O).
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I1. CAC Vi DU MINH 0A

Vidul: Chogéc xAy khic géc bet. Dung dudng tron (O, R) sao cho
tia Ay qua O, dudng thing Ax cat (O) tai hai di'm B va C sao cho
BC = 2a, vdi a < R.

Giai
Phan tich: Gia su da dung duoc duong tron (O, R)
thoa man diéu kién.
Ha OH 1 BC, ta cé:
OH’=0C’-HC' =R’ -2’

— OH = YR? —a’ , tic 1a do dai OH khéong déi
=> O thudc dudmg thing song song vii cach Ax mét khoang bing Ol
Zdch dung : Ta lan luot thuc hién:

s Dung tia Az qua A va vuong goc vai Ax (vé phﬁn mat phiang
chira Ay). ‘

* Trén Az 14y diém A' sao cho AA' = \[R‘—a
*  Dumg dudng thing (d) qua A' va song song véi, Ax. cit tia Ay 6 O.
*  Dung duong tron (O, R).

Chirrg minh: Trudc hét theo cdch dung ta c6 (O, P) va O thudc Ay, ta
phai di chiing minh BC = 2a.

That vay, ha OH L BC, tacé:

OH=AA'= VR? -2a*

BC = 2CH = 2/OC? - OH

=2JR?-(R?-a?) =2a
Bién ludn: Bai todn c6 mot nghiém hinh.
Nhan xét: Cac em hoc sinh hdy thuc hién yéu cdu trén cho céc
trudng hop:
1. a=R

2. a>R.




Chimg minh rang:

a. Néu dudng thing xy khong cat dudng tron (O, R) thi moi diém
cuia xy ¢ bén ngoai duomg tron do.

b. Néu duong thing xy di qua mot diém bén trong dudmg tron
(O, R) thi phai cat duong tron nay tai hai diém phan biét.

c. Néu dudmg thang xy cit duomg tron (O, R) tai hai diém phan biét A,
B thi moi diém nam gitta hai diém A va B déu “ém bén trong dudmg
tron, cac diém con lai (trir A, B) nam bén ngoai duong tron dé.

Gidi

Goi H 12 hinh chiéu vuéng géc ctia O lén duong thang xy.

a. Tur gia thiét suy ra OH > R.

Goi A 1a diém bat ki trén xy. suy ra: H R

OA > OH (Canh huyén 'on bon canh géc vuong) A -

= OA > R < A a0 ngodi dudmg tron.

Viy, moi diém cua ») 0 bén ngodi duong tron (O, R).

b. Goi A la diém v bén trong domg tron (O, R) ma A

dudng thang xy di qua, ta ¢6: (L
OH<O0OA<R

<> xy va (O, R) cit nhau tai hai diém phan biét. %Y

Xy

c. Goi C la diém bat ki nim giita A va B, ta cé: Xy
HC < HA < OC < OA =R y

<> C nam trong dudng tron (O, R) P
~ Vay, moi ¢iém nam gitia hai diém A va B déu A
nam bén trong duomg tron. D

Goi D la diém bat ki ndm ngoai doan AB, 1a cé:

HD>HA < 0D>0A =R
<> D nam ngoai dudng tron (O, R)
Vay, moi diém ndm ngoai doan AB déu nim bén ngoai dudng tron.

Nhan xét:

Trong 10i glal trén ngoai viée sit dung két qua vé vi tri
tuong d6i cua du‘dng thing, vi duong tron chiing ta con su
dung két qua vé vj tri tuong d6i cta diém véi dudng tron,
cu thé véi dudng tron (O, R) va diém M, ta ¢o:

= Néu OM <R <> M ndm trong dudng tron.

* NéuOM =R <> M ndm trén dudng tron.

* NéuOM >R < M ndm ngoai dudng tron.

261



I11. CAU HOI ON TAP LY THUYET
Cau hoi 1:  Viét bang (6m tat ba vi tri tvong doi cua duong thang vi
duong tron. V& hinh minh hoa.

Cau hoi 2:  Néu cic bude can thue hién dé xac dinh duoc vi tri tuong
doi cua duomg thang d vai duong tron (O, R) cho trudc.

Cau hoi 3:  Néu dudmg thang d di qua mot diém A ¢ ben trong duong
tron (O) thi két luan duoc diéu gi vé vi tri trong doi cua d
voi (0). -

IV. BAI TAP PE NGHI

Bai tap 1. Cho goc xAy khic goc bet. |
a. Dung duong tron (O, R) co tam O thuéc Ay va tiép xuc vai
dudmg thang Ax.
b. Dung duong tron (O, R) tiép xtic vdi Ax va Ay.
Bai tap 2. Cho goc nhon xAy, diém C thuoc tia Ax. Dumg duomg tron
(O) tiép xuc vai Ax tai C tam O thudc tia Ay,
Bai tap 3. Cho truée géc xAy khic goéc bet v mot diém B wrén canh
Ax. Hay dung duong tron (O) di qua B va tiép xtic véi Ay tai A.
Bai tap 4. Cho duong thang d, di¢m A thuoc duore thaing diém B nam
ngoai duong thing. Dung dudmg thang (O) di qua B vit tiép xtic vai duong
thang d tai A.
Bai tap 5. Cho AABC vuong can tai A. VE phan giidc B
a. Ching minh ring dudng tron (I; IA) tiép xic véi cic duong
thiang AB va BC,
b. Cho biét AB = a, tinh 1A tirdé suy ra 122230 =2 - 1.

Bai tap 6. Cho nira duong tron tam O duong kinh AB. Liy OA lam
dudng kinh v& nira dudng tron cting nam trén mot nita mat phang bo AB
voi nira dudng tron (O). Trén nira duomg tron duomg kinh OA ldy mot
diém C (khdc A va Q). Tia OC cit nira duomg tron (O) tai D. Ke DH
vuong géc AB. Chimg minh rang t giac AHCD 1a iinh thang cin.
Baitap 7. Goi p, a, r va S ldn luot 1a nia chu vi, canh huyén, bin kinh
duong tron ndi tiép va dién tich cua mot tam gide vuong. Chimg minh rang:

a. r=p-a

b. S=p.a.
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V. HUONG DAN - PAP SO
Bai tap 1.

. - - - .!\ ‘f\' /_
a Fathue heen theo cic budce:
Phan tich: Gia sieda dimg duoe duong tron (O, R)
thoa min dicu kién dau bai. R
Ha OF & Ay, ta co:
Ol=R x' d y

= O thuoc div ¢ thang d song song va cich Ax mot khoang
bing OH (+ . adc nira mat phang chira Ax ¢6 bo Ay).

Cach dung : Ta lan v it thuc hién:

»  Dung tia Az qua A va vuong goc vai Ax (vé phan mat phang
chua Ay).

«  Tren Az lay diém A’ sao cho AA' =R.
» Dung duong thing d qua A' vi song song vdi Ax, cal tia Ay ¢ O.
*  Dung duong tron (O, R).

Chitng minh: Trudc hét theo ciach dung ta ¢6 (O, R) va O thuoc Ay, ta
phai di ching minh (O, R) tiép xtc voi Ax.

That vay, ha OH L Ax, ta co:
OH = AA"'=R < (0O, R) 1iép xiic voi Ax.
Bién luan: Bai toian c6 mot nghiém hinh. A A z
b. Ta thuc hién theo cic budc:

Phan tich: Gia si dd dung duge duong tron (O, R) y
thoa min di¢u kién ddu bai. H

Vi (O, R) tiép xiic vdi Ax va Ay nén tam O
thuoc tai phan gide At cua goc xAy. x! d t

Ha OH L Ay. ta cé:
OH =R

= O thuoe duong thang d song song va cich Ax mot khoan:
bang OH (d thude nira mat phang chita A  co b Ay).

Cach dung : Ta lan luot thue hién:

«  Dung tia phan gidc At ciia géc xAy.
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» Dung tia Az qua A va vuong goc vai Ax (vé phin mat phiang
chira Ay).

«  Trén Az lay diém A’ sao cho AN = R.
»  Dung duong thang d qua A" vasong song vai Ax, cat tia At o O.
*  Dung dudmg tron (O, R).

Chirg minh: Trude hét theo cich dimg ta co (O, R) vir O thuoe Al ta
phai di chimg minh (O, R) u€p xic v Ax vt Ay,

That vay, ha OH L Ax, ta co:
OH =AA'=R < (O, Axi=d(O. Ay) =R
&> (O, R) tiép xuc voi Ax vi Ay,
Bién luan: Bai todn co mot nghiem hinh.
Bai tap 2. Hiomg dan:

Tam O 1a giao Jdicm cue daong
thing d (d qua C vi vuone 2o i
AX) vai tia Ay.

Bai tap 3. /iomg dan:

Tam O 1d giwo diém cioa duomg theng
d (d qua A via vuong goc vai Ay) Vol
duong trung truc cua doan AB.

Bai tap 4. Twong ne hai tip 3.

Bai tap 5.

a. Taco: A \
IA L BA <> 1A = d(1. BA) N\ I
< (I, IA) ti€p xuc vai BA tai A, N

)
:

Mat khic:
BI 1a phan gidc goc ABC
do do (1, IA) tiép xic vai BC.
b. Surdung tinh chat cua tia phan gidc trong AABC, ta ¢o:

IA L(__-AC-—IA <:jl/\ a—1IA e A =a-IA

BA BC BAY2 a a2
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S IA S o =alaf2 =1

J2+l

Khi do. trong AABI vuong tai A, ta c6:

tg ABI =

A = tg22”30' = ;1_(_\/2 . P vz -1, dpem,

BA a

Pé hod trg cho viéc tinh toin cdc em hoc sinh hiy tim doc bo
siach Giai toan bang may tinh cua Nhém Cu Mon.

',

Bo sach gom 4 cuon :

Cuon 1:  Hudng din sirdung may tinh CASIO fx — 570Ms gl todn

Cuon2:  Sirdung miy tinh CASIO fx — 570 giai toan THCS
Cuon 3:  Sirdung may tinh CASIO fx — 570 giai todin THPT
Cuon 4: 81 dé thi Gidi toan trén may tinh CASJO |
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cnUBE  TEEP TUYEN
4  cUA PUSNG TRON

I. KIEN THUC CO BAN
1. le\‘ll NGHIA

Dmh nghm Mot diong thang duoc goi la mét tiép tuyén ciia drro‘ng
tron néu né chi ¢é mot d:em ¢ Imm,r voi d:rmu; tron do.

l\'hlr \'i‘l)'. ta co:

(d) I tiép tuyén cua (0) < (d) N (O) = {11}
Khi do. ta noi " dicong thang (d) la tiép tuvén cuia dicomg tron (O) 1ai 11
2. CAC TINH CHAT CUA TIEP TUYEN

I.| co cic kcl qua sau:

L. Nm mot dicong thaug la mot tiép m_)en cr'a mot duwomg tron thi
né vuéng gé¢ véi ban kinh di qua tiép diém.

2. Néun mot dieong thang vudng goéc vai ban kinh tai nuit ndm trén
dwonyg tron thi duomg thdang dé 1a mét tiép tuyén cia duwong mron.

Ta ¢6 minh hoa: ()
(d) la tiép tuyén cua (O) tai H <> (d) L OH 4
hoac viét:
Néulle (O)vaH e (d
REefAvalield & (d) 13 tiép tuyén cuoa (O) tai 11
(d) L OH

Vm ha: Uep tuy&n ke tir mot diem. ta ¢o kul qu.n

- Néi hai nép luyén cuq ml dlrdng lrdn afr nhau 14/ mge dwm uﬂ

- &iao diem nayv cach dew hai tiép diém va 1o ke i viao diem dé qua
l tam cua dicong wron la tia phan gide cua goc tao bot hai nép mven.

Nhur vay: B
AB via AB' [ hai tiép tuyén cua (O) \
| AB - AB’ £ 0O
" |0AB - OAB' _
B
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3. DUONG TRON NOITIEP TAM GIAC

BDinh nghia: Duong tron ndi tiép tam gidac la dicomyg tron tiép xuc voi ba
canl cia tam gide.

Khi do:

I, Tam gidc do goi la tam gidc ngoai 1iép duong tron.

2. Tam cua duong tron noi ticp tam gidce [ giao
diém cua ba duong phan gidc cua tam giic
(trong thuc t€ ta chi ¢in ldy giao diém cua hai
duong phan giic bai trong mot tam gidc ba
duong phan gidc dong qui).

4. DUONG TRON BANG TIEP TAM GIAC

Dinh nghia: Puong tron tiép xiic voi mét canh cua tam gide va cdac
phdn kéo dai ctia hai canh kia goi la dieémg tron bang tiép cria tam gidc.

Nhur vay, vai AABC ton tai ba duong tron
bang ti¢p va tdm cua mot duong tron bang
tiép 1a giao diém cua mot duong phin gidc
trong voi hai phan gidc ngoai.

I1. CAC DANG TOAN LIEN QUAN

Cic dang todn lién quan téi kién thic cua chi dé nay, bao gom!
Dang I: Chimg minh nhiéu diém cing nam trén mot dudmg tron.
Danyg 2: Quy tich diém 1a mot dudng tron.

Dang 3: Dung tiép tuyén thoa man diéu kién cho trudc.

II1. CAU HOI ON TAP LY THUYET

Cau hoi 1:  Phat biéu dinh nghia tiép tuyén cia duémg tron Vé hinh
minh hoa.

Cau hoi 2:  Néu cic tinh chit cua ti€p tuyén. Hay niinh hoa méi tinh
chat bang hinh vé.

Cau hoi 3:  Phit biéu dinh nghia duong (ron 101 Uép lam gidc.
Neéu ciach xdc dinh tdm duomg tron noi ticp mot tam giac.
Vé hinh minh hoa.

Cau hoi 4:  Phat biéu dinh nghia dudng tron bang tiép ticép tam gidc.
Néu cdch xdc dinh tam duong tron néi tiép mot tam giac.
Veé hinh minh hoa.



Baitodn  PYNG TIEP TUYEN
1 CUA BUGNG TRON

1. PHUONG PHAP
Cic yéu ciu dumg tiép tuyén cua dudong tron (OQ) cho trude thudmg
gap phai mot trong ba dang sau:
Danyg 1: Dung tiép tuyén di qua diém A cho trudc.
Dang 2: Dung tiép tuyén song song vai dudng thang a cho trude.
Dang 3: Dung tiép tuyén vuong goc vai duong thang a cho trude.

Phuong phdp thuc hi¢n ciac dang toin trén duoc trinh bay trong ba
bai todn sau:
Dang I: Tir mot dicm A cho trudce, hity dung tiép tuyén véi duomg tron
(O) cho truac. biét:

a. Diém A nim uén duomg o,

b. Diem A nim ngodi duong tron

Plhuiong phay ey

g Vi A nam tren Jduomg (ron neén tiep tuyén 0
Lo dudmz thang qua A vi vaong goc vor OA.

b. Ta thuc hien theo bon phin:

Phan tich: Gia st da dung duge tiép tuyén qua A tgi duong tron (O) va
co tiep diém la B, ta ¢o:
B
ABO =90"

A

= B thuoc duimg tron duong kinh AO.

Viy, B 1a giao diém cia (O) va dudmg tron
dwrong kinh AO.

Cach dung: Ta thuc hién:

®*  Dung duong tron duong kinh AO, ki hiéu
(AO), dudng tron nay cat (O) tai B va B'.

*  Dung duomg thing AB va AB', d6 chinh
la cdc tiép tuyén can dumg.
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Chung minh: Trong duong tron (AO) ta co ngayv:
ABO =90" => AB I tiép taven cua dudmg tron (0O).
AB'O = 90" = AB' la tiép tuyen cua dudmg tron (0).

Bien luan: Bii toin co hai nghiém hinh (uic 1a, qua A luon k¢ duge hai
HEp tuyén tdi (0)).

Chi v:  Néu diem A nam trony, dudng tron (O) thi qua A khong, thé
ké dugc ticp tuven tarduding tron (O),

Thidu 1: Cho AABC vuong tai A Hay néu ciach dung tié€p tuyén vai
duong tron ngoai 1iép AABC. bict tiep wyén di qua diém:

a. Al
b, B.
Grai

Vi AABC vuong tai A nén duomg tron ngoai
tiép AABC co tam O la trung dicm cua BC.
a. Tiép tuyen qua A [ duomg thimg o qua A va
vuong goc vai OA.

b. Tiép tuyén qua B 1a duomg thang b qua B va
vuong ;_.dc vdi ()B

g b iy il

Dang 2: Cho duon;b tron (0) va mol dutmg tron (d) DLrng tlép luyén cua
dub‘ng tron sao cho tiép tuyén nd} song song VG (d) ’

Pfum’nq phup chrm;
Phan tich: Gia su did dung duoc tép tuyen (1) cua duong tron (O) va

UEp tuyén song song vai (d), goi H L tiép diem, ta cé:/“
traditd) W
Ol L) < O L.

- g , . . ()
Vay. ticp diém H la giao diém cia dudmg tron
(0) v¢'i duomg thang qua O vuong goc véi (d).

Cach dung: Ta thuc hién: /'u
*  Dung dumg thang xOy | (d) varcat (O) tan 1. .
« Dumg duomg thing (1) qua H vi (r
vuong goc vai OH, dé chinh la ticp 1
tuyén can dung. ) 2
(t

Chirng minh: Ta ¢6 ngay:
(t) L OH va(d) L OH = (1) // (d) = {t) 1A tiép tuyén cin dung.

Bién ludn: Bai todn co hai nghiém hinh.
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Thidu 2: Cho duong tron duong kinh AB. Hiy 2¢éu cich dung tep
tuyén vai duong tron, biét ti€p tuyén song song vdi AB.

Grai

Goi O 1a trung diém ctia AB, ta thuc hién:

*»  Dung duong thing d qua O va vuong géc a__H,

vGi AB. Puong thang nay cit dudong tron

tai hai diém H, va 11'1:. | % . B
* Dung hai duong thang a, b theo thi tu di

qua hai diém H,, H, va song song v6i AB. e

Khl d6 a,b la hai tiép luycn can dung

Dang 3 Cho cllrb‘ng tron (O) vh mOt duong thang (d) Dung nép tuyén
clia ducng tron sao cho uép tuyen nay vuong goc VG (d)

Plurong phdp dimg

Phan tich: Gia sit da dung duogc tiép tuyén (1) cae duong tron (O) va
ti€p tuyén vuong géc vai (d), goi H 1a tiép diém, ta c6:

(Hled) @
OH L () < Ol1//(d).

Vay, tiép diém I 13 giao diém cta dudmg tron .
(O) véi dudmg thang qua O song song vdi (d). (1)
Cadch dung: Ta thuc hién: (d)

» Dung dudmg thing xOy // (d) va cit (O) tai H.

»« Dung duong thang (1) qua H va H. H

vuong goéc véi OH, dé chinh 1a tiép 4 !
tuyén can dung. () (1,)

Chitng minh: Ta c6 ngay:
(t) L Ol va (d) // OH = (1) L (d) = (1) 1a ti€p tuyén can dumg.
Bién ludn: Ba 10an co6 hai nghiém hinh.

1. CAU HOI ON TAP LY THUYET

Cau hoi 1: Hay dung 1iép tuyén cta duong tron (O) biét ticp tuycn di
qua diém A thuoc (0).

Cau hoi 2:  Hiy dung tiép tuyen cua duong tron (O) biét tiép tuyén di
qua diém A nam ngoai (0).

Cau hoi 3:  Hay dung tiep tuyén cua dudong tron (O) biét Lép tuycn
song song voi duong thang d che trurde

Cau hoi 4:  Hay dung tiép tuyén cua duong tion (O) biét Liép tuyén
vuong goc voi dudmg thang d cho trude.
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1. BAI TAP DE NGHI

Bai tap 1. Cho AABC can A. Hay néu cich dung tucp tuyen o cua
duong tron ngoar ticp AABC. biet tiep tuyen di awae diem A Chimg
minh rang d // BC.

Bai tap 2. Cho AABC vuong can tar A.

a.  Hay néu cich dung tiép tuyén a cua duong tron ngoai tiép AABC,
biét tiep tuyén di qua diem A. Ching minh rang a // BC.

b. Hay néu cich dung cdc tiép tuyén b, ¢ cua dirong tron ngoai tiep
AABC. biét rang cdc tiép tuyén nay theo thit ir di qua diém B, C.
Chimg minh rang b // c.

Bai tap 3. Cho AABC déu.

a.  Hay néu cich dung tiép tuyén a cua duong tron ngoai tiép AABC,
biét tiep tuyen di qua diém A. Chimg minh rang d // BC.

b. Hay néu cich dung cic ti€p tuyén b, ¢ cua duomg tron ngoai tiép
AABC, biét ring cic tiép tuyén nay theo thi tr di qua diem B, C.
Gia sir b cit ¢ tai D. Chimg minh ring ABCD 4¢u.

IV. HUONG DAN - PAP SO

g o \ i st . a A
Bai tap 1. Vi AABC cin tai A nén tam O cua -~
duong tron ngoai ticp AABC thuoce duong cao
Al do do: 0
AO L BC. B H C

Vay. tiép tuyén qua A 1a duomg thang a qua A va song song véi BC.

Bai tap 2. Vi AABC vuong can tai A nén duomg tin ngoai tiep AABC
¢o tam O la trung diém cua BC. A4

-

a. Tiép tuyén qua A 1a duong thing a‘qua A va
vuong goc var OA. B . C

§)
Vi AO L BC nén a // BC, dpecm.

b. Tacd ngay:

b ¢

« Tiép tuyén qua B la duomg thing b qua B va vuong géc véi BC.
« Tiép tuyén qua C 1 dudmg thing ¢ qua C va vaong goc vai BC.
Tir do, thay ngay b // ¢, dpem.

Bai tap 3. /Huwony din:



a. Tham khao bai tap 1. A a
b. Tac6 ngay:

= Tiép tuyén qua B la dudng thing b qua
B va vuoéng géc voi OB,

B N/ C
» Tiép tuyén qua C la dudmg thang ¢ qua Y

C va vuong goc vai OC.
Xét ABCD, ta cé: D
DB = DC, tinh chat hai ti€p tuyén vdi duomg tron cung di qua D
CBD = OBD - 0BC = 90" — 30" = 60°
do d6 ABCD déu (tam gidc can c6 mot géc bing 60 ).

9
~J
3%



Bditodn SU DUNG TINH CHAT TIEP TUYEN
> GIAI CAC BAI'TOAN BINII TINH VA BINI LUQGNG

I. PHUONG PHAP
Ta nhan thay:
I. Vé&i bai todn cho trude dutmg thang d 12 1*p tuyén cua dudmg
tron (O) tai H, ta s& nhan duoc ngay cac két qua:
(d) LOH va Ol =R.
2. Vdi bai todn cho truéc AM va AN la hai tiép tuyén ciaa duong
tron (0), ta sé nhan duoc ngay cic két qua:
AM 1 OM va AN 1 ON,
AM = AN va MAO = NAO.
Dua vao ciac két qua trén ta thuc hién cac yéu ciu cia bai toan.

I1. CAC VI DU MINH HOA

Vidul; Choduong tron (O, R) vaday AB =2a. V& mét ti€p tuyén song
song vai AB, no cit cdc tia OA va OB theo thi tr 1z ¢ M va N. Tinh dién
tich AMON.

Giuai
Goi H 12 tiép diém va OH cit AB tai 1, ta co: AM
OH L MNvaOll L AB | "
I'rong AOAL ta cé:
= -a o
2

OF=OA’-IA’=R’-a’= Ol = VR? —a? .
Vi AOAL ~ AOMIH nén:

IA Ol IA.OH aR
= S HM = —— = e
HM OH 0Ol JR? —a?
Suy ra:
MN=21M= - 2R

el
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Ta co:

'); : 2
S\MHN = }' OH.MN = I R. = IR a. R

) / 1 f

& VR —a~ \/R'

Nhan xét:  Trong 10 giai tren chiang ta da lua chon phuang, phap
trinh bay ngudc sau suv nghi theo aéu phat sinh veu
cau, cu thé ta nghi :

(]} == - l 2 5 .
* Deétinh Sy = S OILMN c¢an xac dinh MN, tuc la

can xac dinh HM (vi MN = 21 IM).

*  HM dugc xac dinh thong qua su dong dang, cua
AOAI va AOMI |, tir 46 ¢an xac dinh IA va OI .

* JA= l—:\B con O dudc xac dinh thong qua AOIA.
Vidu 2: Cho nira dudmg tron (O) véi duong kinh AB. Tir A va B ke
hai tiép tuyén Ax va By. Qua mot diém M thuoc nua dumg tron nay, ké
tiép tuyén thir ba cat cic tiép tuyén Ax va By lan luot o C va D. Cic

dudmg thang AD va BC cit nhau ¢ N. Chimg minh rang: y
a. MN//AC. X b
b. CM.DB=CD.MN. ¢

Giai A 0 B

a. Theo tinh chat cua tiép tuyén ta c6 ngay DB = DM. AC = MC.
Mat khac, vi Ax // By nén hai tam gidic AANC va ADNB dong dang,
suy ra:
ND DB _ DM
NA AC M
b. Tiurkét qua cau a) suy ra

MN // BD = ((':g Mo <> CM.DB = CD.MN, dpcm.

DB
Nhén xét: Trong loi giai trén:

1. O cdu a) dé chimg minh MN // AC, ta suy nghi theo diéu
kién tuong duong, tic 1a gia sureo :

D D MD-=Dr 3
MN //AC &> N2 _ MD DI
NA

MC MC- AC AC

= MN // AC (dinh li Talet dao).

luon ding vi Ax // By.
Do vay, khi trinh bay 16i giai ching ta da xudt phat tur két
qua DB = DM, AC = MC cung, vdi gia thiét Ax//By.




2. Ocau b) van vdi suy nghinhu trong, a) ta gia su co:

CM MN
CM.DB = CD.MN <> = <>MN /BD /s AC.
CD Dn
Do vay, khi trinh bay 161 giai chung, ta da xuat phat tu
gia thict Ax // By ciing két qua thu duge trong a) d¢ ¢6 nhian xét
MN // BD.

1du3: Tu mot diem A ¢ bén ngoai duong tron (), ke hai tiép
tuyen AB va AC voi duong tron. T mot diem M trén cung nho BC ke
mol tep tuyén thir ba, cat hai tiép tuyén kia tai P va Q. Ching minh
rang Khi diem M chuyén dong trén cung BC thi chu vi AAPQ co gia (ri
khong doi.
Griul B
Chu vi AAPQ duoc cho bai: .
P=AP+PQ+QA=AP+PM+MQ+ QA
= AP+ PB + QC + QA = AB + AC, khong doi. ¢

Viy chu vi AAPQ khong doi.

1. CAU HOI ON TAP LY THUYET

Cau hoi 1:  Hay néu cic két qua duoe sur dung kh. biét duong thang d
la ti€p tuyén cua duong tron (0) dé giai cic bai toan dinh
tinh va dinh luong.

Cau hoi 2:  Hay néu cic két qua duoge sir dung khi biét AM., AN Ii hai
ép tuyén cua dudmg tron (O) dé giai cic bai toan dinh
tinh vi dinh luong.

V. BAI TAP PE NGHI
Bai tap 1. Tir mot diém A & bén ngoai duong tror (O K v& hai tiep
tuyén AB, AC vai dudmg tron. Trén cung nho BC 1ay mot diem DL Tiep
tuyén tai D cua dudng tron cat AB tai M, cat AC tai N. Cho bict dung
cua AABC va tinh chu vi ctia AAMN trong cdc truemyg hop sav
a. OA=2R.
b. OA=RV2.
Bai tap 2. Cho AABC vuong tai A, AB = 6cm AC = Scm. buong tron
(D) noi tiep AABC tiép xuc vai AB, AC theo thii tro D, F

a. Tinh BIC.
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b. Tinh dién tich ur giac ADIE.

V. HUONG DAN - PAP 50
Bai tap 1. Ta da biét két qua‘trong vi du 6, nhu sau:
S\ = AB 4+ AC = 2AB.
Pé xdc dinh dang chia AABC (can tai A), ta xét:

sinOAB = E)Ii .
OA

a. V&i OA = 2R, ta duoc:
sinOAB = ;; = _') <5 OAB = 30" ¢ CAB = 60" <> AABC déu.

—

Khi dé:
Syuuw = 2AB=210A% ~OB’ =24R> —R? =2R 3.

b. V&i OA =RV2, ta duge:
sinOAB= K - i & OAB = 45" < CAB =90’
VIR V2
<> AABC vuéng can tai A.
Khi do: _
Ssaun = 2AB = 2J0A- oB* —2J§R- _R? =2R.

Bai tap 2. ¥
a. Trong AIBC, ta cé: DA
BC + 1C 34@ ¢

BIC = 180" - (IBC + ICB)
= |80° - %(ﬁ-t é): IR()"— l 90": 135",

b. Goi r 1a ban kinh dudng tron ndi tiép AAB(
Xet nr gmu ADIE, ta c6: 1A (R 7,
A=D =E=90"valID = IE =1 = ADIE |2 1inh yuong
do do: | o T e 7 /
Sivie =1 51 YARIRE LV
Trong AABC, ta co: T ,
SAABC = _l) AB.AC = ; pr= 7‘) (AB+ AC + BO).r

ABAC w8

sy == - — :
AB+AC+JAB +AC‘ 6+H+\¢b h

Vay ta duoce:
S = - 4em,

R



Bditodn  CHUNG MINII MOT DUING THANG
3 LATIEP TUVEN CUA BUGNG TRON

I. PHUONG PHAP
D¢ chimg minh dudng thang d 1a tiép tuyén cia dudng tron (O, R), ta
co thé lua chon mot trong hai ciach sau:
Ceich 1: N€u biét mot giao diém A cha d va (O) thi ta di ching minh:
OA Ld.
Cach 2: Ha OA vudng goc vai d, ta di chimg minh:
OA=R.

I1. CAC VI DU MINH HOA

Vidu l: Cho AABC cén tat' A n0i ti€p duong trdn tam O. V& hinh
binh hanh ABCD. Tiép tuyén tai C ctia duong tron cat duﬁmg thaing AD
tai N. Chimg minh rang:
a. Dudmg thing AD Ia tiép tuyén cia dudng tron (0).
b. Ba dudng thing AC, BD va ON cung di qua ot diém.
Giai
a. Vi AABC can tai A nén:
OA 1 BC. [
Vi ABCD Ia hinh binh hanh nén:
AD // BC = AD 1 OA
<> AD la ti€p tuyén cua duong tron (0). B C
b. Goi I 1a giao diém cua AC va BD, suy ra:
I 1a trung diém AC
=1 € ON (vi NA, NC déu 12 tiép tuyén ciia (O))
Vay, ba duémg thang AC, BD va ON cung di qui diém L.
Nhin xét: 1. Nhu vay, trong vi du trén dé chimg minh AD la tiép
tuyén cua dudng tron (O), ta chi phai di chimg minh
AD 1 OA bai A thuéc (O).
2. Vi yéu chu nguoe lai " Tim diéu kién dé dieong thang d
la tiep tyén cua diomg ron (O, R) "', ta cin co:
d(O,d)=R
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Vidu2; Tirmot diem A & bén ngodi dudmg tron (O, R). v& har tiep
tuyen AB, AC vai duong tron. Puong thang vuong goc vor OB tai O cat
tia AC tai N. Budng thang vuong goc véi OC 1ai O cat tin AB 1 M,
a. Chimg minh (o giac AMON 13 hinh thot
b. Biém A phar cach O mot khoang la bao nhiéu de cho MN 1a tuep
tuyén cua duong tron (O) ?
Giui
a. Xétur giac AMON. ta co:
AM // ON, vi cung vuong géc vai OB.
AN // OM, vi ciing vuéng goc voi OC.
do do AMON [a hinh binh hanh.
Mat khic, xét hai tam giac vuong AOBM va AOCN, ta cé:
OB=0C =R
'(ﬁ)l =0,. vi ciing phu véi goc MON
do do:
AOBM = \OCN (canh huyen va goc nhon) = OM = ON.
Viay, AMON la hinh thoi (vi no la hinh binh hinh ¢6 hai canh lién
tiép bang nhau).
b. Dé MN ti¢p xtic var (0. R) dicu kién la:
d(O. MN) =R < Ol =R < AO =2R.
Vay. vat OA = 2R thi MN la ticp tuyén cua duong tron (O),
Viduld: Cho duong tron (O), duong kinh AB. V'™ €D vuong goc vai
OA tai trung diem 1 cua OA Cic tép tuyén var duomg tron tai C vatai D
cat nhau o M.

a. Chimg minh ring ba diém M, A, B thang hang.
b. Td giic OCAD I hinh gi ?
c. Tinh CMD

d. Chung minh rang duomg thing MC la tiép
tuyén cua duong tron (B, BI).

Giai M
a. Taco nhan xét:

= AB la duong *ung truc ctia CD (vi né di quas
trung diém 1 ~ua CD va vuéng goc véi CD).

* MC = MD (tinh chat giao di€ém cua hai tiép tuyén ) = M thudc
dudng trung truc cia CD = M thudc AB.

Vay, ba diém M, A, B thing hang.
278



b Tir gidac OCAD cd hai duong chéo vudng goc voi nhau va cat nhau
tai trung diém moéi dudmg nén no la hinh thoi.

¢ Trong AAOC ta co:
OA = 0OC = CA < AAOC 1a tam gidc déu = AOC =60
= CMO =90"- 60" = 30" = CMD =60".
d Ha BK vuong goc v MC, ta ¢o nhin xét:
Cy = C2 = 30° =5 CAla tia phan gidc cua géc MCD .
AC L BC = CB la tia phan gidc cia géc KCD = BI = BK.

Khoang cich BK bang ban kinh duong kinh duong tron (B, BI) nén
MC la tiép tuyén cua dudng tron (B, BI).

L

Nhan xét:  Trong ldi giai trén:

1. O cau a) dé chung minh M, A, B thing hang chung, ta
xac dinh vi tri cda ching d6i véi CD va cu thé chung ndm
trén dudng trung truc cua CD do d6 xuét phat tir nhan xét
AB la trung truc cua CD chuing ta ¢dn chimg minh M cling,
thudc trung true cta CD, diéu nay chi xay ra khi MC = MD.
2. O cau b) chung ta su dung két qua " Hinh thoi ¢6 hai
duony chéo vudng goc vei nhau va cit nhau tai trung Jiém
cua moi duong "

3. O cdu ¢) ching, ta st dung két qua cdu b) va tinh chat
thu 3 cua tiép tuyén duong, tron.

4. Ocau ¢) chung ta st dung két qua v3 vi tri tuong d6i caa
du’dng thing vai duong tron d€ dua ra ket luan cho tiép
tuyén MC, va dé thay MD ciing, la tiép tuyén cua (B, BI).

5. Cac két qua d cau a) va cau d) van dung néu thay
diéu kién "trung diém I cua OA" bdi "I ndm gida O va
A" Trung truong hdp nay ta thmg minh
MCA - ACD bé’mg nhan xét MCA pl.u AQO, ACD phu
CAO, ma ACO = CAO nén MCA = ACD.

I11. CAU HOI ON TAP LY THUYET

Cau hoi 1: Hay néu cic ciach dé chimg minh dudng thing d 1a tiép
tuyé€n cua duomg tron (O, R).

Cau hoi 2:  Dé duong thang d 12 ti€p tuyén ctia duomg tron (0 R) diéu
kién la gi ?
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IV. BAI TAP PE NGHI
Bai tap 1. Cho nura duomg tron tdm O dudng kinh AB. T mot diém M
trén nira duong tron ta vé ticp tuyén xy. V& AD va BC vuong goc vdi xy.
a. Chimg minh rang MC = MD.
b. Chimg minh ring AD + BC c¢6 gia tri khong dédi khi diem M
chuyén dong trén nira dudng tron.
c. Chimg minh rang dubng tron dudmg Kinh CD ti€p xic vdi ba
duong thang AD, BC va AB.
d. “Xdc dinh vi clia di€ém M trén nira dudng tron (O) dé cho dién tich
it gidc ABCD |6n nhat. |

Bai tap 2. Cho AABC vuong tai A, duong cao AH. Goi O '1a 1am dudng
tron ngoai nep tam gidc ABC, d 1a ti€p tuyén cua duong tron tai A. Cic
tiép tuyén cua duong tron tai B va tai C citdtheo thftwgDVAE

a. Tinh DOE.

b.  Ching minh rang DE =BD + CE. |

c. Ching minH ring BD . CE = R*(R I ban kinh dudng tron (O).
| d. Chitg minh ring BC 12 tiép tuyén cuia dudng tron cé dudng kinh DE.
Bai tap 3. Cho AABC cén tai A, céc dudmg cao AD va BE cit nhau &
H. Goi O la tAm dudng tron ngoai 1i€p tam gidc AHE.

‘a. 'Chimg minh ring BC=2ED. = v

b. Chimg minh rang DE la ti€p tuyén cta duémg tron (O).

c¢. Tinh do dai DE biét DH = 2cm, HA = 6cm.
Bai tap 4. Cho AABC can tai'A, 112 tam dudmg tron ndi Liép, K la tam
duong tron bang nép trong goc A, O la trung diém cua IK.

‘a..: Chimg minh rang bon dl,ém B, I, C, K ciing thuoc, mot dudmg tron

tam O. _
b. Chimg minh AC la tiép luyén cua duong tron fO)
c. Tinh bén, kinh dumg tron, (O) biét AB AC= 20¢m, BC = 24cm.

V. HUONG DAN - DAP SO

Bai tap 1. Yy | _ '
a. Xétur gidc ABCD, ta co:
AD // BC, vi cling vuoéng géc véi xy | 1

= ABCD 1a hinh thang vuong. Voo LY Y,
Mat khdc, ta lai cé: T O o A oH B
( OA =0OB
BN ~¢>OM la duomg trung binh = MC = MD. '
OM//AD
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b. Dua theo két qua cau a), ta duoc:
AD + BC = 20M = 2R — khong doi.
¢.  Ha MH vuong goc véi AB, ta co ngay MH = MC.
Vay, dudmg tron duomg kinh CD tiép xdc vdi ba duong thing AD.

BC va AB.
d. Taco;

S ncp = ; (AD + BC).CD = _') 2R.CD=R.CD.

Do do6. S, 4, 16m nhat khi va chi khi CD Ién nhat.
Trong hinh thang vuong ABCD, ta cé nhian xét:

CD<AB=2R =CD,,, =2R
dat duoc khi:
ABCD la hinh chit nhat < OM L AB
<> M la diém giita ciia cung tron duong kinh AB.

Bai tap 2. HHoc sinh tir vé hinh.
Vi AABC vuong tai A nén O 1a trung diém BC.

a. Nhan xét ring:
DA, DB la tiép tuyén cta dudng tron (O)
= DA = DB va DOA = DOB.
EA, EC 1A tiép tuyén cua duomg tron (O)
= EA = EC va EOA = EOC.
Suy ra:
180" = 90°.

DOE = DOA + EOA = —;'(AOB +AOC) =

| =

b. Dua trén két qua cau a), ta co ngay:
DE = DA + EA = DB + EC, dpem.
Xét hai tam gidc vuong AOBD va AECO, ta cé:

C.
BOD = CRE0, géc ¢6 canh tuong img vudng géc

do dé:
AOBD - AECO
98 _BD . mp.CE=0BOC=RR=K
EC CO
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d. Goi I la trung dicm DE, suy ra I la tam duong tren (DE).
Trong hinh than2 vuong BCED, ta ¢6:
OI 1a duong trung binh = O1 // BD
=> Ol L BC. vi BC vuéng goc vai BD
=> BC la tiép tuyén ctia duong tron duong kinh DE.
Bai tap 3. (Hoc sinh tie vé hinh) Hicong der: :
Vi AABC can tai A, duong cao AD do do D la trung diem BC.
a.  Trong ABCE. vuong tai E, ta co: |
2D 14 trung tuén thuoc canh huyen — BC = 2ED.
b. Ching minh DE vuéng goe vai OL:.



Bdifodn  SUY DUNG TENH CHAT TIEP TUYEN
4  TIM QUY TICH DIEM

. PHUONG PHAP

Vice st dung tinh chit cua Lép tuyén dé tim quy tich diem M, duoc
hicu la viéc Khai thac cic tinh chat dé dé chi ra tinh chat caa diem M
trong phan thuidn cua bai todn quy tich.

1. CAC VI DU MINH HOA

Vidul: Cho duong tron (O; 2cm) va mot diem A chay trén dudng

tron do. T A vé tiép tuyén xy. Trén tia Ax lay diem M, trén tia Ay liy

dicm N sao cho AM = AN =2./3 cm . Tim quy tich cic diém M va N.

Crictr

Phan thuan: Vi hai diem M, N diém A thoa

man dicu kién diu bai.

Trong AOMN, ta co: T

OA Ta duong cao va trung tuyén M A N
&> AOMN can tai O <> OM = ON. LR R XK

Trong AOAM vuong tai A, ta ¢o:

OM = VOA’ + MA?
= VR +3R? =2R. ,

<> M. N thuoc duong tron (O, 2R).
Phéan ddo: Lay diém A bit ki trén dudmg tron (C, R). Tir A vé tiép
tuyén xy voi dudng tron (O, R), ti€p tuyén nay cat (O, 2R) tai M va N.
Ta phai chimg minh AM = AN =R /3.
Ta co ngay AM = AN.
Trong AOAM vuong tai A, ta co:
AM = YOM? —0A? = Y4R? -R? =R+3.
Keét luan: Quy tich cua cic diém M. N 12 duong tron (O. 2R).
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Nhan xét:  Nhu vay, trong l0i giai trén Lhuny ta da khai thac hai tinh
LR i chat cua tiép tuyén MN, bao pom: ‘

I. OA | MN tir d6 ap dung vao AON N cén tai O.

2. OA =R tirdo ap dung vao \OAM vudng, tai A.

Trong vi du tiép theo, chung ta di thee hién mot vi du co
ban vé bai toan quy tich diém thoa man tinh chat tiép
tuyén, hdy nhd ring dang toan nay sé dugc gap lai trong
chuong trinh toan THPT.

Vidu2: Cho duomg tron (O, R). Tim quy tich cua di¢m A ma tir dé
ké duoce hai llep tuyén AB, AC 151 (O, R) sa0 cho BAC = 60"

Giai
Phén lhuan Gia su ton tai diém A thoa min diéu kién dau bai.

rongAOAB ta co:
BAO = © BAC = 30° %
2 . ‘.
= O0B= ZIZ OA

< OA =20B=2R
=> A thudc duong tron (O, 2R).
Phdn ddo: 1.4y diém A bat ki trén dudng tron (O, 2R). Tir A vé hai tiép
tuyén AB, AC véi duémg tron (O, R). Ta phai chimg minh BAC = 60"
Trong AOAB, ta cé:

-----

OB = i OA =5 BAO = 30“:> BAC = 2BAO =60,

Két lugn: Quy tich cua d;ém A la duérng tron (O, 2R).

Nhan'xét: ' 1. Trong 18i giai trén, dua vao dang dac biét cua AOAB
vuong tai B, ching ta tinh duge dd diaw doan OA. Tuy
nhién, trong moi truomg hop ta déu < thé tinh duge do dai
doan OA bang cich sir dung hé thirc lugng gide cua hdm s6
sinBAO.

2. Ching ta sé di giai bai toan tong quat la:
" Cho duong tron (O, R). Tim c}ﬂ}? tich cua diém A
-ma tir do ke duvc hai tiép tuyén AB, AC 65 (O, R)
sao cho BAC =2a".
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Ta sé lan luot thuc hicn:

Phan thudn: Gia sir on tai diém A

thoa man dicu kién diu bai.
Trong AOAB, ta ¢6:

BAO = ,l’ BAC =«

Of==08_. B W © .

sin BAO sina Mg i

R
=» A thuoe duomg tron (O, - - ).
sina

3 » 0 a R “gw
Phan dao: 1.4y diem A bat ki trén duong tron (O, ). Tir
sinu

A vé hai ti¢p tuyén AB, AC vgi duong tron (O, R). Ta phai
chimg minh BAC = 2a.
Trong AOAB, ta co:

sinBAO = QE = —R— = sinat
OA R
sina

— BAO =a - BAC = 2BAO =«

x o R
Két luan: Quy tich cua di¢m A 1a duong won (O, —— ).
sina

I1I. CAU HO1 ON TAP LY THUYET

Cau hoi 1:

Cau hoi 2:

Viéc sir dung tinh chat ctia ti€p tuyén dé tim quy tich diém
duoc thue hién nhu thé nao ?

Hay trinh bay l&i gidi cua bai todm " Cho dirong tron
(0. R). Tim quy tich ctia diém A ma tir dé ké dioc hai tiép
tuyén AB, AC 16i (O, R) sao cho BAC = 2"

IV. BAI TAP DE NGHI
Bai tap 1. Cho dudng tron (O, R). Tim quy tich cia diém A ma tir dé
ke dugc hai ti€p tuyén vudng goéc voi nhau 16i (O, R).

Bai tap 2. Cho dudng thing (d) va mot diém A & trén dudng thing do.
Tim tap hop tam céc dudng tron tiép xiic véi dudmg thang (d) tai diém A.
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Bai tap 3. Cho duong thang (d). Tim tap hop tam cic duomg tron ¢o
bin kinh bang R va tiép xuc vor duong thing (d).

Bai tap 4. Cho hai dudng thang cat nhau. Tim tap hop tam cic duong
tron tiép xuc vai hai duong thang do.

Bai tap 5. Cho duong tron (O. R) vi dicm A ¢6 dinh trén dudng tron
dé. Qua A vé 1iép tuyén xyv. Tir dicm M trén xy vé tiép tuyén MB 6
duong tron (OQ). Hai duong cao AD va BE cua tam giic MARB cal
nhau tai H.

a. Chimg minh rang ba diém M, H, O thing hang.
b.  Ching minh rang uf gidc AOBH Ia hinh thoi.
¢. Tim quy tich cua diém H khi M chay trén xy.

V. HUONG DAN - PAP SO
Bai tap 1. i ™

Phdn thuan: Gia st ton tai dicm A thod man
di¢u kién diu bai.

Trong AOAB, ta c6:

BAO = l BAC =45'= BA=0B=R
OA = VOB’ + BA? =R+/2 = A thuéc dudmg tron (O, R+/2 ).
Phan ddo: 1.dy diem A bat ki trén duong tron (O, 2R). Tir A vé hai tiép
tuyén AB, AC véi dudmg tron (O, R). Ta phai chime minh BAC = 60"
Trong AOAB. ta ¢o: '
nBAD = T B o V2 = sind5"
OA Ry2 2
= BAO =45"= BAC =2BA0 =9
Két luan: Quy tich ctuia diecm A la duong tron (O, o ).
Bai tap 2. Huony dan
Puong tron (O) tiép xiic voi d tai A

d

Zs, O I C/W
A a

N

Vay. quy tich i cac dirome tron 1ép
xue var d tar ALy duong thang a qua A
vavuong poc vor d.
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Bai tap 3. Huong dan
Buong tron (O, R) tiep xuic vdi d néu:
d(O. d)=R. - i
Vay, quy tich tam ciac Jidme trom co e
bin Kinh R ticp xuc vor o b duone
thang a. b song song vit Khoang cich nr
chiing dén d bang R.

Bai tap 4. Huong dan
Duong tron (O) tiép xuc voi a v b - i
(0, a) = d(O, b). R,
Viy, quy tich tam cac duong tron tép /
xuc vor a va b la hai duong phan giac d, p
va d. cua goc tao boi a va b.

Bai tap 5.
a. Goi I 1a trung diem AB.
= Vi MA, MB la tiép tuyén nén
M, O. I thang hang.

= Vi AMAB cin tai M nén MI 1a
duong cao do do M, H, I thang
hang.

Viy, ba diem M. 1, O thang hang.
b. Xét ur giac AOBLH, ta ¢o:
AQ // BEHL vi cing vuong goc vt MA.
AH // OB, vi cung vuong goc voi MB.
do dé AOBH 1a hinh binh hanh.
Mat khac, ta c6 ngay OA = OB =R.

Viy. AOBH la hinh thoi (vi né la hinh binh hanh ¢oé hai canh lién
tiep bang nhau).

¢. Theo két qui cdu a), ta co:
AH=0A=R = H € (A, R).

Han ché qui tich: Hoc sinh tie lam.
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Nhom Cwe Mon ching 161 dd va dang theo dudr mue tién viér ra diige
mét bo gido trinh Todn phé thong (PTCS va PTTH) voi néi dung bao gom:

1
2.

»

Ddy dii cace kién thite theo quy chudn ciia BGD va DT .
Kisn thite dicge trinh bay theo kiéu ddr vin dé va cdc yen can
hanh déng dé thay doi kiéu day hoc theo 161 thu déng.

Sau méi clui dé kién thite dén 6 phdan hiong dan sir diung mdy
tinh Cusio Fx570 Ms hodc cdae phan mén mdy vi tinh dé tro giip
cho viéc giai todn (gidm thiéu cde bai todn tinh todan phitc tap ).

Nhitng chii dé kién thte can thiét sé dicoge ¢t nho thanh phan 1y
thuyét va cdac dang todan dé gitip cho viéc day va hoc ndng cao.

C6 diu CD kém theo dé”
»  Gido vién cé thé thuee hién bai'giang bdang mdy chién.

»  [Hoc sinh 6 thé hoc ngay trén mdy tinh.

Do vdy. chiing t6i rat mong nhan dige phitng § k 'én déng gdp 6 tinh
xdy ditng cha tat cd cde Thay gido, Coé gido, Nha nghién citt, Phu
huynh va Hoc sinh trén toan quéc.
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[ 6: ’ 2 -
CMUBE vy TRi TUONG BOI CUA
55 HAI BUONG TRON
I. KIEN THUC CO BAN
Khi xét vi tri tuong déi cia dudng thiang véi dudrg tron ta can cif vao

s6 diém chung caa hai duong doé. Tuong tr nhu vay. ta xét duge vi tri
twong déi cua hai duomg tron.

Hai dwong tron phan biét khong thé 6 qud hai liém chung, hoi vi
quu ba diém thang hang khong thé cé6 mot dicomg tron, con qua ba
diém khéng thang hang chi ¢6 mét duong tron duy nhat.

Nhu véy. hai dudmg tron phan biét chi ¢6 thé:
* (6 hai diém chung.
* 6 mot diém chung duy nhat.
=  Khong c6 diém chung. .
[ggg " Hai dudng tron néu ¢6 nhiéu hon hai diém chung thi ching
trung nhau.
Cho hai dudmg tron (O, R) va (O, r) véi R > rvad = 00’, ta xét:
1. HAIDUONG TRON CO HAI DIEM CHUNG

Truomg hop nay goi 1a hai dtréfng tron cdt nhau, méi diém chung goi
12 mot giuo diém.

Sir dung bat dz‘mg thire tam gidc trong AAOO' ta co:
~0'A<O00 <OA +OA,
tir dé suy ra diéu kién:

[ R-r<d<R+r

Nhian xét: Hai dudng tron cat nhau:
I. €6 hai tiép tuyen dmny va chung,
déng quy voi duong, théinp 00.
2 Neu hai toan én v dudng phy, ta
thuting ve them dav dung ciadhuing,
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Bai todn: Cho hai duong tron (O, R) va (O, r) véi r < R cat nhau tai A
va B. T1iy dung tiép tuyén chung cua hai duong tron do, biet Q0" =d.
Giiar
Phan tich: Gia su di dung duoc 1iép tuyén
chung cua hai duong tron va M. M thco tha
tr 1 tiép diem cua tiép tuven chung van (0.
R) va (O, 1). Gor A 1 diem dong quy
cua hai tiép tuyen vaoi OO0, ta co:

AO" _ OM _r

AO OM R

— AO' = (AO' + 0'0). };

rd : -
= AO' = = = xdc dinh duoc vi tri cua dieém A.
-_— l'
Khi doé:
*  Tiép dicm M’ 1a giao diém cha (O') va dudmg tron duimg kinh AO
*  Tiép diém M la giao diem cua dudng thang AM' va duomg tron (O).
Cdch dung: Ta thuc hién:
, 3 , , , d
*  Xadc dinh diem A tren tia OO' sao cho AO' = Rl—- :
*  Dumg duong tron duomg kinh AO', duong tron nay cat (O') tai M.
*  Dung duomg thing AM', d6 chinh 12 tiép tuyia chung cin dung.
Chimg nmunh: Ta co ngay:

AM'O' =90" = AM' la 1iép tuyén cua duomg tron (O).

‘rd
AO" AO' N R;r _L_Q'_M;
AO AO'+0O0O rd id R OM
R-r
= 0OM//OM = 0OM L AM

= AM ' la tiép tuyén ctia duomg tron (O).

Bién ludn: Bai toin cé hai nghiém hinh (tic 1a tcn tai hai tiép tuyén
chung cua (O) va (O")).
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2. HAI DPUONG TRON CHI CO MOT DPIEM CHUNG

Truong h(lm nay goi la hai dicong tron tiép xiic nhau, via diem chung
duy nhat duoce goi la tiép diém. Ta c6 hai kha nang ti¢p xac:

Tiép e nyodi Tiep vuc trony
L]
A .
d=R +r [ d=R-r
Nhan xét: 1. Hai dudng tiép xuc ngoai vdi nhau ¢o ba tiép tuyén

chung,.

M 1(
<@f-o)

‘2 Hai dudng tiép xuc trong vdi nhau 6 mot tiép tuyén
chung,

3. Hai dudng tiép xic véi nhau ma can vé dudng phu,
ta thudng vé thém tiép tuyén chung cua ching,

3. HAIDUONG TRON KHONG CO PIEM CHUNG
Truong hop nay goi 1 hai dicong tron khong giao nhan.

Ta ¢o hai Kha nang:

Nyodai nhau Trong nhau
L A
d
d>R +r 1 ' d<R-r |

1. Hai dudng tron phan bi¢t cung tam (d = () goi la hai
duong tron dong tim.
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2. Hai dudng tron ngoai nhau c6 bon tiép tuyén chung,
trong do:
= 6 hai tiép tuyén chung cit doan OO'.
= (6 hai tiép tuyén chung khong doan cit OO'.

3. Hai dudng tron ¢ trong nhau khong, ¢6 tiép tuyén chung

4. MOT SO TINH CHAT

Tinh char 1: Pudng néi 1am la truc doi ximg cua hinh tao boi hai
duong tron.

Tinh chat2:  Néu hai duong tron ¢at nhau thi day chung vuong goc
voi dudng noi tam va bi duong nay chia lam hai phan

bang nhau. A

Cu thé, theo hinh Vé ta c6:
el
va IA = B. B

Tinh chdr 3:  Né€u hai dudng tron 1i€p xic nhau thi tiép diém nam
trén dudmg noi tam.

“Cu thé, theo hinh v& sau tac6 O, O', A thang hang.

A

I1. CAC VI DU MINH HOA

Hai duong tron (O) va (O’) cat nhau tai A va B. T A vé
duong kinh AOC va AO'D. Chimg minh rang ba” liém B, C, D thang
hang va AB vuong géc vaéi CD.

Gidai
Goi 1 1a giao diém cua AB va OO/, suy ra I la

trung diém cua AB. &
* Trong AABC, ta c6 Ol la dudng trung bmh1 nén: c9

Ol // BC. p:

*=  Trong AABD, ta c6 O'l la dudng trung binh, nén:
O'l // BD.

B C
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Suy ra OO' // BC // BD, nén ba diém B, C, D thang hang.
Vi
AB L 00" = AB 1 CD.
Nhan xét: 1. Trong loi giai cua vi du trén chiy, - ta da tan dung day
d tinh chat cua hai dudng tron cat nhau.
Thi du tiép theo sé minh hoa viéc s dung tinh chat
cua hai dudng tron tiép xuc vdi nhau.

9

Vidu2: Cho hai duong tron (O, R) va (O’, r) ti€p xiic ngoai véi nhau tai
A. V@ tiép tuyén chung ngoai BC (B thuoc duong tron (O), C thudc duong
tron (O°).

a. Chimg minh rang A ABC la tam gidc vuong.
b. Tinh s6 do géc OMO .
¢. Tinh dién tich tir gidc BCO'O theoR var.

d. Goi I la trung diém cua OO’. Chimg minh ring BC la tiép tuyén
cua duong (1, IM).

Giai

a. Qua A Vé ti€p tuyén chung trong, cat BC tai M, ia co:
MA = MB tinh chat tiép tuyén cia (O, R)
MA = MC tinh chat ti€p tuyén cta (O',r)

=>MA=MB=MC= %BC.

Tic 14, AABC c6 trung tuyén AM (g véi canh BC bang nira canh dé
nén la tam giac vudng.

b. Theo tinh chat hai ti€p tuyén cit nhau, ta cé:
* MO la tia phan gidc ciia géc AMB.
= MO’ la tia phan gidc ctia géc AMC .
Suy ra:
OMO' =90 (bdi n6 hop bdi hai tia phan gidc ciia hai géc ké bun)
c. Ta giac BCO'O c6 OB// O'C (vi cung vudng goc vdi BC) nén ut
giac nay la hinh thang, do doé:
Sscao = %(OB +O'C)BC.

Ha O’D L OB, suy ra:
tr gidc BCO’H 1a hinh chir nhat = BC = O’H.
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Trong AOO’H ta cé:
O'H =00 —OH =(R +r) — (R —r)y=4Rr

- OH=2+Rr.

Vay:
LY

] i i
Sacoo =5 (R + r).2vRr = JRr (R +71).

d. Tacé ngay IM la dudng trung binh cia hinh thang BCO 0, do dé:
IM//OB = IM L BC. ‘
Vay, BC la tiép tuyén cua duong tron (1, IM).

Nhan xét: 1. Ta cang c6 OO' la tiép tuyén cua dudng tron co
duong kinh BC.

2. Chung ta da biét rang " Néu duong thd}rg d di qua
mot diém o bén trong duong tron (O) thi no cat
duong tron ndy " va cau hoi dugc dat ra d day la néu
thay duong thé’;ng d bing mot dudng tron thi ¢6 thé
két luan duge gi vé vi tri tuong doi cua hai duong
tron nay. Vi du tiép theo sé minh I oa nhan dinh nay.

Vidu3: Chimg minh ring néu mot dudong tron di qua mot diém bén
trong va mot diém bén ngoai mot duong tron khac thi hai duong tron cat
nhau tai hai diém.

Giui
Gia st duomg (O) di qua A va B, trong dé A o én ngoai (O’), Bo
bén trong (O’). Goi R, r theo thit tr la bin kinh cua cac duong tron (O),
(O0’). Ta cé: <
OA=0B=R,0O’A>rva0O'B<«r.
' Xét AOO’B ta c6:
00’ < OB+ O’B<R+r (1) 2

*= Néu R 2 rthi trong AOO’B, ta c6: ‘e
00’>20B-0OB>R-r (2)

* Néur =R thitrong AOO’A, 1a ¢6:
00’20’'A-0A>r-R  (3).

Tir d6 ta duoc:
IR —r| <00'<R +r < hai dudmg tron (O) va (O') cat nhau.
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Nhan xét:  Nhu vay, trong 10i giai cta vi du trén chung ta da su
dung, cac kién thuc:
* Vi tri tuong doi caa mot diem vai dudng tron.
»  He¢ thuc lién hé gita cac canh ¢( a tam giac.

D¢ tir d6 nhan dudc bat ddng thue [R — | <00 <R +7r.

Vidud: Cho doan thing AB va mot diém M khoug trung véi. VE cic
duong tron (A, AM) va (B, BM). Hiy xdc dinh vi tri twong déi cha hai
duong tron nay, tir do suy ra so tiép tuyén chung cua chiing.

(;f(il'
Dé xét vi tri tuong déi cta hai duong tron (A, AM) va dudng tron (B,

BM), ta phai xét cdc trudng hop vi tri ctia diém M d6i véi doan thang
AB.

Triong hop 1: Diém M nam gitta A va B, ta c6: 17
AB=AM+MBe>d=R +r. “ﬁ--
e 2N
ay, hai duomg tron ti€p xic ngoai vai
nhau va do dé ching cé ba ti€p tuyén
chung.

Truong hop 2: Diém M nam trén tia déi clia tia AB (hoac tia d6i cta tia
BA), ta c6:

AB=BM-AM&d=R-r
AB=AM-BM&d=r-R

Vay, hai duong tron ti€p xic trong véi
nhau va do dé ching cé mot ti€p tuyén
chung.

Truomg hop 3: Piém M nidm ngoai dudng thing AB, ta cé:

| MB - MA | < AB < MB + MA gj;
<:>|R—r|<d<R+r. . X

Vay, hai dudng tron cat nhau va do dé
chiing ¢o hai tiép tuyén chung.

Nhan xét: Dé tranh bo s6t truong hop, ciac em hoc sinh hdy nhé
lar vi tri twong doi cua diém va dudmg thang, cu thé véi
diém M va dudng thang AB (M khong trung véi A, B)
cho trudc, ta co:
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0 1. Néu M thude dudng thing AB, khi do:
* M nim gitta A va B.

- = AnimgitaMvaB.
AT * Bnim giita M va A.
i f 2. M khong thudc dudng théng AB.
ViduS: Cho hai duong tron (O, R) va (O, r) tiép xidc vdi nhau tai A.

V& mot cit tiép qua A cat hai dudng tron tai B va C. Chimg minh rang cic
ti€p tuyén tai B va C song song vdi nhau.
Giai
Xét hai kha nang ti€p xic cua (O, R) va (O, r).
Truomg hop 1: Néu (O, R) va (O', r) ti€p xtic trong vdi nhau
Trong AOAC, ta cé: A
OB _r_94 LoBjoc
OC R OA
Nén céc tiép tuyén tai B va C song song v6i nhau vi chiing vudng goc
véi O'B va vudng goc véi OC.

Truong hop 2: Néu (O, R) va (O, r) ti€p xtic ngoai vdi nhau

Ta c6:
: | | N
%:L.:.%:}O‘B”OC' b‘
OoC R OA C

. Nen cic ti€p tuyén tai B va C song song vdi nhau vi chiing vubng géc
- vai OBvé vuOng goc vai OC.

nhau" ching ta cin xét hai trudng hgp, do la:
! 1. Hai dudng tron tiép xiic trong vdi nhau.
B 2. P dudng tron ti€p xtic ngoai véi nhau.

111, CAU HOI ON TAP LY THUYET

Cau héi 1: Hai dudng tron phan biét c6 nhiéu nadt bao nhiéu diém
chung ? Visao ?

Cau héi 2: Néu cic vi tri tuong d6i cla hai dudng tron phan biét. Vé
hinh minh hoa. .
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Cau hoi 3:

Cau hoi 4:
Cau hoi 5:
Cau hoi 6:

Cau hoi 7:
Cau hoi 8:

Hay chi ra vi tri twvong déi cua hai duong tron phan b 3t (O)
va (O"), biét s6 tiép tuyén chung cta hai duong tron bi ng:

a. 0.

—
e B

C.
d.
e

.

Hai duomg tron (O) va (O') thoa man diéu kién gi dé
ching ¢6 vo s6 ti€p tuyén chung ?

Truc d6i xing cua hai duong tron (O) va (O') 1a duong
thang nao ? V& hinh minh hoa.

Néu tivi'. chat ctia hai dir’mg tron cit nhau.

Néu tinh chat ctia hai duong tron tiép xic vdi nhau.

Cho hai dudng tron (O, R) va (O, r) vdi r < R va O0' = d.
Hay dung ti€p tuyén chung cua hai dudmg tron dé, biét:

a. (0)va (O') cat nhau.
b. (0) va (O') ti€p xiic véi nhau.
c. (0O)va(0O') & ngoai nhau.

IV. BAI TAP PE NGHI

Bai tap 1. Cho ba duong tron tam O,, O,, O, cing cé bdn kinh R va
tiép xtic ngoai vdi nhau doi moét. Tinh dién tich tam gidc ¢6 ba dinh la

ba ti€p diém.

Bai tap 2. Cho doan thang AB = 2a. Goi M Ia trung diém cua AB.
a. VE cdc dudng tron (A; a) va (B; a). Ching minh rang hai dudng
tron nay ti€p xic ngoai véi nhau.

b. V& mot dudmg tron tam M cit hai dudmg tron (A) va (B) lan luot
tai C, D, E, F (C va F cung thudéc mot nura mat phang bo AB).
Chimg minh rang tf giic CDEF I hinh chir nhat.

c. Xéc dinh bén kinh clia duing tron (M) dé cho i gidc CDEF la
hinh vuéng.

Bai tap 3. Cho dudng (O) dudmg kinh AB. V& dudng tron (B; BO), ci
dudmg tron (0) o C, D.

a. Xdc dinh dang ti giac OCDB.
b.. Xdac dinh dang tam gidc ACD.
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Baitap4. Hai duong tron (O) va (O’) cit nhau tai A va B, trong dé OA
la tiép tuyén cua duomg tron (O”). Tinh day cung AB biét OA = 20cm,
O’A = 15cm.

Bai tap 5. Cho hai duong tron (O. 17cm) va (O'; 10cm) cat nhau tai A
va B. Biét OO" =2lcm. Tinh AB.

Bai tap 6. 1ai duong tron (O) va (O’) cit nhau tai A va B. Goi M la
trung diém cta OO". Qua A, ké dudng thing vuong goc véi AM, cit
cdc duong tron (O) va (O') ¢ C va D. Chimg minh rang AC = AD.
Baitap 7. Cho dutmg tron (O: OA), diém I thudéc bin kinh OA sao

cho Al = : OA . V& duong tron (1, [A).

a.  Xdc d'nh vi tri cua cac duong tron (O) va (I).
b. Keé mot dudmg thing qua A, cat cic duomg tron (1) va (O) theo

thi tv o B va C. Tinh ti s6 AD .
AC

Bai tap 8. Cho duong tron (O) va mot diém A trén dudng tron d6. Trén
ban kinh OA liy diém B sao cho OB = ;OA. Vé dudmg tron duong

kinh AB.

a. Ching minh rang duong tron dudmg kinh AB tiép xic vdi duong
tron (O) cho trude.

b. V& dudng tron dong tam O vaéi dudmg tron (O) cho trudc, cat duong
tron duong kinh AB tai C. Tia AC c¢it hai dudmg tron dong tam tai D
va E (D nam gitta C vi E). Chuimg minh rang AC = CD = DE.

Bai tap 9. Cho dudng tron (OQ) va duong thang a khong giao nhau. Goi
H la hinh chiéu cua O trén a. Tia doy cua tia O ¢t duomg tron tai A.
V& dudng thang b L a tai diém B tren duong thane o Doan thing AB
cat duong tron tai C. Tia OC cat b tai 1. Chung nuinh rang dwong tron (1
IB) tiép xtc véi dudmg thing a va duomg tron (O).

Bai tap 10. Cho hinh vuong ABCD. Vé duong tron (D; DC) vi duong
tron dudmg Kinh BC, chiing cit nhau tai mot diém thi hai la I Tia CE
cat AB tai M, tia BE cat AD tai N. Chung minh :ong N L trung diém
cua AB. N la trung di¢m ctia AD.

Bai tap 11. Cho dudmg tron (O) va mot dicm A ¢ tren duong tron do.
Ve duong tron (1) di qua O va tiép xic trong vaéi dicomg ton (U tar .\
Qua A vé ti¢p tuyén chung xy vai hai duong tron. Day AC cua duong
tron (0) cat dudng tron (I) 1ai M. Tia CO cat duong tron tam 1 tai N
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buong thing OM cit xy vi da AN lan luot tai B va D. Chdang minh
rang:

a. MA =MC.

b. T gidic ABCD la hinh thot.
Bai tap 12. Cho doan thang AB ¢6 dinh. V& duong tron (O) tiép xiic
vor AB tai A, vé duong tron O™ ticp xie vér AB t B, hai duong tron
nay luon luon thude cing mot nira mat phing bo AB va luon tiép xiic
ngodi voi nhau. Tim quy tich tiép diem M cua hai duong tron.
Bai tap 13. Cho doan thang OO" = 4cm. Vé duong tron (O: 2em) va
(O%: lem).

a.  Hiy xdc dinh vi tri trong déi gitra hai duong tron do.

b. Dung duong tron (I; 1,5cm) tiép xic ngodn vai hai duong tron (O)

va (O).

Bai tap 14. Cho truge duomg tron (O, 2cm) va dudmg thing xy tiép xiic
vai (O) tai A. Dumg duomg tron (I; Tem) tiép xic vai duomg tron (O) va tiép
xuc vai xy.

V. HUONG DAN - AP SO

Bai tap 1. Xét AO,0,0,, ta ¢é:
0,0,=0,0,= 0.0, = 2R
<> AO,0,0, déu vi c6 canh bang 2R
do dé:

Sa,0,0, = (—ZR:: V3 =R*/3.
Bai tap 2. Hiuényg dan: C F
a), b) hoc sinh tu chirng minh. p
Dé CDEF 1A hinh vuéng diéu kien la: A ) D
CE L DF & AMC =45". D E
Khi d6. trong tam gidc AACM can tai A v6i AMC = 45", 1a duoc:
CM = uﬁ .
Bai tap 3.

a. Tacongay:
OC =0D = 0B va BC =BD = BO
» OC = CB=BD = DO
<= OCDB la hinh thou.
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b. Trong AABC vuéng tai C, ta cé:

BC = % AB < BAC = 30" = CAD = 60" = AACD déu.

Bai tap 4. Goi I 1a trung diém cta AB, suy ra:
AB =2Al va Al 1 O0.
Trong AOAQO' vudng tai A, ta co:

SAOAU‘ = % OA.O'A

- %AI.OO' = %AI.JOA’- +O'A>

OAO'A 20.15
=—=—= = |2cm.

JOAZ+0AT Y207 4152
Vay, ta dugc AB = 24cm.
Bai tap 5. Goi I 1a trung diém clia AB, suy ra:
AB =2Alva Al 1 OO
Trong AOAOQO/, ta c6:

< Al

Ssoao = YP(p—a)p—b)(p—c)

= i AL.OO'
2

2Jp(p-a)p-b)p-c) _ 24243147
0]0) 21
Viy, ta duoc AB = 16cm.
Bai tap 6. Goi E, F theo thif tu 12 trung diém ctia AC, AD, suy ra:
OE L ACva AE=CE '
OF L AD va AF = DF D=
= OE // MA // OF. @,‘
Khi dé, ur gidac OO'FE cé:
OE // OF = OO'FE la hinh thang
tir d6 AM la duong trung binh cia OO'FE, suy ra:
EA =FA < 2EA = 2FA < AC = AD, dpcm.

o Al =

= 8cm.

D
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Bai tap 7.
a. Taco:
Ol=0A - 1A
<> (O) va (I, IA) tiép xiic trong véi nhau.
b. K¢ OH vuong goc vai CD, ta duoc:
CH = AH
Mat khac, ta co:

ABD = 90° & BD L AB = BD //OH =

Bai tap 8.
a. Goi I la trung diém AB, ta c6:
Ol =0A - IA
<> (0) va (AB) ti€p xtc trong vdi nhau.
b. Ke OH vuéng géc véi CD, ta duogc:
CH =DH va AH = EH
do do:
AC=AH - CH = EH - DH = ED.

Mat khéc, ta c6:

ACB = 90% < BC L AC = BC//OH =

<> AC=2CH =CD.
Vay, ta da chimg minh dugc AC = CD = DE.
Bai tap 9. Nhén xét rang:
OA // IB, vi ciing vuéng goéc vdi a
OA OC

. =5 AOAC -~ AIBC = — = —
; IB IC

Khi dé:
ViIB 1 anén (I, IB) ti€p xic vdi a.

(1)
N
C
AB _AD 2
AH AO 3

M BB 1
CH BO 2
A |b

0
I
H B

Vi10 =IC + OC = OC + IB nén (I, IB) tié€p xiic véi (O).
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Bai tap 10. Goi I 1a trung diém cua AB.
X¢ét hai tam gidc vuong ACDI va ABCM, 1a co: Y
Clz = BC’.V\‘ hai canh hinh vudng . AF D \
CDI = BCM, goc c6 canh tuong img vudng 2oc \_/
do dé:
ACDI = ABCM (canh goc vudng va géc nhor)

= BM=Cl= %BC= %ABQMIétrungdiémAB.

B 1\

Chitng minh tuong tu, ta cling c6:
AABN = ABCM (canh goc vubng va géc nhon)
= AN=BM = % AD <> N la trung diém AD.

Bai tap 11.

a. Nhan xét ring: Xy A B
OMA =90"= OM L AC
= MA = MC, dpcm. O
\..___./C

b. Nhan xét rang: D
OMA =90° = DM L AC.
ONA =90°= CN L AD.
Suy ra, O Ia truc tam AACD, do dé:

CD L AO = CD// AB.

Xét hai tam giac vuong AMAB va AMCD, ta ¢6
MA = MC
MAB = MCD, so le trong

do dé:
ACDI = ABCM (canh rd¢ vudng va géc nhon)
= AB=CD.

Nhur vy, tr gide ABCD co:

i

AB = CD vi AC 1 BD

n¢n no la hinh thoi.
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Bai tap 12.

Phan thuan: Dung tiép tuyén chung d tai M d
cua hat duong tron, gia sud cat AB tai [
Trong AMAB, ta co: o

IA = IM, vi [A, IM déu la tiép tuyén cia (O) A ] -
IB = IM, vi IB, IM déu I tiép tuyén cia (O')

suy ra:
M = l+AB
2

= AMAB vuong tai M (vico trung tuyén bang nira canh huyén)
= M thudc dudng tron (AB).
Phan dao: Liy diém M bat ki trén duomg tron (AB) Ta thue hién dung:
= Dung dudng thing m qua M vit vuong goc vai IM.

«  Dung tia phan gidc Ix cua géc AIM, tia I cit m tai O. Dung
duong tron (O, OM), ta thay ngay:

AOMI = AOAI (c.g.c) = OAl = OMI = 90" <> OA L AB
& (0, OM) tiép xtc voi AB tai A.

=  Dung tia phan gidc ly cta goc BIM , tia Iy cat m tai O'. Dung

duomg tron (O', O'M) , ta thiy ngay:

AOMI = AOBI (c.gc)= OBl = O'Ml =90"<> OB L AB
<> (0, O'M) tiép xtic vai AB tai B.

Trong cdch dung trén. ta thay ngay (O) va (O') l.it‘p Xtic vai nhau.

Keét ludn: Quy tich cia diem M la dudng tron (AB).



ON TAP CHUONG I

I. CAC HOI ON TAP LY THUYET

On tap cic kién thic trong chuong theo cic cau noi sau:

Cau hoi 1:
Cau hoi 2:

Cau hoi 3:

Cau hoi 4:
Cau hoi 5:
Cau hoi 6:

~ Cau hoi 7:

Cau hoi 8:

Cau hoi 9:

Phét biéu dinh nghia dudng tron.

Phat biéu quy tich cic diém M ma AMB = 90° trong dé6
A, B 12 hai diém c6 dinh.

Thé nao [a dudng tron ngoai ti€p mot tam gidc? Néu cach
xdc dinh tam cua dudng tron ngoai tiep tam gidc.

Phét biéu cdc dinh 1i vé dudmg kinh va day cung.
Phat biéu cdc dinh Ii vé day cung va khoang cich dén tam.

Néu céc vi tri tuong d6i clia dudng thang va dudmg tron, Viél
cdc hé thie giira d (khoang cach tir tam dén duong thang) va
R (bdn kinh cua dudng tron) ing véi mdi vi tri do.

Phét biéu dinh nghia ti€p tuyén cta duong tron, cic tinh
chat cua ti€p tuyén. Néu dau hiéu nhan biét mot duong

thang 1a ti€p tuyén cua dudng tron.

Thé nao 1a duong tron noi ti€p mot tam gidc ? Néu cich
xdc dinh tam ctia duong tron noi ti€p 1um gidc.
Neéu céc vi tri tuong d6i cua hai dudng tron. Viél cic hé

thitc giita doan néi tAm d va cic ban kinh R, r img véi moi vi
tri do.

II. BAI TAP ON TAP

Bai tap 1. Cho tam gidc ABC c6 ba géc nhon, duong cao AD. Dung
diém I thuoc dudmg thing AD sao cho BIC = 90",

Bai tap 2. Cho hai duong tron (O) va (O’) cit nhaz tai A va B. Chimg

minh rang cdt tuyén MAN (M va N thudc dudmg tron) song song Vvdi
dudng ndi tam la cdt tuyén c6 do dai 16n nhat.

Bai tap 3.

a. Cho hai dudng thang g, va g, tao thanh mét géc 40°. Hay dung
mot duong tron c¢6 dudong kinh 3cm ti€p xic véi ca hai duong
thang trén. Cé bao nhiéu dudng tron thoa mar: diéu kién dé?

b. Tim diéu kién vé hai dudng thing g, va g, d€ bai todn cé vo s6
nghiém hinh.

304



Bai tap 4. Cho AABC vuong tai A, dudng cao Al VE duong tron (A
AH). Goi HD la duong kinh cua duéng tron dé. Ti¢p tuyén cua duong
tron tai D cit CA o E.

a. Chimg minh rang ABEC Ia tam gidc can.
b. Goi I Ia hinh chi¢u cua A trén BE. Chimg minh rang Al = AH.
¢. Ching minh rang BE 1 tiép tuyén cua dudng tron (A).
d. Ching minh rang BE = BH + DE.
Bai tap 5. Cho AABC vuong tai A.

a. Néu cach dung duong tron (O) qua A va tiép xic BC tai B. Néu
cdch dung duong tron (O’) qua A va tiép xic BC tai C.

b. Hai duong tron (O) va (O7) 6 vi tri nao doi vai nhau?
¢. Goi M 1a trung diém coa BC. Chimg minh ring AM la tiép tuyén
chung cua hai duong tron.
d. Cho AB = 36cm, AC = 48cm. Tinh d6 dai BC va cic ban kinh
cua cac duong tron (O), (O”).
Bai tap 6. Cho dudng tron tam O duong kinh AB, dity CD vudng goc voi
OA tai diém H ném giita O va A. Goi E 1a diém d6i ximg véi A qua H.
a. T gide ACED la hinh gi? Chimg minh
b. Goi I la giao diém cha DE va BC. Ching minh ring diém I thuoc
dudng tron (O’) ¢6 duong kinh la EB.
¢. "Ching minh rang HI la tiép tuyén cua duong tron (O°).

d. Tinh doé dai HI biét duong kinh cdc duong tron (O) va (O’) néi
trén theo thi tu bang 5cm va 3cm.

Bai tap 7. Cho duong tron tam O bdn kinh 15¢m, day BC = 24cm. Cac
ti€p tuyén ctia dudn tron tai B va tai C cit nhau 6 A.

a. Tinh khoang cich OH tir O dén day BC,
b. Chimg minh ring ba diém O, H, A thang hang.
c. Tinh do6 dai AB, AC.

d. Goi M la giao diém cia AB va CO, goi N la giao diém clia AC va
BO. Chitng minh rang BCNM la hinh thang can.
Bai tap 8. Cho nitra duong tron tam O, duong kinh AB = 4cm. Ké cic
1i€p tuyén Ax, By cun phia vdi nira duong tron d6i vai AB. Goi C la mot
diém thudc tia Ax. Ké tiép tuyén CE véi nira duong tron (E la tiép
diém), CE cat By o D.
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a. Chimg minh ring COD = 90"

b. Chimg minh rang AAEB va ACOD dong dang

c. Got I I trung diem cua CD. VE dudmg tron tam 1 bin kinh 1C,
Chimg minh rang AB I tiep toyén cua duime tron (1).

d. Xic dinh vi tri cua Cren tia Ax d¢ CD ¢ do din nho nhat.

TAI LIEU THAM KHAO

I. Sach gido khoa Toidn 9 - Nha xuat ban Gido duc

2. Séach gido khoa Bai tap Todn 9 - Nha xuat ban G.do duc.

3. Vi Hiou Binh - Todn co ban va nang cao Hinh hoc 9 - Nhi xuat
ban Da Ning.

4. Vi Hiu Binh - Todn co ban vit nang cao Pai s6 9 - Nhi xudt
ban Gido duc.

5. Vi Hiru Binh, Bui Van Tuyén - On tap va kiém ra Hinh hoc 9 -
Nha xuat ban Gido duc.

6. Vi Hiru Binh (Chu bién) - On tap Hinh hoc 9 - Nha xuat ban
Gido duc.
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